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ABSTRACT 


The state of matter in the interior of a white dwarf star is investigated in detail. The 
main part of this paper is concerned with the calculation of the temperature distribution 
in the interior. For this purpose accurate expressions for the radiative and conductive 
opacity are derived, both for the nondegenerate envelope and the degenerate core of the 
stars. It is shown that the energy transport is chiefly by radiation in the envelope and 
by electronic conduction in the core. Furthermore, the free electron density is investi- 
gated, and it is found that in the transition region between degeneracy and nonde- 
generacy the atoms are only partially ionized, whereas both in the envelope and in the 
core the ionization is almost complete (in the envelope, temperature ionization; in 
the core, pressure ionization). 

(Quantitative calculations are performed for the two well-known white dwarfs, Sirius 
B and 40 Eridani B; of the two the observational material is better for Sirius B, so that 
most attention is paid to this star. The extension of the nondegenerate envelope and 
the internal temperature are calculated for several widely different assumptions regard- 
ing the chemical composition of the star as well as possible errors in the observed 
luminosity “ and the radius R. The depth / of the envelope of Sirius B is about 6 + 107 
cm, when the observed values of R, 1 and mass M are used and the star is assumed to 
consist exclusively of ‘‘Russell mixture.’’ For a pure helium star / is even smaller, and, 
if the theoretical value for the radius is assumed, / is only 8 + 10°cm. Thus, the envelope 
constitutes only a very small fraction of the total radius of the star (~ 109 cm). 

The central temperature 7, of Sirius B is ~15,000,000° for pure Russell mixture and 
is almost independent of the assumed radius; moreover, the degenerate core is practical- 
ly isothermal. At this temperature and at the high densities of 105 to 3 + 107 gm/cm3 
which prevail in the core, nuclear reactions between protons and other nuclei would go 
at a very rapid rate. Since the observed luminosity is very small, we must conclude that 
no appreciable number of protons is present inside of white dwarfs. If Sirius B contains 
carbon and nitrogen in the same abundance as do main-sequence stars, the hydrogen 


* The major part of this work was done while the author was President White Fel- 
low at Cornell University; preliminary results were reported with H. A. Bethe to the 
American Physical Society (cf. Phys. Rev., 55, 681, 1939, and 57, 69, 1940). 
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concentration X,, cannot be more than 2 + 1078; and even if C and N are completely 
absent, X,, must be less than 2 + 1075, because the protons will still combine with each 
other. A lower reaction rate is obtained for a lower central temperature; for this pur- 
pose a pure helium star was investigated for which T, ~ 7 + 10° was found; but even 
at this temperature the proton-proton reaction is so fast that Y,, must be less than 1073, 

For 40 Eridani B it turns out, with the assumption of Russell mixture and observed 
M, L, R, that the envelope has a depth of 3 + 107 cm, the central temperature a value of 
30 + 10°, the hydrogen content an upper bound of 8 + 1075. 

We must, therefore, conclude that no hydrogen is present in white dwarfs. Under 
these circumstances the radius of the star is uniquely determined by its mass in ac- 
cordance with Chandrasekhar’s theory of degenerate configurations. The theoretical 
radius of 40 Eridani B agrees well with the observed radius, but the radius of Sirius B 
is only 5.7 + 108 cm, as compared with an observed radius of 13.6 » 10cm. This large 
discrepancy is very serious, since the observational value is considered good and there 
does not seem any way out from the standpoint of theory. Thus, no reasonable modi- 
fications of the theory (which, however, still keep the hydrogen content small) will ap- 
preciably increase the extent of the nondegenerate envelope and therefore the radius of 
the star. The only faint possibility would be to assume that Sirius B does not contain 
any light nuclei other than helium and hydrogen and that, moreover, the combination 
of two protons is much less probable than follows from well-established nuclear theory. 

A further result of these investigations is the conclusion that the energy production 
of the white dwarfs is not due to thermonuclear reactions at all, but to gravitational con- 
traction. With this source of energy it will take at least 10* years before the white 
dwarfs will become dark objects. 


I. INTRODUCTION 


Recent investigations" > 3* into thermonuclear processes as the 
source of energy of main-sequence stars have proved quite conclu- 
sively that the carbon-cycle is responsible for the energy production 
in main-sequence stars brighter than the sun. For main-sequence 
stars fainter than the sun the evidence is less conclusive; calculations 
on the proton-proton reaction, using the Fermi 8-decay theory, the 
Gamow- Teller selection rules, and the average of a set of empirically 
determined decay constants, seem to indicate that this reaction can 
account for the energy evolution of the fainter stars. For the sun 
itself theory predicts that the carbon-cycle and the proton-proton 
reaction give about equal contributions to the luminosity.‘ 

On the other hand, it is well known that white dwarf stars differ 
from main-sequence stars of the same mass in two fundamental 


™H. A. Bethe, Phys. Rev., §5, 434, 1930. 

2H. A. Bethe and C. L. Critchfield, Phys. Rev., 54, 248, 1938. 

3H. A. Bethe and R. E. Marshak, Reports on Progress in Physics, 6, 1, London: 
Physical Society of London, 19309. 

34H. A. Bethe, Ap. J., 92, 118, 1940. 

4.R. E. Marshak and H. A. Bethe, Phys. Rev., 56, 210, 1939. 
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aspects: they have extremely low luminosities and exceedingly high 
densities (as a result of their very small radii), compared with the 
main-sequence stars. The high densities in the white dwarfs have 
been explained in terms of the theory of degenerate matter, and it 
has seemed likely that their low luminosities are due to an energy- 
production process other than that occurring in main-sequence stars. 

In an attempt to settle the matter of the energy production and, 
moreover, to determine the modifications introduced into Chandra- 
sekhar’s theory of degenerate configurations’ by the presence of 
finite temperatures, we have investigated in detail the temperature 
distribution in the interior of the white dwarfs. To make any head- 
way at all it was necessary to obtain fairly accurate expressions for 
the radiative and conductive opacities not only under conditions of 
extreme degeneracy but also at the onset of degeneracy. Such ex- 
pressions have been derived by the author,’ and the results are sum- 
marized in section II. Similarly, the free-electron density, the pres- 
sure, and the Fermi energy are calculated for the transition region 
(between the radiative envelope and the degenerate core), and the 
results given in section IIT. 

In section IV the star equations are integrated through the sur- 
face region of the two best-known white dwarfs, Sirius B and 4o 
Eridani B; both the temperature and the extent of the radiative 
envelope are found under different assumptions as to chemical com- 
position, luminosity, and radius. In section V the integration of the 
equations of stellar equilibrium is carried through to the center, 
quite independent of any explicit assumptions concerning the 
energy-production process. The resulting temperature-density dis- 
tribution is used to determine upper bounds on the hydrogen con- 
tents and radii of Sirius B and 4o Eridani B. 

In the final section (sec. VI) the theory is compared with the 
observational material, and some conclusions are drawn regarding 
the sources of energy, the radii, and the evolutionary behavior of 
white dwarf stars. 

‘S$. Chandrasekhar, /ntroduction to the Theory of Stellar Structure, esp. chaps. x 
and xi. 


®©R. E. Marshak, Annals of New York Academy of Sciences, 1940. 
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II. THE RADIATIVE AND CONDUCTIVE OPACITIES 

Under conditions of nondegeneracy the radiative opacity Kp is 

given by Kramers’ formula corrected by the insertion of a “guillo- 
tine” factor.’? This formula may be written 


a 6.0 sake eV AT (1) 
The quantity 7 is the temperature, k is the Boltzmann constant, Vp 
is the concentration of the Russell mixture of heavy elements, 7 is 
the guillotine factor, and y is the negative of the Fermi energy 
(y/kT > o implies nondegeneracy, y/kT «Ko gives strong degen- 
eracy, and ¥/kT ~ o holds for the intermediate region of in- 
cipient degeneracy). Equation (1) is valid for y/k7T > 0; it is 
found® that the following expression is a good approximation for 
Kr in the regions ¥/kT ~ o and ¥/kT Ko: 


. 6.0 + 10° X r+ evi? 
oo ae log. [yrs ; (2) 


In the limit ¥y/kT — — @, equation (2) goes over into the usual 
formula for the degenerate radiative opacity.* In the region y/kT = 
o, 7 > 1, so that the contribution from the bound-free transitions 
is cut down considerably; for ¥/kT ~ — 5, 7 attains its maximum 
value of 196.5, and for larger negative values of y/kT only the free- 
free transitions contribute. Table 1 in reference 6 gives the calcu- 
lated values of 7 in the region ¥/kT ~ o for a pure Russell mixture. 

In the interior of stars, particularly dense stars, energy is trans- 
ported not solely by radiative processes but also by electronic con- 
duction. If the energy current is Q, the thermal conductivity \ of 
the electrons is defined as 


7B. Strémgren, Handb. d. Ap., 7, 172, 1936. 
8 R. C. Majumdar, A.N., 244, 65, 1931. 
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with d7/dx the gradient of temperature 7, along the direction x. 
The associated conductive opacity Kc¢ is given by? 





- _ 4acT3 
Ke = (3) 


The quantity a is the Stefan-Boltzmann constant, c the velocity of 
light, and p the mass density. 

The conductive opacity plays an important role in white dwarf 
stars. In the transition region between nondegeneracy and degener- 
acy Kc ~ Kr, while in the degenerate core the electrons transport 
most of the energy, so that Kc « Kr, and only the conductive 
part of the opacity is significant. This is due to the fact that for large 
p, Kc «1/p’, while Kx is independent of p. 

The thermal conductivity \ (and hence K¢) has been calculated to 
a third approximation” on both the degenerate and the nondegener- 
ate sides, in accordance with the usual procedure adopted in treating 
the problem in metals." It is found® that for a concentration Xr of 
Russell mixture the degenerate conductive opacity is given by 


7.82 °10 7X pIT? 


7 ’ . 
a * ya 7.74 + 10° °W? + 6.22 - 10° W4] ’ (4) 





we have written 


Co 2.98 + 10° : ’ T 
—=— i ———— 7 } = . 
kT W with WW (pn.)* 





The quantity 7. is related to the free-electron density N., viz., 
N. = pn./muy; € is the Fermi energy at absolute zero, and J is de- 
fined below. 

An expression for the nondegenerate conductive opacity has also 
been derived.® We get 


os: OX» 
KND = 2.85 xe Xpl VAT (s) 





9A. S. Eddington, Internal Constitution of the Stars. 
10 Tt was necessary to go to the third approximation, because over a large region 
(y/kT = oto ¥/kT = — 10) the second approximation is quite bad. 
™ A. Sommerfeld and H. A. Bethe, Handb. d. Phys., 24, Part IT, 532. 
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This formula is in its own range of application (¥/kT > 0) more 
exact than equation (4) in its range (W/kT < 0). 

Thus far we have not given any explicit form for /. It is found 
that 


2 
= log. —————_. , . 
2I og eeere eS (6) 


where 0, = X/a,” X is the De Broglie wave length of the electron 
participating in the elastic collision, and a is the screening radius 


of the atom. Insertion of appropriate expressions for X and a leads 
in the degenerate case to 


IP = i[5.9 + $ log. (1 — 9.3 - 10 *W?))3 (7) 


and in the nondegenerate case to 


pe = *| tog. (3.92 - 10° °W3/?) + log. (: ae) 


(8) 





These expressions are to be taken in conjunction with equations 
(4) and (5), respectively. 

Figure 1 gives Kc as a function of y/kT for T = 10-10% C. The 
dotted curves show the values given by our formulae in regions 
where they are very bad approximations. Curves of this type permit 
one to estimate the inaccuracy introduced into K¢ by the use of 
equations (4) and (5) for various values of /kT and 7. 


III]. THE FREE-ELECTRON DENSITY, PRESSURE, AND FERMI ENERGY 

In order to find the gas pressure for given temperature and density 
it is necessary to know the free-electron density. As the mass density 
increases, the free-electron density at first decreases because of the 
greater occupation of the bound states of the atom. In the region 
o <wW/kT < 4 (which is on the nondegenerate side) we calculate 
the free-electron density by taking the number of free electrons per 

12H. A. Bethe, Handb. d. Phys., 24, Part I, 497. 

"3 Strictly speaking, this expression for J? (and also K?) is only valid for nonrela- 
tivistic degeneracy. However, when relativistic degeneracy is attained in a white dwarf, 
the absolute value of K2 is so small that relativistic corrections are not essential. 
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nucleus per quantum number as 2n?/(1 + e%*~/*T) with x, the 
energy of the mth bound shell. 

| The computation was done twice for a Russell mixture of ele- 
ments; once values of x, were taken for the unscreened ionized atom 
and again for the screened nonionized atom. In the region of high 





mM Ww A 


log, Ke 





-|}- 

- So or oe oe on eee ee ee oe ee 

3202 4 6 8 10 i2 I4 16 18 2022 
-W/kT) 


Fic. 1.—The heavy line gives conductive opacity, K,, as a function of (— y/kT) 
at a temperature of ten million degrees. The dotted lines (a) and (b) give the non- 
degenerate and degenerate approximations, respectively. 














TABLE 1 


THE FREE ELECTRON DENSITY (MULTIPLIED BY m,/p) 














a | 
! | ta ed 
n 3 2 I ° 
1° 10° i .0.3897 | ova | | BAP ods Grants 
2.5°10°... 33 «Y 28 | ae Pere ree 
4° 10° 40 | 34 0.28 0.21 0.15 
Gree ce ree et 43 | 38 32 25 .18 
8: 10° 44 | 41 34 27 20 
10° 10° | 45 | 44 | 35 | .28 j 
| 12°10° o.46 | 0.45 0.35 0.28 0.21 
{ | | | 








temperatures on the nondegenerate side the assumption of an un- 
screened Coulomb field is the better approximation; in the region 
of low temperatures approaching mild degeneracy the assumption of 
screening takes account of the occupation of the lower bound states. 
Table 1 contains a reasonably interpolated set of values for 7. (the 
free electron density V. = py./ my). 
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When ¥/kT < 0, some of the bound shells are pushed into the 
continuum, and the effective free-electron density is much larger 
than would be given by the Fermi method. This effect is taken into 
account in the following way. 

The maximum of the radial-charge density of an electron in an 
atom is approximately at a distance r = n”a,./(Z — s), where n’ is 
the effective quantum number," s is the screening constant which 
depends on the electron shell, and a, is the radius of the first Bohr 








50) 











2 ‘a 2 Se a ae ee, 
225 3 35 445 5 55 6 
lofig P 
Free-electron density x4 as a function of 





mass-density 


Fic. 2.—Free-electron density as a function of mass density (Russell mixture) 


orbit of hydrogen. Now, the volume of an atom of charge Z is ap- 
proximately Z/N., and its radius is, therefore, R = (3Z/47N,.)"3. If 
R is greater than n”a,/(Z — s), then the shell with effective quan- 
tum number ’ will exist, otherwise it will not. Thus, the condition is 


n’ rae 18 (pn.)*/°(Z << s)2/3Z! 6. (9) 


where we have used NV, = pn./my. We compute (Z — s)*/3Z"/° for each 
of the elements of the Russell mixture and for the K, L, M, etc., 
shells when they are started and when they are complete—using 
Slater’s semi-empirical values of s. We next find from equation (9) 
the values of (p7.), for which each shell of each element is just started 


4 Cf. J. C. Slater, Phys. Rev., 36, 57, 1930, where rules are given for finding n’ and s. 
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and for which it is just complete. For a particular choice of py. we 
can specify the number of free electrons per atom, and thus we can 
calculate 7.. Once 7. is known, the corresponding value of p can be 
determined. A graph of p against 7., obtained in this self-consistent 
way, is given in Figure 2. 

The free electrons are not alone in contributing to the gas pres- 
sure; there is also a contribution from the heavy particles, which in- 
creases as the atomic weight decreases. If we write for the number 
of nuclei per unit volume 


}, = —— 7 heavy » 
My 


then the total pressure is, in general, given by": 


cm 
kT’ 2 


Po = Meavy Rel + nReT - ——— (10) 











where 
V ¥ eh mk cepnoninnie ea. EE 
aT’ ~ Tim +1) Jo e/*ATtHO bE 
For 
= > o (non-degeneracy) , 
k7 : 
a yap /kT »—30/kT 
V( fe, m) = or wo Secearpee fle Seeasonane Abid 3 (11) 
k7 gmt 3 I 
for 
4 


v( v m) 
i 


\ 
a 
= ae : + ' >> m ~~ 8 (Fe) “Cm + 1) (12) 





Tim + 2) 





SR. C. Tolman, Statistical Mechanics. 2d ed. 


© A. Sommerfeld, Zs. f. Phys., 47, 9, 1928. 
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£, is the Riemann zeta function of order v. If we write 


M 























= - 
Po Heft. “ (13) 
then we have for y/kT > 0, 
= 2.15 * 107 
ine = MNheavy + Ne (: + W3/? + see ; ’ (14) 
while for ¥/kT <0, 
a me pee. Se) eS : 
eae thaws + in (F¥) I (¥. (¥. (# eee y a (15) 
kT kT kT 
For the Fermi energy, (= —y), in terms of p, »., T, we may 
write for y/kT > 0, 
evAT = 8.25 - 10 9W3/? — 0.354 (16) 
or 
I m ai 
Wwe ae = 8.25 - 10°%e-¥/*N(1 — 0.354¢4"7) , 
for 
ee 
Ep = 3 
an exact evaluation gives 
I —¢ 
mh = 6.33 ° 10°, (17) 
while for ¥/kT < 0 we get 
—y 2.98 + 105 aes 
— = — |] — 2.76> WwW 8 
iT ji 2.7 10°} (18) 


or 





7 = . —? i “i 1.23 
We 6.22 * 10 (FF) 1+ - 


~—_- 
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IV. THE INTEGRATION OF THE STAR EQUATIONS FOR THE 


SURFACE REGION OF WHITE DWARF STARS 


Since the radiation pressure is negligible compared to the gas pres- 
sure in a white dwarf star, the two principal star equations become 
for the surface region 


dp, __GM 





dr 7 R p (19) 
dT 3K pL 
dy 16nack°T3” (20) 


where all the symbols have their usual significance.? In equations 
(18) and (19) we have set M, = M = total mass, andr = R = total 
radius; this, as it turns out, is completely justified, since the envelope 
extends only a small distance inward. We have also taken L, = L = 
total luminosity; this assumption, too, is excellent, if the stellar 
matter is well mixed up. The possibility of all the energy being 
produced in the envelope will be discussed in section VI. The total 
opacity K is related to Kr and Ke by 


I 


I I 

K = i. ot Ez. * (2 I) 
We performed a careful numerical integration’? of equations (19) 

and (20) for Sirius B with the observed values of M, L, R, namely, 


M = Mobs. =1.95+ 1033 gm, 
L = Lobs. = 9.72+ 103° ergs/sec, 
R Robs. = 1.56*109 cm, 


and with Xr = 1; the quantity r was taken as the independent vari- 
able, and pg and 7 as the dependent variables. Account was taken 
of the change of functional form of fg in passing from the nonde- 
generate to the degenerate part of the envelope (cf. sec. III). The 
expressions for radiative and conductive opacity given by equations 
(2), (4), (5), (7), and (8) were used together with Figures 1 and 2 and 
with values of 7 taken from Table 1 of reference 6. The quantity, as 


7 Cf. Smithsonian Tables, chapter on ‘Numerical Integration of Differential Equa- 
tions.”’ 
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given in equations (16), (17), (18), was a particularly useful param- 
eter. The results of this calculation are given in Table 2. 

Now it is desirable to obtain information concerning the tempera- 
ture-density distribution for quite different values of M, L, R, Xp. 
We have, therefore, derived approximate analytical expressions, 
which can readily be applied and which have been checked by com- 


TABLE 2 
SURFACE REGION OF SIRIUS B WITH R= Rops., M= Mobs. ! L= ‘Lobs. 


























(R—r) p * a 
(+ 107°) (*10"?) | (+ 107*) uf " ir bs 

Os oan eas ° fe) 7 | 

Pee oes aes 9.1074 0.9 sree 1.4 | +e.4 1 -6v99 
? Steiner 2.107? 1.9 10 25 | +3.7 | - 0.30 
6. 0.15 3.2 8.7 4.5 | +2.5 | 0.27 
8. ©.70 4.6 7.8 | 8.0 +1.7 0.24 
10 1.6 | 5.5 Ape: | 14 st Wee O23 
ia. 3.0 6.2 6.7 20 | +0.6 0.21 
an 4.4 6.8 6.5 31 +o.2 ©. 24 
06.2; Sof 7.2 5.0 38 | —o.r | 0.25 
18.. 6.9 7.6 eae 52 —06 | 0.26 
2 8.4 8.0 ce 4 75 | 3.2 | o.@8 
22 14 | 8.3 5.4 | 103 | = 1.8 | 0.34 
: 17 5.6 5 5 } 115 | ae 0.35 
26 20 8.8 5.5 120 —2.4 ©. 36 
28. 23 9.0 5.6 135 —2.7 oO. 26 
20... 27 | 9.2 5.7 145 | —3.1 0.37 
5... 31 | 9.4 5.8 | 152 | —3.3 0.37 
CT 36 9.5 5.8 100 aah ae 0. 37 
40... 2 9.6 5.8 166 —2.9 0.37 
28... 7 | 9.7 5.9 172 | =—-.9 | 0. 37 
BOG. « 53 9.8 5.9 177 | —4.2 | 0.38 
MANS te 66 | 9.9 | 5.9 189 | —5.7 | 0.38 
aac iors 86 10.0 | 5-9 195 —=0.3 | 0.38 
55 107 10.1 | 5.9 196 | 7.7 | Be 


| 
| 
| 
| 
| 
| 
| 
| 
| 





parison with the above numerical integration. We combine equa- 
tions (19) and (20) and get 


i( 
(eT) _ 167acG MT: 


dT — 3B RKL 


This differential equation does not contain the radius of the star. 
Thus, the relation between temperature and density is independent 
of R, and the same is true of the temperature at the boundary be- 
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tween the strongly degenerate core and the nondegenerate surface. 
This is rather important because of the considerable uncertainty 
of the observational values of the radii of the white dwarfs. Then 
equation (22) has to be integrated subject to the condition that 
T = 0 when p = o. This can be done directly, provided we make 


the assumption that 
ae 
J, Kdp¢ 
ee laa: 
Pa 


can be taken equal to K at the point in question."* We get 


(23) 








Kp Tr ete | 
==. Balt, 2° 


3amL 


To obtain 7 and p as functions of r, we have to insert this expres- 
sion for Ap in equation (20) and get 
a. ~ ae a 
dr 4 RR’ 4 
with the condition T = oatr = R; equation (24) may be integrated 
to 


a 3 ee 
1 si 4 RR? Best. ’ (25) 


his the distance inward from the surface of the white dwarf and 


The latter quantity may be estimated fairly readily in the nonde- 
generate region and at the beginning of the degenerate region; 
farther in, equation (25) loses its usefulness. In any case, a change 
of radius of the star will simply change the depth / at which a certain 
temperature 7 occurs, in the ratio of R’. 


'8 For the justification of this assumption in the nondegenerate region see Strém- 
gren;7 as degeneracy sets in, appropriate corrections are easily made. 
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The approximate formulae (23) and (25) were employed to com- 
pute 7 and hf, taking the same values for M, L, R (observed values 
for Sirius B), Xr, and p as in the numerical integration. The agree- 
ment with the accurate results given in Table 2 was excellent; for 
y/kT > — 3 the discrepancy was never more than 1o per cent." 
For ¥/kT < — 3 the discrepancy becomes worse, so that equations 
(23) and (25) will not be applied for stronger degeneracy than that 
given by ¥/kT = — 3. 

For the purposes of the next section we calculated values of p, 7, 
and h for Sirius B and 40 Eridani B under different assumptions as 
to the radius, luminosity, and chemical composition. These assump- 


tions were: 


(a) Sirius B: 
M = Mobs. iB = | om R = Ra. XR =. 


(6) Sirius B: 
M = M obs. Z = ey R i Rie. Xp a 


(c) Sirius B: 


M = Mos. L=Los. R= Rinor. XR=O Xye-=1 (pure 
helium star) 


(d) Sirius B: 
M = Mobs. L= | R= Pitan. XR =e 


(e) 40 Eridani B: 
M= Mobs. L= | R= Rtheor. — Robs. Xp = 


We obtain the results given in Table 3. 


V. THE INTERIOR OF WHITE DWARF STARS 


In order to obtain an exact solution for the interior of the white 
dwarfs it would be necessary to integrate simultaneously the entire 


19 In the region y/kT > — 3 the results are quite sensitive to A,; it was therefore 
of interest to compare our values of K, with those given by P. M. Morse’s precise 
calculations (A p. J., 92, 27, 1940). It turns out that the agreement is remarkably good, 
to within a few per cent. I am indebted to Professor Morse for the opportunity to 
read his paper prior to publication. 























WHITE DWARF STARS 335 


set of star equations, taking account of the variation in M,, L,, and r 
(which was not done in the surface region). The equations are? 


dp, __ GM, 














*——e 86 (26) 
dM, 

Ty ATP, (27) 
aT _ 3. Kol, 

dr —s 16mac T3 rv?’ (28) 
1L, 

“7 = 4rpr’e. (29) 


The energy production per gram-second, ¢€, could be assumed to be 
given by some thermonuclear reaction such as the proton-proton 
reaction or the carbon-cycle, and one would adjust the hydrogen 


TABLE 3 











h p T 

(1 .4*107 4.5*10? 6.9+10° 

(a) )2.Q+107 2.5103 g.1+10° 
ala \4.3*107 6.0+103 g.8-10° 
(5.8107 10.7+103 I0.1+10° 

I.Q+10° 4.5+10? 6.9+10° 

(b) 3.8-10° 2.5+103 g.1+10° 
ci 5.7*10° 6.0+103 9g .8- 10° 
\7.6+ 10° 10.7+103 10. 1+ 10° 

Cpe ape eee 3.8+10° 5+ 10? 5*10° 
(Sa rae 7.6+10° 8-103 I1+10° 
(e) 1.5107 I.4+10? 7+10° 
Sey anew vee 3.0107 2.0+103 11+ 10° 














NOTE: The observed masses, luminosities, and radii 
were taken from a communication of Professor Chandra- 
sekhar (cf. also G. P. Kuiper, Ap. J., 88, 472, 1938). The 
theoretical values were taken from the theory of degenerate 
configurations (cf. sec. V). 


content Yq and the amount of Russell mixture Yr (determined by 
the helium content) so that the two boundary conditions, M, = 0, 
L, = o at r = o, would be satisfied simultaneously. This would be 
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tedious and would presumably depend sensitively on the correct 
choice of ¢«. However, an analysis of Table 2 shows that at a very 
small distance inward from the surface of the star strong degeneracy 
is setting in rapidly and the temperature is rising very slowly. The 
situation will be similar for 40 Eridani B, although not as favorable. 
This permits us to make a great simplification as a first approxima- 
tion by neglecting the temperature-dependent terms in the gas pres- 
sure, pc, and to find the temperature distribution without making 
any explicit assumptions regarding the source of energy. The effects 
of the temperature may then be taken into account as a perturba- 
tion, and the initially assumed mass, radius, and density distribu- 
tion thereby corrected. It will turn out that this procedure is ex- 
cellent for both Sirius B and 4o Eridani B. 

Now it is well known that when the temperature is neglected the 
equation of state of a degenerate gas of electrons’ (valid for both 
relativistic and nonrelativistic degeneracy) is given by 


elec. = 6.01 - 107 f(s) , (30) 


where 


with 

$ = 1.01 + 10°7(pn.)*3 . 
If we then consider equations (26) and (27) together and introduce 
the notation 

r= aw; y = Vo 


Cm 749 ie —; yo=st?+i1, (31) 


where y, is the central value of y, it is found that these two equations 
combine into the single one 


1 d , dp =-(#- 4)" 
w* dw (. 7 e =) \ 


w 
N 
— 








_ 
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subject to the boundary conditions ¢ = 1, d@/dw = oat w =o. In 
terms of ¢, w we can write (py.), M, as follows: 





1 \3/ 
(pn) = 9.82 + 10% y2 ( “ =] ; (33) 
M, do 
a” — 5-70 + Tow? (34) 


Assuming a set of values for 1/y? (really the central density), 
Chandrasekhar’ has numerically integrated equation (32) from 
w = 0 to w = w, (corresponding to s = 0); he has also computed 
tables for (pn,) and (M,,/n2) as functions of w. If n, is known, a given 
total mass M(w,) uniquely determines w,, and therefore y., and thus 
the radius and density distribution. 

Let us first consider Sirius B. The mass of the star is 1.95 + 10° and 
is known directly and very accurately.”? The temperature in the in- 
terior must be at least ten million degrees, because this value is al- 
ready reached at the boundary of the degenerate core.** At such a 
temperature the proton-proton reaction alone is so probable that 
only the assumption of a very small hydrogen content in the interior 
(fraction of a per cent) will not lead to a greater energy evolution 
than is observed. In order to compute 7», it may, therefore, be as- 
sumed that hydrogen is absent; and because of the strong pressure 
ionization it follows that n, = 0.50, no matter what relative amounts 
of helium and Russell mixture are present. This immediately fixes 
the constants as 


—=0.15; a= 1.5- 10°; R = 5.7 - 10° cm. (35) 


the mean density p = 2.5-10°; the central density p, = 2.8-107. 
The radius thus turns out to be much smaller than even the lower 
one given by Kuiper” (R = 1.36-10’ cm), but in view of the results 
20 G. P. Kuiper, private communication. 
21 Cf. Table 3. This is true if there is an appreciable amount of heavy elements; 
otherwise, the boundary temperature is at least five million degrees, which would also 
require a small hydrogen content... 


22 Cf. end of sec. IV; his value is smaller than Chandrasekhar’s. 
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given below (namely, that the temperature changes only slightly this 
initial density distribution) and the accuracy claimed for the mass 
determination, it seems necessary to assume the smaller theoretical 
radius in our calculation.” 

Knowing the density distribution, we may now find the tempera- 
ture distribution by integrating numerically equation (28), subject 
to the boundary conditions as given by Table 3, i.e., 


w T 
SS eee aer Ree 6.9+ 10° 
MA 8 cht ik gow es Gan g.1* 10° 
Re Pas Kiieud clon 9.8- 10° 
BE ya 6 bes Ore 10.1 * 10° 


For the purposes of the integration some assumption must be made 
regarding the variation of (L,/L),, throughout the star; the resulting 
temperature distribution, together with the density distribution, 
must then yield an (L,/Z) distribution which is consistent with the 
initially assumed one. Such a self-consistent distribution can be 
found only by trial and error. 

Our procedure follows. We have 


L. fovea 
== =< (36) 
¥ J pr’edr 


Now, if € is taken to be of the form € ~ pf(7) (which is certainly 
true for any type of thermonuclear process), then 


I fron T)rdr 
(F) = “FR ° (37) 
beak J, p(T )rdr 


It turns out that in the actual self-consistent distribution in Sirius B 
the temperature changes very slowly in the central region of the star, 
where most of the energy production takes place. In this case we 











23 As far as the temperature distribution is concerned, the use of the larger radius 


would have very little effect. 
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may consider f(7) as slowly varying (in spite of a possible strong 
dependence of f on T and take it outside the integral sign, thus 


obtaining 
I [orar fered 
( *) ae 0 = Oo (38) 


i R 7 @] ‘4 
J p’r'dr J, p?w*dw 


For 40 Eridani B, the variation of the temperature is not so slow. 
In this case we may approximate f(7) by a power of p, say, p”. The 
value of m will depend on the type of energy process; if thermo- 
nuclear reactions are considered, it will be higher for a reaction such 
as the carbon-cycle than for the proton-proton reaction. It will also 
depend on the variation of temperature with density and is deter- 
mined by the condition of self-consistency. Then we have”4 


r w 
p? + my2dr f p?*™w?dw 
e) ss _ J) 











L 


= “R ie ; (39) 
ad f p? +m 2d yr J p? +m o2 day 
J 7) 


For Sirius B a set of values for (L,/Z),, was found from equation 
(37). We then integrated equation (28), taking account of the varia- 
tion of », in the outer region.?> It is found that the variation of T 
with p is about as T ~ p'’’. Even if the carbon-cycle is assumed, 


f(T) varies only as 7”? ~ p'’4; for the proton combination the varia- 


tion would be only as 74 ~ p"?°. Thus, the choice m = o is obviously 
a better one than, say, m = 1. This isso because m = 1 gives just 
about the same (7°, p) dependence as m = o. To test the sensitivity 
of the results to inaccuracies in the luminosity, the temperature dis- 
tribution was calculated on the assumption L = 21,1. Xr = 1, and 
it is found that T. = 18.4-10° C. An uncertainty in the luminosity 
of a factor of 10 would produce an uncertainty in the central temper- 
ature of a factor of 2. For Kuiper’s value of the luminosity, the 
24 To get an even better approximation, one could break up the range (0, w;) into 
subregions, associating a slightly different (nonintegral) value of m with each subregion; 
this was not done in our calculation for reasons which will become apparent below. 


** The quantity », is different from 0.50 only for the first few points, so that it is 
justified to take n, = 0.50 for the star as a whole. 
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central temperature of Sirius B is thus 15.2-10°° C, and is fairly 
constant over a larger part of the degenerate core. The complete 
temperature distribution is given in Table 4. 

For 40 Eridani B, the mass was taken as 7.95:10” gm, i.e., 
0.40 Mo, instead of Kuiper’s value 0.45 Mo; this is much more 


TABLE 4 
SIRIUS B (T IN UNITS OF 10°) 








w (p/p) (Eef/le T 
oO oc ais Goin nels I .000 0.000 15.20 
Ce eee aa 0.980 0.003 15.20 
0.4 0.930 0.022 ES 20 
0.6 0.850 0.069 15.20 
O28... Go. 752 0.138 5.20 
50: 0.644 0.228 15.18 
1.2 0.537 0.344 15.16 
i a 0.430 0.470 15.14 
1:6 0.346 0.587 15.11 
rie. ©. 268 0.690 15.07 
2.0 0.203 °.782 15.03 
2-9 0.151 0.855 14.98 
ras 0.109 0.920 14.91 
2.6 0.0705 0.958 14.83 
2.8 0.0518 0.980 14.73 
2.0 0.0333 °.986 14.60 
ee 0.0199 0.990 14.45 
3.4 ©.O104 I .000 14.10 
<0. ; 0.00429 I .000 13.60 
Sat 0.00220 I .000 12.90 
3.8 © .00096 I .000 II.50 
Cpe 0.00036 1.000 10.10 
3.86 0.00021 I .000 9.80 
3.87 ©.00009 1.000 g.10 
3.88 © .00002 I .000 6.90 














convenient for the purposes of Chandrasekhar’s tables and is per- 
missible in view of the considerable uncertainty of the mass deter- 
mination; this was not the case for Sirius B. Then the theoretical 
radius of 4o Eridani B is 1.05- 10°, as compared with Kuiper’s value 


of 1.25-10°, and 


= 3.60; =7=0.6; a= 3.0108; (49) 
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We have integrated equation (28) for 40 Eridani B in the same 
manner as for Sirius B with L = L,,.. = 2.1-10%, Yr = 1, subject 
to the boundary conditions 


w T 
CP eee 
Sra .> E¥F*10° 


Table 5 contains the resulting temperature distribution cor- 
responding to a choice of m = oand m = 1 for the (L/L,), distribu- 


TABLE 5 


40 ERIDANI B (T IN UNITS OF 10°) 








Lr) ze) 
w (2) - ee (= Pa T for m=O | T for m=1 
Pe for m=o for m=1 
0.0 I .000 0.000 0.000 30.2 31.0 
Oo. 2. 0.987 0.00414 0.008 30.1 30.9 
oy Ogee 0.951 0.0231 0.042 30.0 30.8 
o.6:. 0.893 0.0729 0.128 290.9 30.6 
0.8 0.818 0.154 0.256 29.7 30.3 
i.e 0.731 0.207 ©.400 290.5 30.0 
BePen exes 0.637 0.391 0.566 29.2 29.6 
a Sane 0.542 0.525 0.710 28.9 29.2 
E.6.. 0.450 0.654 0.820 28.6 28.8 
Poa ©. 364 0.760 0.902 28.3 28.4 
ro o. 286 o.849 0.940 27.9 27.9 
He 0.218 © .gO0Q 0.975 27.4 27:4 
2.4. . ©.160 ©.944 ©.ggo 20.7 26.7 
2.6... O.112 0.978 ©.9904 25.9 25.9 
2.8 0.0732 0.987 0.997 25.0 25.0 
3:0.. 0.0434 0.997 1.000 24.0 24.0 
3,2 0.0216 ©.999 1.000 21.8 21.8 
Ky, See: 0.0131 I .000 I .000 21.0 21.0 
3.35 0.0100 I .000 I .000 19.5 19.5 
3.40 0.0072 I .000 1.000 17.5 S75 
cy Ue 0.0042 I .000 I .000 14.5 14.5 
3. $0... ©.O0017 I .000 I .000 II.0 I1.0 
ok: aa 0.00012 I .000 I .000 7.0 76 




















tion. Both solutions give a dependence of 7 on p of the form 
T ~ pS and differ very little. Since 


f(T) ~ prs (41) 
for the proton-proton reaction and 


S(T) ~ e 
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for the carbon-cycle, the choice m = o would be better for the first 
reaction and m = 1 for the second. Not only does the internal 
temperature distribution vary more in 4o Eridani B than in Sirius B, 
but a higher central temperature is attained—about thirty million 
degrees. This is due to the smaller mass densities in 40 Eridani B. 

Before any conclusions can be drawn regarding the hydrogen content, etc., 
from the above temperature and density distributions, the effect of the tempera- 
ture in changing the initially assumed density distribution must be calculated. 
This may be done by treating the temperature as a perturbation in equations 
(26) and (27). Combining equations (26) and (27), we get 


1d (r fe) a. d log s = —(s5°, (42) 


r? dr dr dr dr 


where we have taken (eq. [30]) p = Bs3, C = 47GB?. Neglecting the heavy- 
particle pressure,?° we writes 


be = Af(s) : Oe ee | ; (43) 





the temperature perturbation is a = 47?k?7?/m?c4, A = 6.01-10, and m is the 
electron mass. Since the degenerate core of a white dwarf is practically iso- 
thermal, we take a as constant throughout the star; e.g., for Sirius B, T = 
15-10° C. We may, therefore, expand p, about the point 7 = o as follows: 





; ; ; oh) 
bq = Af(s) + Aa sod +1? +7'0($2) (44) 
¢ 0 
Also 

s° = 5° + 6s5 ($:) a, 
Oa 0 
a [Os 

log s = log 55 + ‘i (=), : 


Substituting these expressions into equation (42) and making use of the un- 
perturbed equation 


me - | d Apts) —3 . [Af(s.)] + a. —Cs®. 
r?dr| dr dr dr 

26 This is justified, as can be seen by finding the value of p for which the heavy-parti- 
cle pressure (necessarily temperature dependent) contributes more than the tem- 
perature-dependent part of the electron gas pressure. It turns out that the heavy 
particles contribute in the region where the temperature perturbation is very slight. 
At any rate, the order of magnitude will be given by our calculation. 











—— 
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We get the following equation for z = (0s/da).: 


1a]. aii Gd ¢ (2) 
ae {So(so + r) + f'(S0)2 r dr dr ' 
45 
— 3 é {so(s3 + 1)*/? + f'(so)z £ ; log 5S, = — 655s 


If the exact expression is used for f(so), equation (45) is somewhat cumbersome 
to work with; however, it is consistent with our approximation to take 


f(so) = $s for nonrelativistic degeneracy (s < 5) ‘ 
f(s.) = 2s§ for relativistic degeneracy (s. > 5) ; 


The boundary between the two regions is given by s, = ?, corresponding to a 
mass density p = 3.8-10° (if 9, is taken as 0.50). 

With the indicated simplifications, equation (45) becomes, in the region of 
relativistic degeneracy, 





ds 2 . 3 d?50 + - 0 dso + a - | 
dr? r dt 


5, dr? Sor dr 
I a 2 I d’So r &&% | 
253 \dr ann de*) ee aa” 


In the region of nonrelativistic degeneracy, we get 


dz 2 , 2 de\ as dsy\? 8 dso , 3C5. , 4 @5o| . 
a+(2 2 = z+ |3(S) teh ae 7 = 











| (47) 
_ [3 (4%) _ 4 ds 1 dso) | 
~ [855 \dr 8st dr? arst dr | ° 
If we express s, in terms of Chandrasekhar’s function, i.e., 
1S Ps d 
Srit= ye’; <* = 28 — ’ 
’ dr ap dw 
equation (46) can be written 
d?3 ee : 
+ F(r)z = G(r), (48) 


dr? 
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es wit ds.\? , 3y-e [dd 3O5o , 3C56 
F(r) = 5? 3 (#) * Sga? (<2) - a’y, + 4A ' 


So 


wv — 3% (dso\? ry? (do lle 
iia 483 F) 45ja° (is) * 4a°ye ’ 


and equation (47) can be written 


where 








and 











Ps Iz 
<= + Bir) = + C(r)z = Dr), (49) 
where 
Bo) = 2 (F) +2, 
Se r 
C(r) = Aye (2) - 450 _ 1 (fe * 4 350 ; 
a’se \dw a’y, Ss3\dr 4A 
and 








_ t fds.\? Ve do \? ? 
Del sila) “alan! aes, 


We have integrated equation (48) for Sirius B, taking 1/y2 = 0.2,?7 subject 
to the boundary conditions 3 = 0, d3/dr = o at w = o. The integration was 


carried up to the point w = 1.9, where s, = 3. At w = 1.0, 


: dz ; 
Z = 20.9 * 10°, — = 6.08 + 10% ; 
dr 
this is equivalent to 
a= 0:37 < 10 | 
dz > at w=1.9. 
= = 4.43 ° 107" | 
dr | 


Equation (49) was then integrated, subject to these boundary conditions, up to 
the point w = 3.67.28. From this point to the boundary of the star (w; = 3.727), 
equation (49) can no longer be used. 

27 This corresponds to a mass M = 0.88M@© and a = 1.732 105; this choice was 
convenient and will give a close upper bound to the effect of the temperature perturba- 
tion. 

28 The author is indebted to Mr. Robert Mann of the college of arts and sciences, 
University of Rochester, for the calculation of the functions F, G, A, B, C, D. 
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With a knowledge of the z distribution, the modification in mass has been 
estimated as follows: Let p = po + p:, where pp is the density distribution cor- 
responding to 7 = o and is given by Chandrasekhar’s tables.s The quantity 
p, is the perturbation term due to the finite temperature. Then p, = 3.Bs3za, and 
the change in mass AM is 


an (8 R 
AM =  / r*p,dr = anBa fi r’s2edr =~ AM+A.M , 


where 
3.07 


A.M = 4nBaa’ { w’sizdw = 3.8-10 5M , 


0 
. 


for 


A.M is the uncertainty introduced in the region w = 3.67 to w, = 3.73, and if 
we take the total mass in this region then at most A.M = 1.5-107-4 M. Hence, 
we may say 


, _ , AM gs 
38°10 5< “i <1.9°* 10%. 


For Sirius B, whose mass is just about equal to the sun’s mass, it is clear that a 
temperature perturbation of 15+ 10° ° C—-which corresponds to the initial tem- 
perature—will lead to a AM about one-hundredth of 1 per cent of the original 
mass. The theoretical radius must remain, and the initial temperature-density 
distribution may be used to gain an estimate of the concentration of reactants 
which must be present if the observed luminosity is assumed to be due to the 
occurrence of nuclear processes involving these reactants. 

A much more approximate calculation was performed for 40 Eridani B, in 
order to estimate the effect of the temperature in changing the unperturbed 
mass-density distribution. We took 1/y2 = 0.6, corresponding to a mass M = 
0.04 Mo, and for T the value 30-10% C throughout. It turns out that the 
change in mass is negligible again, i.e., AM = 3.1073 M. 


We may now compute the hydrogen content of Sirius B and of 
40 Eridani B if we make an assumption regarding the source of 
energy. From equation (29) it follows that 


R 
L= nf per?dr . (50) 


Suppose we were to assume that the carbon-cycle is responsible for 
the energy production in the white dwarfs (that is, that the concen- 
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tration of carbon and nitrogen is the same as in main-sequence stars, 
say, 5 of 1 per cent by weight),** then we should have 


s z 152 
€ = 2.95 ° 107X ,pre~” ; T= ah , 





with 7 measured in millions of degrees." Inserting this expression 
into equation (50), using the temperature-density distributions 
found for Sirius B and 4o Eridani B,”’ and taking L = Loy. (9.7+ 103° 
ergs/sec for Sirius B, 2.1- 10%" ergs/sec for 40 Eridani B), we get 


Got Se A Xw = 2.2- 1078; 
for 40 EridaniB..... .. YH = 3.6°* 1077. 


Since it might be true that carbon and nitrogen are absent in the 
white dwarfs,*° we have also computed the hydrogen content in case 
the only reactants are the hydrogen nuclei themselves (i.e., proton- 
proton reaction).? Then 


Ww 
w 
co 





€= 4° 103Xj, pre” ; T=, 


NI 


with T expressed in millions of degrees, and we get 


for Sirus B........XH4 = 2.4+ 10°75, 
for 40 Eridani B....Xq 8.0 + 10°S. 


These values certainly give the maximum hydrogen content under 
any reasonable assumptions regarding the chemical composition 
(i.e., an appreciable concentration of heavy elements). 

However, we thought it worth while to consider the extreme case 
of a star consisting of helium* alone. This lowers the temperature be- 


29 Cf. Tables 4 and 5. 

39 In a recent paper (M.N., 99, 595, 1939) Eddington discusses the hydrogen content 
of thewhite dwarfs. In addition to the fact that he makes no attempt to calculate the tem- 
perature distribution in the white dwarfs, he considers only the carbon-cycle in making 
his estimates. His statements are therefore less conclusive than ours, especially re- 
garding the radii of the white dwarfs. 

31 In this calculation heavy helium is implied. In view of the work of Alvarez and 
Cornog (Phys. Rev., 56, 379, 1939), it might be thought that He} should be investigated 
as a possible important constituent of the white dwarfs. However, there are almost 
insurmountable objections against an appreciable abundance of He} in the white dwarfs 
(cf. W. A. Wildhack, Phys. Rev., 57, 81, 1940). 
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cause the opacity, both radiative and conductive, is reduced by a fac- 
tor of 6 (Z?/A =1 instead of 6 as for the Russell mixture). The bound- 
ary temperature obtained by the method of section V is 5+ 10° instead 
of 10:10 C. In the transition region there is a slight additional effect 
in the same direction due to the greater density of free electrons 7. 
The contribution of the nuclei to the gas pressure is not essential, for 
the higher 7 heavy is nearly compensated by the lower temperature. 
The central temperature for Sirius B is then 7- 10°, i.e., about one- 
half of the value for the Russell mixture. It is necessary to assume 
Xy = 1.5:10-4 in order to give L = L,.,. Thus, it was certainly 
legitimate to take Yy = 0 and to set » = 0.50 in deducing the 
radius from the mass and in calculating the temperature distribu- 
tion. 
VI. CONCLUSIONS 

We have found that the hydrogen content for Sirius B and 4o 
Eridani B must be very low;*? this would be true for the other white 
dwarfs as well, in view of their low luminosities and high densities. 
This result is true, no matter whether the carbon-cycle or the proton- 
proton reaction is assumed to be responsible for the energy produc- 
tion, and remains true even if the white dwarfs were taken to be 
pure helium stars. It is most plausible to assume that white dwarfs 
contain some heavier elements as well, and among them carbon and 
nitrogen. This would almost certainly follow if the white dwarfs 
are the last stages in the evolution of main-sequence stars, since all 
stars in the main sequence (except possibly stars much less massive 
than the sun)’ contain a considerable amount of Russell mixture and 
consume only hydrogen in the course of their evolution.’ Even if the 
white dwarfs are not the final stages in the evolution of main- 
sequence stars, it is likely that carbon and nitrogen are present. 

Assuming, then, the same carbon and nitrogen concentration as in 
main-sequence stars, the hydrogen content of Sirius B will be 2+ 10~* 
and of 4o Eridani B 4- 1077. Such a low hydrogen content would sup- 
ply the energy, even with the observed low luminosities, only for a 

32 In making estimates of the hydrogen content on the basis of the proton-proton 
reaction, the numerical factor 4 - 103 has been used. This differs from equation (35) 


n. 2, by a factor of 10 (cf. B. O. Grénblom, Phys. Rev., 56, 508, 1939, and R. E. Marshak 
and H. A. Bethe, Phys. Rev., 56, 210, 1939); otherwise X,, would be three times larger. 
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very limited time. The energy evolved in the transformation of hydro- 
gen into helium is 10-5 ergs per proton, and therefore, altogether, 
E = 61075-1075 Ny ergs/gm. For Sirius B we obtain, since VY), = 
2*10-*, E = 1.2-10" ergs/gm. The luminosity of Sirius B is 0.005 
ergs/gm-sec; therefore, the hydrogen would supply the energy for 
= 1.2*10'/0.005 sec ~ 8: 10° years, i.e., only for a very short time. 
For 40 Eridani B we find about the same time, viz., 
1.2 ° 107? X - sec ~ 3° 10° years. 
0.020 ; : 

Since, in general, such short lifetimes would be incompatible with the 
observed frequency of the white dwarfs, it seems that the present 
hydrogen content cannot be responsible for the energy production. 

There are at least two alternative possibilities for the energy pro- 
duction: (1) The hydrogen concentration in the surface layers may 
be very much larger than in the interior, as seems to be indicated by 
observations of the spectra.*’ Then, either the energy production 
can take place in the surface layers themselves, or the hydrogen 
could diffuse into the-interior and thereby replenish the source of 
protons. (2) The energy production may be due largely to gravita- 
tion. 

The first possibility involving the diffusion of hydrogen would 
probably require too long a time to play a significant role, since dif- 
fusion through a degenerate gas is an extremely slow process. The 
second alternative seems rather plausible, from the assumption that 
the white dwarfs are produced either by gravitational contraction of 
main-sequence stars or by the contraction of fragments of giant 
explosions. The small radii which the white dwarfs possess furnish 
further support for hypothesis (2). 

Thus, it might be supposed that the white dwarfs have evolved 
from main-sequence stars of the same mass. Then the hydrogen con- 
tent, say, for a star of solar mass, at the time when gravitational 
contraction produces as much energy as the thermonuclear processes 


33 Cf. Ohman, Arkiv. f. Mat. Astron. och Fysik, Stockholm, 25B, no. 21, 1937. Pro- 
fessor Kuiper has also kindly informed the writer that there are at least two distinct 
types of white dwarf spectra: the type which contains no trace of hydrogen, and the 
type exemplified by Sirius B, which exhibits fairly strong hydrogen lines. 
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is of the order of 10~5.54 This is compatible with the value of the 
hydrogen content obtained above, even with the assumption that 
only the proton-proton reaction is taking place. However, the time 
required for the hydrogen to be consumed (through its conversion 
into helium) from its 35 per cent concentration in a main-sequence 
star of solar mass to a small fraction of 1 per cent is of the order of 
10’ years. This long time scale would be difficult to accept if the 
concept of the expanding universe is correct—according to which the 
great nebulae were formed about 2: 10° years ago and the individual 
stars not much earlier than that.*> In view of this difficulty, it 
might be necessary to postulate with Gamow* that the white dwarfs 
have originated in the explosion of main-sequence stars of masses 
larger than Chandrasekhar’s critical mass,*7 which have contracted 
greatly without degeneracy having set in. Presumably, the hydro- 
gen content at the time of explosion would be small, since stars of 
large mass have a large luminosity and hence consume their hydro- 
gen much more rapidly than stars of solar mass. The white dwarfs 
would then arise from the further gravitational contraction of the 
fragments. 

If we grant that thermonuclear processes are absent, the life of a 
white dwarf (time before it turns into a dark object)wiil be given 
by the difference between the gravitational energy which the white 
dwarf has at present and that which it possesses in a completely 
degenerate state, namely, Eg = y GM?/R-AR/R; y¥ is a constant 
of order of unity, and AR is the difference between the radius in 
the completely degenerate state and the radius at finite temperature. 
From Chrandrasekhar’s tables** it is seen that AR/R ~ AM/M, 
where AM, M is essentially the quantity computed in the perturba- 
tion calculation (cf. sec. V). Thus for Sirius B, AM/M ~ 10~4 and 
Eg ~ 5:10" ergs, while for 40 Eridani B, AM/M = 3-10 and 

34 For the sun this would happen when R ~ 0.8RO, X,, ~ 1075 (cf. G. Gamow, 
Phys. Rev., 55, 718, 1939); the result is not very sensitive to the mass. 

35 G. Gamow and EF. Teller, Phys. Rev., 55, 654, 1930. 

© Phys. Rev., §5, 718, 1939. 

37 Masses larger than 6+ 65 7? M@ can never become degenerate (cf. Chandra- 
sekhar).5 


38 Chandrasekhar, op. cit., Table 5, p. 427. 
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Eg ~ 2+10*7 ergs. To be more accurate we should also consider the 
thermal, radiative, and ionization contributions to the total avail- 
able energy. It can easily be shown for Sirius B and 4o Eridani B, 
from the temperature-density distributions which have been calcu- 
lated, that E,.4,, and Ejoni,, are negligible compared to Enema. Now 
Exnermai 18 due chiefly to the electrons and is equal to feyTdV, where 


atk? (s? + 1)'? Ton. 
~ me SM 
with 
S$ = 1.01 + 10°7(pn,)!/3 .39 
We can write 


wy 
Enermal = 1.7 ° rofa'y. f T?sdw?dw P 
0 


We get 
- 10% ergs; 
- 1047 ergs. 


Pe SIE 6 os hace se eek es cums * 2. 
For a0 Eridani B............: Ewnermal = I. 


wm UN 


Thus, the available energy is given essentially by the gravitational 
contribution and is about 10%’ ergs. If it is assumed that the energy 
continues to be radiated at the present rate (this is an upper limit; 
it can be shown that as complete degeneracy is more nearly reached 
the velocity of contraction diminishes), we have for Sirius B, 
L = 10 ergs/sec, so that the minimum life is 10%’ ergs, 10* 
ergs/sec ~ 3-10° years. For 40 Eridani B the minimum life is 5+ 10° 
years. These results are quite consistent with the density of white 
dwarfs in space and with an age for the universe of ~ 10° years. 
While the above arguments for gravitational contraction as the 
source of energy in white dwarf stars are admittedly inconclusive, 
the situation with regard to the predicted radii is much more definite. 
The agreement found for 4o Eridani B on the assumption of negli- 
gible hydrogen content is quite satisfactory, while the theoretical 
value of the radius of Sirius B disagrees completely with the observed 
radius—by more than a factor 2. In view of the fact that the theo- 
retical radii seem to be as certain as the theory of degenerate con- 


39 Thid., p. 394. 
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figurations (embodying relativistic effects) and the physical princi- 
ples underlying the computation of the rate of hydrogen combina- 
tion, it is worth while to inquire whether any reasonable modifica- 
tions of our assumptions can lead to an increased radius for Sirius B. 

In the case of Sirius B, even if it is true that carbon and nitrogen 
are completely absent, the proton-proton reaction gives an upper 
limit of 2-10~° for the hydrogen content. Unless the selection rules 
for 6-disintegration are incorrect (in which case the probability 
would be decreased by a large factor ~ 10°)? the reaction rate cannot 
be wrong by more than a factor of 10. Then it must follow that 
u, = 2 (since only for hydrogen, in contrast to all other elements‘ 
under very high pressures, is uy. = 1) and from the theory of degener- 
ate configurations that R ~ 0.6-10° cm—to be compared with an 
observed value of 1.4-10? cm. It might be thought that because of 
relativistic degeneracy the electrons will possess sufficient energy 
to combine with protons and form neutrons; however, a neutron 
core will not arise, because so little hydrogen is present that the few 
neutrons which are formed will be captured by other nuclei. The 
pressure is not high enough in Sirius B for the conversion of heavier 
nuclei into neutrons; furthermore, the formation of a neutron core 
would only aggravate the situation. Again, it might be said that 
the integration of the star equations near the surface, assuming 
L, = L, was not justified if it is true that the energy is produced in 
the envelope and that the degenerate core does not contain any 
energy sources. But this will not help matters; the only conse- 
quences will be that the temperature gradient will decrease, de- 
generacy will set in sooner, and the envelope will still be very small. 
The discrepancy in radius will remain. The only conclusion we can 
draw, therefore, is that the observations of the radius of Sirius B are 
in error. 

We are very reluctant to draw such a conclusion, in view of the ap- 
proximate agreement obtained between two distinct methods of 
measurement of the radius—by the (ZL, 7.;,) relationship and by the 
Einstein gravitational red shift. Moreover, G. P. Kuiper has recent- 
ly re-examined the observational material for Sirius B. He con- 


‘° Except for He}; but the abundance of He’ must be inappreciable in the white 
dwarfs. 
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cludes that it is extremely improbable that the measured radius is in 
error by a factor of 2. He points out that the relativistic red shift 
would have to be 80 km/sec, instead of the present 20 km/sec, and 
the effective surface temperature 25,000° instead of 10,000° (the 
value indicated by the spectrum), to get agreement with the theo- 
retical radius. He concludes that only “the ad hoc assumption of a 
close, faint companion to Sirius B, which is at the same time, a white 
dwarf, could bring yu, to the value 2.’’* 

But, on the other hand, the theory seems to be well founded. 
It is obvious that no agreement can be hoped for with a central 
temperature of 15-10% C (Russell mixture). With 7. ~ 7-10° 
obtained for a pure helium star and a minute abundance of C and XN, 
the carbon-cycle will be sufficiently slow, but the proton-proton re- 
action will still be fast. The only possibility would be to make the 
additional assumption that the theory of the proton-proton reaction 
is completely wrong—but this would require a far-reaching re- 
vision of our present ideas concerning nuclear structure and is not 
very likely. The dubious validity of rejecting the Gamow-Teller 
selection rules and returning to the original Fermi version of the 
B-decay (which as mentioned above would decrease the probability 
of the proton-proton reaction by a large factor—a factor probably 
sufficient to permit the presence of an appreciable amount of hydro- 
gen in Sirius B and therefore a larger radius) is attested to by recent 
experimental results on the 8 disintegration of light nuclei. These 
experimental results seem to be more readily explained by a theory 
of 8-decay which is spin dependent rather than by one which is not.” 
In particular, the strikingly large probability of the He > Li® + e 
reaction* is presumed to provide strong confirmation of the Gamow- 
Teller theory. Since the combination of the two protons to form a 
deuteron with the subsequent emission of a positron is wholly anal- 
ogous to He = He+ + 2n—> Li® + e— = Het + 1p + 1m +e (in 
virtue of the equality of like particle forces), it would follow that 
Gamow-Teller selection rules should be employed in the computa- 


° as is 


4" The author is indebted to Professor Kuiper for sending him his paper prior to 
publication. 
# Cf. B. O. Grénblom, op. cit., p. 509, and E. P. Wigner, Phys. Rev., 56, 519, 1930. 


43 Cf. T. Bjerge and K. J. Bristom, Nature, 138, 400, 1936. 
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tion of the proton-proton reaction rate in stars. However, there is a 
bare possibility that the spin of He’ is one, in which case the Gamow- 
Teller selection rules would be unnecessary. Whether or not the 
remaining experimental evidence for the Gamow-Teller rules can be 
explained by similar modifications in nuclear theory cannot definite- 
ly be settled at present. All such modifications would be difficult to 
reconcile with our present-day knowledge of nuclear forces. The 
present investigation has at least established almost beyond ques- 
tion that the claim of astrophysics is in direct conflict with the claim 
of nuclear physics and that there really seems to be no simple ex- 
planation of the radius discrepancy for Sirius B. 


In conclusion, the author would like to express his gratitude to 
Professor H. A. Bethe for much valuable help at different stages in 
the investigation and also for a critical revision of the entire manu- 
script. He would also like to thank Professors S. Chandrasekhar and 
G. P. Kuiper for their kindness in supplying necessary astrophysical 
data and tables. 
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THE SYSTEMATIC AND ACCIDENTAL ERRORS 
OF SPECTROSCOPIC PARALLAXES* 


HENRY NORRIS RUSSELL’ AND CHARLOTTE E. MOORE 


ABSTRACT 


I. The stars for which trigonometric and spectroscopic parallaxes are available were 
divided into eight groups of approximately equal number, in order of the ‘‘reduced” 
spectroscopic parallaxes and of the reduced proper motions, and the mean reduced 
spectroscopic and trigonometric parallaxes were compared. The deviations from linear 
correlation between the two are no larger than can be attributed to the accidental and sampling 
errors—both for the biased and impartial groupings and also for four ranges of spectral 
class among main-sequence stars, for all these together, and for giants. To distinguish 
between the results of the assumptions of linear correlation between the absolute mag- 
nitudes and between the reduced parallaxes would demand several times the observa- 
tional data now available (1140 stars). For stars differing greatly in absolute magni- 
tude from the general mean (such as Groombridge 1830), these linear correlations are 
probably invalid; and the data are at present insufficient for a reliable calibration. 

II. The dispersion constants for the reduced parallaxes have been redetermined by 
analysis of these mean values (Table 4) and compared with those obtained by our 
earlier correlation analysis (Table 5). The factor 1//, by which the differences of the 
tabular spectroscopic absolute magnitude from the mean for the spectral subclass must 
be multiplied in order to obtain an impartial calibration, comes out consistently larger 
by the latter method. 

III. The correlation between the reduced parallaxes and proper motions (which is 
equivalent to that between the absolute magnitude M and H = m + 5 log u) shows 
that, for groups brighter and fainter than the normal for the spectral subclass, 
AM /AH = 0.74 for main-sequence stars and 0.66 for giants. Comparison of giants and 
dwarfs gives AM/AH = 0.69; of stars in different parts of the main sequence, 0.80. 

IV. Unavoidable deviations of spectroscopic absolute magnitudes from the true 
values may arise from physical causes within the stars, such as differences in the relative 
abundance of hydrogen and heavy elements, either in the interior or in the atmosphere, 
and differences in the contribution of negative hydrogen ions to the general opacity. 

These differences may account for a considerable portion of the apparent “errors” 
of spectroscopic parallaxes. 

V. These effects, combined with a correlation between the masses and the space- 
velocities of the stars, may cause grouping by H to be systematically different from one 
by M; but this appears inadequate to account for the systematic differences mentioned 
above. 

VI. Since no conclusive reasons have been found for preferring one of the sets of con- 
stants described in (II) to the other, weighted means have been taken, and the remain 
ing dispersion constants have been determined with the aid of these. Results for the 
reduced parallaxes appear in Table 9; and the corresponding constants for the absolute 
magnitudes (derived on the assumption that these have a normal distribution), in 
Table ro. 

The mean-square difference @ between the spectroscopic absolute magnitudes, Ms, 
as published in Mt. W. Contr. No. 511, and the true values is +o0™48 for main-sequence 
stars as a whole and +044 for giants. Joy’s values, derived from double stars and 
clusters, are in substantial agreement with this. To obtain an impartial calibration, 


* Contributions from the Mount Wilson Observatory, Carnegie Institution of Wash- 
ington, No. 636. 
t Research associate of the Carnegie Institution of Washington. 
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the differences of the published M, from the standard values 5, for each spectral sub- 
class should be multiplied by 2.22 for the main sequence and by 1.33 for giants. Values 
of S; (taking account of zero-point corrections) are given in Table 12. 

The mean error 6” of the corrected results is +o™65 for the main sequence and 
+o™47 for giants. This increase is much more than compensated by the removal of a 
serious systematic error. The probable error of a corrected spectroscopic parallax is 
+21 per cent and +16 per cent in the two cases. 

The problem raised by this title is not easy, and its discussion has 
been complicated by the very different algebraic notation used by 
Dr. Stromberg and ourselves. Long conversations between the senior 
author and Dr. Stromberg have cleared up practically all the points 


of difference, but various matters deserve to be placed on record. 


I. HOW NEARLY ARE THE CORRELATIONS LINEAR? 

1. Since the calibration-curves used in finding spectroscopic abso- 
lute magnitudes are empirical, it cannot be hoped that they will 
succeed in giving a perfect linear correlation between the spectro- 
scopic absolute magnitudes M, and the true absolute magnitudes M. 
The actual question is: To what extent and over what range is the 
assumption of linear correlation a good approximation for the set of 
values of M, given in Mount Wilson Contribution No. 5117 so long 
as we confine ourselves to main-sequence stars of a narrow spectral 
range? 

Both Dr. Strémberg and we have adopted Schlesinger’s catalogue 
of trigonometric parallaxes’ as a standard, disregarding its system- 
atic errors, which are known to be very small. Our methods of 
analysis, though different in appearance because of differences in 
notation, are really very similar in principle and method. Strémberg 
uses the absolute magnitudes; we transform these into “reduced” 
parallaxes by the equation 


s’ i fs , t’ _ ft . f 10°:2(m—So) ; (1) 
where s and ¢ are the spectroscopic and trigonometric parallaxes, m 


the apparent magnitude, and S, a standard absolute magnitude for 
the spectral subclass, so that 


M,=S.+5+ 5 logs’, M=S,+5+5 log7z’, (2) 


where 7’ = fz is the reduced true parallax. 
2 Adams, Joy, Humason, and Brayton, Ap. J., 81, 187, 1935. 


3 General Catalogue of Stellar Parallaxes (2d ed.), Yale University Observatory, 1935. 
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If AM = aAM,, x’ =const s”. A linear relation in one case pro- 
duces a curvature in the other; it will be seen (§ 4) that, for the range 
of practical importance, this curvature is insensible. 

2. Two methods of analysis are possible: (a) to apply a correla- 
tion analysis to the deviations of the data for the individual stars 
from the mean for a spectral group or (b) to combine the stars into 
subgroups, thus eliminating the worst of the accidental errors, and 
study the means. Both methods may be applied to s’ and ¢’, as was 
done in our paper:* only the second is available for M7, and M, on 
account of the appearance of negative values of ¢. 

The subgroups may be selected either by a “biased” criterion in- 
fluenced by the errors of M, (e.g., by M.) or by an independent 
criterion uninfluenced by these (e.g., by H = m + 5 log uw). Strim- 
berg’ has used these criteria; we have employed s’, and pw’ = fu 
(A, § 14). 

Since 

H=S,+ 5 logy’, (3) 
these groupings would be identical with Strémberg’s for a single 
spectral subclass, where S, is fixed. In his spectral groups Go G7 
and G8 K2, S, ranges from 4.0 to 5.0 and from 5.1 to 5.9, while the 
range of H7 exceeds 15™ and 14™. Selection by yw’ is therefore prac- 
tically, though not rigorously, equivalent to that by //. The dis- 
persion of M,—S, is small, and selection by M, favors the earlier 
subclasses in the bright groups. 

3. Seeking a purely objective method of division, we arranged our 
subgroups so that each contained one-fourth of the stars of cach 
spectral subclass (to the nearest integer). To get more detail, we 
have now formed eight similar groups. For the separate subclasses 
the numbers are so small that the results are ragged, and we have 
taken weighted means for four spectral groups— so chosen that one 
coincides with Strémberg’s Go G7. The means for Strémberg’s 
second group, G8 K2, and for all main-sequence stars together have 
also been taken, and also those for all giants together, including 
super- and subgiants. 

4Mt. W. Contr., No. 589; Ap. J., 87, 380, 1938 (referred to hereafter as ‘‘A’’) 


5 Mt. W. Contr., No. 603; Ap. J., 89, 10, 1939 (referred to as “B’’); Mt. W. Contr., 
No. 628; Ap. J., 92, 235, 1940 (referred to as “C’’). 
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Table 1 gives the impartial grouping by yw’, and Table 2 the 
“biased” grouping by s’. N is the number of stars; the means s’, ¢’, 
— . aT oe — ° . 
and w are in units of o-oor. Nine stars for which no proper motions 
were available are omitted in Table 1 and in forming yw’ in Table 2. 
TABLE 1 


GROUPING ACCORDING TO yp 
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The original calculations were carried to one more decimal place, 
which is omitted except for the general mean. 

To extend the range, the outermost groups of stars were divided 
into as nearly equal parts as possible, with the results given in 
Table 3. Division a corresponds to the smaller value of yw’ or s’. 
The numbers for G8 K2 are too small for profitable subdivision, 
nor was one made for the giants. 
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4. These data are plotted in Figures 1 and 2, the whole groups as 
dots, the half-groups as open circles. For the separate spectral 
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GROUPING ACCORDING TO s’ 
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groups the plots show large irregularities, and that for the small 
group G8-K2 is too ragged to justify graphical treatment or to 
give reliable results by any other method. For the whole main se- 
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quence the plots are much smoother and remarkably straight, 
especially for the impartial selection by yp’. 

The straight lines have been derived by the analysis described in 
§ 6 and are “impartial” lines for the grouping by y’ and regression 
lines for the grouping by s’. The deviations are considerable, but 
obviously mainly unsystematic. In a few cases (e.g., F4-Fo, by yp’) 


TABLE 3 


DIVISION OF THE OUTER GROUPS 
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a curve would fit better, but the deviations from a straight line are 
no worse than for the obviously random ones for A1~F3. We con- 
clude, therefore, that the assumption of a linear correlation between 
s’ and ¢’ represents the data satisfactorily. 

The dotted curves on the plots for “‘Main Sequence” are of the 
form {’=const s” and correspond to a linear correlation between 
M and M,. For the grouping by s’ they are indistinguishable; for 
that by uw’ the curve gives a slightly better fit. It would evidently 
require several thousand observations to permit a decisive choice. 





FG. 1.—Grouping according to yw’. Abscissae are values of s’; ordinates, values of ¢’. 


Dots represent data from Table 1; circles, data from Table 3, division 1. 
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Fic. 2.—Grouping according to s’. Abscissae are values of s’; ordinates, values of t’. 


Dots represent data from Table 2; circles, data from Table 3, division 2. 
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For the stars which deviate even more from the mean than the 
outermost groups here considered—that is, by more than about 1™ 
in absolute magnitude—departures from the linear relations may be 
considerable. But these stars form a very small percentage of the 
whole; and it is probable that they are physically different—in com- 
position or internal constitution— from normal main-sequence stars. 
In this case the ordinary spectroscopic determination of absolute 
magnitude may be expected to go astray ($ 16). If enough such stars 
were available, with good trigonometric parallaxes, a special cali- 
bration should be possible. 

5. Of Strémberg’s curves, two are nearly straight. For G8-Ka, 
selected by AM, (C, Fig. 2), he informs us that the adopted curve 
results from the assumption that the three lower points represent a 
group of stars which are physically distinct from the rest. In this 
case an alternation of low slopes within the groups and steep slopes 
connecting them is to be expected.° This hypothesis is permissible, 
but in view of the small number of stars involved, not conclusive. A 
straight line represents all the points adequately. 

In drawing the curve for Go-G7, grouped by H (C, Fig. 1), he 
has given great weight to the open circles representing a few stars 
with large and well-determined trigonometric parallaxes. The values 
of M for these are accurately known; but those of W/, are as much 
subject to error as any others and much less accurate than the group 
means. 

The deviation found by Strémberg from the straight line which 
represents the general run of all the 263 G stars is conditioned al- 
most entirely by the uppermost circle, representing Groombridge 
1830. But this star, with 7 = 6.7, is 2™1 fainter than the average 
for class G5 and is evidently a subdwarf. It is also peculiar in spec- 
trum, for its tabular J/, is 6.3-—fainter by o™7 than any other star 
of classes G4 G6 in Mount Wilson Contribution 511. The more pro- 
nounced subdwarf Cin 2019 (1554™7, — 15°54’, 8™9, G2, mw 3°74, 
to’o4o + 0.004, M 6.9) has M, = 4.4. The linear correlation fails 
for it, in the opposite direction. Until more data for subdwarfs are 
available, it is doubtful whether the spectroscopic calibration can 
be applied to them with any accuracy. 


6 Cf. Stromberg, B, Figs. 3 and 4. 
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The differences between our curves and Strémberg’s therefore de- 
pend upon questions of judgment in weighting the data for marginal 
and peculiar cases, where agreement cannot be reached by irref- 
utable arguments. For the great mass of the data the assumption 
of linear correlation appears to be a fully adequate approximation. 


II. REDETERMINATION OF THE DISPERSION CONSTANTS 
6. The data of Tables 1 and 2 deserve more than the summary 
discussion which we gave in A. In each spectral group the eight 
values of s’, etc., have been given equal weight;’ and the residuals 


from their general means, v = s’ — s’', v = —?t, 0" =p — yw, 

have been subject to a linear correlation analvysis.* The regression 
« ob 

lines are v’ = a,v (grouping by s’) and v’ = a,v (grouping by 1), 

=) o f=) ob » J 


where 


| t4 


a9)" NS 9,)/2 
ce se 


a= Sse? * S* (4) 
The correlation coefficient, 7 = V d,a,, measures the approach to an 
actual linear relation (in the present case, the degree to which ir- 
regularities have been removed by averaging). The geometric mean 
of the regression lines is 


, 
¢ 


y = au, where ad = Vay,d>. ( 


mn 
at 


The residuals from the regression lines give “probable errors” for 
a, and 1/a, which may be taken as a lower limit of their real un- 
certainty. The percentage probable errors are always nearly equal 
and may thus be applied also to a. 

The results of this analysis are given in Table 4. For comparison 
with other data the results are expressed as fractions of the mean 
values s’, t’, uw’; the dispersions o,, o:, 0, of 2, 2’, v”” are divided by 
them, while 

7 


= 
S dst 
7 The weights previously assigned were less for the groups of large ¢’; but the weight- 
ing system depends on the reduced probable error r’ and not on r’/ p’, as it should do 
(if possible); hence, it underweights these groups. 


’ Cf. Stromberg, C, “Correlation Theory.” 
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This quantity and the corresponding one for ¢’ and yw’ are derived 


Spectra 


from the geometric mean of the regression lines and may be taken 
TABLE 4 
ANALYSIS BY SUBGROUPS 
ae Nea : ‘ oa mee Main i 
A1-F3 F4-Fo Go-G7 G8-Ms5 G8-K2 . Giants 
Sequence 
Grouping by yp’ 
105.5 105.6 109.7 100.9 98.9 104.4 98.4 
gg. 2 110.9 117.6 100.9 100.4 105.4 99.1 
O.115 0.099 0.087 0.0065 0.073 0.074 0.224 
0.259 0.190 ©. 214 O.114 ©.142 o.160 0.272 
0.933 0.932 ©.959 0.985 0.730 ©.QQ2 0.966 
©.44 0.52 0.41 0.58 0.56 0.460 0.823 
+0.05 +0.05 $0.03 +0.04 £0.13 +o.016 | +0.062 
0.99 I.O1 1.00 1.01 1.05 I.002 0.970 
Grouping by s’ 
| | 
106.4 105.3 107.6 | 100.2 | 98.7 103.8 101.3 
93.3 109.6 112.1 99.5 100.4 103.8 102.8 
558 977 1536 1314 11489 135 711 
©. 222 0.185 0.159 °.168 | 0.158 0.178 0.320 
0.274 ©. 235 0.246 0.175 0.186 ©.214 0.381 
0. 39060 0.351 O.314 0.250 0.477 0. 288 0.574 
0.970 0.962 | 0.951 0.973 | 0.828 0.9Q1 0.983 
| > 
I. 20 r.22 | 1.49 I.02 I.O1 1.157 1.1607 
+o0.08 to.og | to 13 0.07 tO.17 +O.040 +0.060 
0.908 0.905 | 0.935 0.905 0.817 0.977 0.081 
0.09 0.67 0.79 0.70 | 0.390 0.74 0.66 
+0.08 +o.08 $0.09 +0.09 | +o.08 $0.05 +0.04 






























































to represent the true impartial line. For ¢’ and s’, grouped by s’, only 


the regression line is significant. 
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It should be noticed that the “impartial-relation”’ line defined by 
Stromberg and given by equation (5) and the “impartial” line 
adopted in A (p. 5) are not the same. The former applies to the 
case where nothing is known about the residuals 2, v’ for individual 
stars except their statistical distribution. We assumed that they 
might be analyzed into independent and uncorrelated components, 


W;, ¥:, V1, Satisfving the equations 


I 


v= Is’(wi +»), yo = t'(w, + x,). (6) 
For the regression lines we then have 
4 Wit Y W2+ X? , 
6. SS a ee b= = > + , (7) 
vy (Wit Yi) Py IW; 


and the slope of the impartial-relation line is 


gee Je +X? 
4 Is? W?2+ ¢ . 


while the correlation coefficient is given by 


aa (8) 
r= rr R >a oy = . « 
(Wi + X?)(Wi + VY) 
This impartial line is that obtained by taking means for groups 
selected in such a way that the mean values of «, and y, approach 


zero, while that of w, does not. 


I 


pa: 
v= 5§ lw, ’ 


2 
| 
\| 
~ 
Ps) 
-: | 


The slope of the corresponding line is 


{’ i hii? 
ai=- -=" = ‘ = _ ( 
mm ONW?+X? )) 


When the weights are unequal, BY; must be substituted for V7 and 
Y° for Vi, or BX¢/ p and Y,%/ p, if our analysis is based on means for 


groups of weight /p. 
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Taking these quantities from Table 5, we find the values of a;/a 
given in Table 4. These corrections have been taken into account 
in Table 6. 

The correlation between s’ and ¢’ is of little interest, as it depends 
on the trigonometric errors. That between s’ and 7’ (or very nearly 
between /, and M) may be found by setting X, = o in equation 
(8), giving 

Wt 


fa = W?+ ¥2 . (10) 


U 


7. For comparison with these results we need those derived from 
the same data and the same spectral groups by our earlier method. 
5 - 


TABLE 5 





ANALYSIS BY SQUARES AND PRODUCTS OF RESIDUALS 








| | | 
Sp v | () |w2?+Bx2| Bx2 | Ww? | LW? | ev? +¥2)| i W: | Yo 

A1-F3 260} 188.5] 0.282 | 0.160} 0.122] o 063 0.053 lo 51| 0.35) 0.28 
F4-Fo 278| 216.4 266 | 114 152 O50) 039 33} -30] -45 
Go-G7 270) 22%... 3 242 | .100 142 951 030 | 36) 38 37 
G&-M5 332] 427.2 138 O50 o88 033] 033 37| .30} .39 
G8-k 2 117| 124.6] 204 | .076| 128 033} 030 26 36 56 
Main Se | 

quence .| 1140|1053.4 212 003 119 046} 038 - 38) 34 38 
Giants 732} 212.9] 0.877 | 0.608) 0.269} o 79) 0.164 | 0.03} 0.52] 0.38 


| | | 





These can be very easily obtained by summing the proper columns 
of Table 3 (A, p. 21) and applying equations (24)-(26) of A (pp. 
12-13) to the means. They are given here in Table 5 (in the earlier 
notation). The giant stars are added for comparison. 

8. Consider first the dispersion o. For a variable with a normal 
distribution and the standard deviation ¢, the mean values for 
eight equal groups are +1.69 €, +0.90 €, +o.49 €, and +0.16 €«, 
giving o = 0.974 €. 

For the individual values of s’/s’, equation (26) of A gives @= 
(WW? + ¥2). The ratios of o,/s’ (Table 4) to 0.974€ are 0.99, 0.96, 
0.86, 0.95, 0.94, and o.94 for the six spectral groups. The difference 
from unity probably arises from departures from a normal distribu- 
tion. 
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If the accidental errors average out, we should have o,/t/ = 
g,/™ = 0.974W, or 0.335 for “Main Sequence.’ The actual value 
is 0.62 times this—showing how far selection by s’ is from picking 
out the stars in order of their real parallaxes. For ‘Main Sequence”’ 
grouped by yu’, the values of o,/s’ and o,/?’ are 0.41 and 0.51 times 
those just calculated. The diminution for s’ is partly caused by the 
elimination of accidental errors, which enter to their full amount in 
e’; but that for ¢’ shows that selection by yw’ (or H) is a weak 


TABLE 6 


COMPARISON OF CALCULATED SLOPES 




















| 
| 
IMPARTIAL 
REGRESSION LINE IMPARTIAL LINE | : 
| CORRECTED 
Sp. 
aie ceias aa 3 ae oe, 
Wy/li(W;+Y¥ 5) s‘ar/t r/ly | s"a;/t }1+¥o/Wy| a:/a 
A1-F3... l.4ot0.i2 I.20+0.08 I.95 20.30 2.23 FO.23 | 1.65 | 1.88 
amaes a 
F4-Fo... P28 44} 1.232 00:12:08 30: | 2.05 20°] 2.45. | ros? 
Go)... T.4OE 20S) Brace -23°) 2278cE .g2 erdO= .20;| 1768: |) reés 
G8-Ms.. T.00+ 10 | 1.02+ .67 | 2.70 .20°) 1.76 oo | 2.70 [4.91 
G8-K2.. baes 22 const sep Ls veOc “Saati wes 44 3.44 | 1.76 
Main Se- 
guence..| 1.292 <00 | £19: 105s] 2:01 100) 2.07 o8 | 2.20 | 1.83 
.s i it l | | 
Giants... 1030-05 | 1.170.060 | 1.500.715 |1. 250.00 | rsa. | 3:07 
| 








though impartial—method for separating stars of different absolute 
magnitude. 

The most important comparison is that of the slopes of the re- 
gression and impartial lines. These are given in Table 6 with their 
mean errors. Those of 1//, and Wi/l,(W{ + Y¢) represent the errors 
to be expected from random sampling alone (A, § 7) and are prob- 
ably too small. The last two columns give the slope which the im- 
partial line would have if the spectroscopic calibration, still made 
by means of the regression lines, were altered so that the slope of the 
new regression lines was unity. 

9. The results for the regression lines agree so well as to show 
that only a small part of the errors affects the two methods of 
calculation differently. They indicate that a considerable improve- 
ment of the calibration of spectroscopic parallaxes, by the existing 
method, is possible—probably on account of the much greater 
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volume of data now available. The differences in slope for the spec- 
tral groups must be mainly real. For the giants the influence of the 
trigonometric errors is proportionately much greater, and so is the 
discordance. 

For the impartial line the slopes for the various groups differ 
widely. With the new calibration the agreement would be much 
improved, especially for the second method. 

There is, however, a systematic difference between the results of 
the two methods, which is much too great to be attributed to acci- 
dental error. Two explanations, at least, are possible. 

a) This discrepancy can be removed by assuming that the 
trigonometric probable errors given in Schlesinger’s catalogue are 
too small. Introducing into Table 5 the value of / found in Table 4, 
0.400 + 0.016 (m.e.) for the main-sequence stars together, we have, 
restoring decimals rounded off, /,W? = 0.0455 + 0.0032 (mean error 
of sampling). Hence, Wy; = 0.099 + 0.008. But Wi + BX¢ = 
0.212 + 0.009, whence BY? = 0.113 + 0.012 (assuming that the 
statistical errors are propagated as though they were independent). 
This is 1.22 + 0.13 (m.e.) times the value in Table 5 and would be 
obtained by increasing Schlesinger’s probable errors by 10.5 + 6.5 
per cent. 

For the giants we find similarly BX¢ = 0.677 + 0.055, and an in- 
crease of the probable errors of 5.1 + 4.3 per cent. So large an in- 
crease is hardly admissible, in view of the great skill, care, and cau- 
tion employed in their determination, and the statistical uncertain- 
ties of the proposed correction are serious. 

b) It is possible that y’ (or Z/) is correlated in some way with the 
spectroscopic criteria for absolute magnitude, so that selection by 
H is not statistically equivalent to that by 4/7. A suggestion by Dr. 
Stromberg has led us to re-examine this possibility (at first dis- 
missed as very improbable); but, before it can be adequately dis- 
cussed, certain other matters must be considered. 


Ill. RELATION BETWEEN REDUCED PARALLAX AND 
PROPER MOTION 
10. Table 4 shows a strong correlation between yw’ and ¢’ (grouped 
by s’). This is not the familiar relation between H and M for the 
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stars at large, regardless of spectral type, but one between tan- 
gential velocity and difference of absolute magnitude from the mean 
for the main sequence (or for the giants) of a given spectral subclass. 
A similar relation has been found by Stromberg (B, pp. 9-13), who 
has shown that the regression line of WV as a function of //, for stars 
of similar spectrum, can be represented by two linear portions for 
giants and dwarfs. For the latter, his data (Figs. 1 and 2) indicate 
a slope AM/ AH of +0.38 for Go-G7 and of +0.22 for G8 K2. Our 
slopes 0.79 and 0.39 refer to the impartial line and are steeper. 
Strémberg’s means for giants and dwarfs (B, Table 1, omitting the 
TABLE 7 
IMPARTIAL RELATION OF M AND I 


1] 


Sp | A1-F3 F4-Fo Go-G7 GS-K5 K6-M 


So. 2.3 3.4 4.4 ( 8.7 

i. 95 110 112 gs I 

mu Mics 555 977 15360 1314 1205 

| ee 23 236 a9 5.0 E58 

| oe 1.0 3.3 $.3 6.6 Q.1 
intermediate mixed group) give, for Go G7, AM = + 4.6, AIT = 


+7.1,and AM/AH = 0.65, and for G8-M2, +4.9, +6.7, and 0.73. 
These values are probably close to the slope of the impartial lines. 
Further information may be obtained from the values of ¢ and wy’. 
Dividing the large group G8 Ms, we find the results shown in 
Table 7. The values (M7) and (//) are computed from S,, ¢, and u 
without the corrections for the effect of dispersion within the group 
(for which no data were easily available). They should, however, be 
adequate to determine AM,/AH, which is found to be 0.80. The 
mean value from comparison of giants and dwarfs is 0.69; the means 
found in Table 4 are 0.74 for the main sequence and 0.66 for the 
giants. For an impartial selection, the change in MJ with // (and 
hence in log T with M) is very nearly the same, whether we compare 
stars in different parts of the main sequence, giants and dwarts of 
the same spectral type, or main-sequence stars or giants of the same 
subclass but differing from the average brightness. No evidence has 
previously been available in the third case. 
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IV. POSSIBLE PHYSICAL CAUSES OF THE “ERRORS” 
11. The magnitude of the “accidental” error of impartially cali- 
brated spectroscopic magnitudes is somewhat disquieting. 

It does not seem probable that errors of observation can be so 
great. But the spectroscopic values are necessarily calibrated to fit 
the general run of the stars. Large discordances may arise from 
deviations of the physical conditions in individual stars from the 
average, and these would persist even though the calibration was 
based upon any number of stars with precisely known parallaxes 
and though all line-pairs gave consistent results. 

It is well known that the spectroscopic determination of absolute 
magnitude depends on the mass-luminosity relation. Let L be the 
bolometric luminosity of any star, M its mass, r its radius, J its sur- 
face brightness, and g the surface gravity—all in “solar units.” Then 
M M 


; oa lias (11) 


L=Jr 
The structure of a stellar atmosphere should be uniquely determined 
if J, g, and the atomic composition are given. Hence, the spectral 
class, as defined by any definite and consistent criteria, should be 
represented by a function 


Sp = flJ, a0); (12) 


where C’ is a shorthand expression for the effects of composition 
(which may involve many parameters). 

The spectral characteristics from which absolute magnitudes are 
derived (and which we may call Ab) should be expressible by a 
different function 

Ab = $F, 2,C’) . (13) 


For atmospheres of fixed composition and specified Sp and Ab, equa- 
tions (12) and (13) suffice to determine the values of J and g (with 
the abstract possibility of multiple solutions-—-which do not seem to 
occur in practice); but substitution of these in equation (11) de- 
termines only the ratio LM. 

To go farther, we must consider the internal constitution of the 
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star. If the composition of this portion were fixed, and also the equa- 
tion of state and the laws governing opacity and liberation of sub- 
atomic energy, Vogt’s Theorem would be applicable. Such stars 
form a one-parameter family, and their absolute magnitudes, masses, 
etc., should depend on the spectral class alone (as appears to be the 
case in the Praesepe cluster). The differences among the stars of a 
given spectral subclass must therefore depend on differences of 
composition. 

12. The mass-luminosity relation, which may be derived from a 
study of radiative equilibrium, without inquiry regarding the source 
of stellar energy, may be expressed with good approximation by the 


equation 
Lo Cusy* . (14) 


Eddington’s theory (based on Kramers’ law of absorption) gives 
b = 1, which we will adopt.? Our work on stellar masses'’ shows 
that a = 3.33 represents adequately all the existing data, including 
both main-sequence stars and giants. The coefficient C is again a 
“portmanteau” expression for the effects of internal distribution of 
density and of composition. It changes greatly with the abundance 
of hydrogen. 

Since a has been determined empirically from observations in 
which main-sequence stars have overwhelming weight, the adopted 
value takes into account the average of any changes which may exist 
in the density distribution and the hydrogen content along this se- 
quence—leaving C to represent the effect of differences from this 
mean. 

Eliminating M between (11) and (14), we have 


L — C: (1 a) ga/tt a)]J oa) /{t-a) —— C~?- 439 1-43 J 34 
~— C (1—a g (1 a) J pt) /U—a): ee 0 39 0 37° 34 , ( 15) 
re = (Ci/ na g’ I a) J (b 1)/(1~a) = ("—0 139 1 13 J 4 


These equations follow directly from the form (14) for the mass- 
luminosity relation. When J is fixed, a star which is brighter than 
» He gives T?°, but J « T?. 


to Russell and Moore, The Masses of the Stars, University of Chicago Press, 1940. 


(The value 3.33 follows easily from that of eq. [94], p. 89.) 
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normal stars of the same mass is fainter than normal stars of the 
same surface gravity. 

13. We must now consider the effects of variations of g, J, and C’ 
upon the spectral characteristics Sp and Ab. Milne’s remarkably 
good approximate theory" of stellar atmospheres treats them as iso- 
thermal layers and derives the numbers V, and N, of neutral and 
ionized atoms above the level where the electron pressure is P, and 
also the optical depth 7 of this level. 

For the present purpose we may discuss the simplified case where 
only one component of the atmosphere (or a group of elements of 
similar ionization potential) is undergoing ionization; but we have to 
consider two sources of opacity: (a) the interaction of atoms of the 
“active” element with the electrons produced from it, and (b) that 
of neutral hydrogen atoms with these electrons. Wildt has shown” 
that the photoelectric ionization of negative hydrogen ions produces 
a large part of the total opacity in the cooler main-sequence stars. 

An approximate theory of both processes has been given by one of 
us.'' The resulting equations (op. cit., p. 248) may be written 


peN, = 2P — (1 —€)K In( x + ) ; 


K 
adit a - 7 i gto KIn( 1 ra x) 
he, THM. 
, aw |4 P3 , soa 
wer, = f.(d, T)!- K +(1+ €—)P? x 


Here ¢€ is the fraction (by number) of all the atoms which are active, 
uw is the mean atomic weight, excluding the free electrons, P the 
electron pressure, and A the dissociation constant for ionization of 
the active element. The forms of f,(A, 7) and f,(A, 7) do not concern 
us here. There is good evidence that most of the atoms are of hydro- 
gen, so that € is small and uw approximately 1. 

't W.N., 89, 17 and 157, 1928 


2 Ap. J., 89, 205, and go, 611, 1939. 
13H. N. Russell, Mt. W. Contr., No. 477; Ap. J., 78, 239, 1933- 
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to 


sq. Case tr. 

If J is constant (and hence also 7 and A) and if the opacity is due 
to the active element alone, the intensity of its lines is practically 
unaffected by its abundance e. Changes in gravity do not affect V, 
or the arc lines; .V, varies as g * ’, and the enhanced lines are stronger 
in giants.'4 

Of two stars, with the same J and C’, star 2, with the smaller g, 
will be classified as of earlier spectral type than star 1; but star 3 
with this same g and a slightly smaller J will be of the same spectral 
type as star 1, judged by the standard criteria Sp. 

This change will make the ionization of those elements whose lines 
are influential in the ordinary detinition of spectral class the same in 
star 1 asin star 3. For elements of easier or more difficult ionization 
(which we may suppose to be present in small quantities without 
vitiating our analysis) the ionization will differ in the two stars. The 
lower pressure in star 3 will increase the ionization for all elements 
alike; the lower temperature will decrease it to a degree increasing 
with the ionization potential. The familiar absolute magnitude ef- 
fects are thus explained. Several investigators have found a good 
agreement between theory and fact. 

rs. Case 2. 

If the opacity arises wholly from / ions, we must assume 7, = 
constant, at the photosphere. With fixed \ and 7, 


d : d . 
— (go = ) = 4 st i 
7p oN.) KOQ, ap Sve) PO, 
d sides ih 
— (ger.) = 2P(P + A)OSL(A, T), 
dP e 
where 
9 -2P+Ut ok 
a K(P + K) 


We then find easily, for various degrees of ionization of the active 
element, the results given in Table 8. When the active element is 
highly ionized, the dependence of V, and .V, on g is the same as in 


14 Mt. W. Contr., No. 477, pp. 18-20; Ap. J., 78, 256-258, 1933 
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Case 1. Otherwise, the absolute-magnitude effect persists, but in 
somewhat diminished amount. Its amount varies as (eg)", where n 
ranges from —o.33 to —o.50 as K goes from o to ©. 

As in Case 1, if we compare two stars of the same J but with dif- 
ferent values of g, there will be a difference of spectral class, which 
may be removed by diminishing J for the star with smaller g. The 
absolute-magnitude effects will appear as before, and their amount 
will evidently be approximately proportional to the change in V,/N, 
between star 1 and star 2; that is, to g "* when the hydrogen pro- 
duces none of the opacity, and to (eg)" when it produces all of it. 





TABLE 8 
| 
Ionization | Incipient | Halfway | Complete 
K ° P co 
| | | 
d log (gN1) ; 
. +3 | 70.45 +3 
d log (ger2) | | 
3 | | 
d log (g.No) 2 
= 5S +3 +o.84 | +1 
d log (gerz) | | 
N; varies as... | Cages | ages | €t/2g-1/2 
. . | 
NV, varies as . | @ 3g-1/3 | €0-84g—0.16 | € 


16. There is no invariant relation between changes in € and in the 
constant C in the mass-luminosity relation (14), for the former de- 
pends on the abundance of the metals relative to hydrogen in the 
atmosphere, and the latter mainly upon the similar abundance e, in 
the interior. It is plausible to assume that € and ¢, will vary in the 
same sense If not to the same degree; but certain facts, especially the 
presence of Li and Be in the solar atmosphere, suggest that there is 
actually little or no mixing of the surface and the interior. 

The theoretical dependence of C upon the abundance of hydrogen 
and helium has been discussed by Bengt Strémgren.’’ If no helium 


is present, he tinds 
L = const (uB)?5i(1 — NX2)-'™55r 


1p. J., 87, 520, 1938. 
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where / is the guillotine factor, XY, the abundance of hydrogen by 
weight, w = 2/(1 + 3X,), and 8 is Eddington’s factor. With the aid 
of (11), this becomes 


L = const (uB)*i8(1 — X2)-°3m4-4J°-? (16) 
If uw’ is the average atomic weight of a heavy atom, 


Be _s — Xo ( 
= = 17 
1+ (w’ — 1)X. 7) 
We may adopt wv’ = 20. With M and J constant and 6 = 1 (a close 
approximation for main-sequence stars), we find 














_ dloge _ 20X, 
dlog X, (1 — Xo)(1 + 19X,) ’ 
dlogL _ 1.6X¢ 18X, d logt 
d log Xo T= xt 1+ 3X, + on log x. 


The ratio of the functions of Y, has the values 1.80, 2.08, 2.10, 
1.92, and 1.60, when X, Is 0.1, 0.2, 0.3, 0.4, and o.5. The values of 
X, found by Strémgren lie between 0.11 and 0.45. 

We have then, approximately, 


d log L ; 0g 2 d log ¢ 


d log €& d log € 
To calculate the last term theoretically would be laborious, but 
Stromgren finds for ¢ Herculis A (for which J = 1, log M = —o.02 
in solar units) i i = 0.41 and = 0.11 (whence €, = 0.29), while 
for the sun, log / * & 36, and €, = 0.082. Hence A log/ = 
—o.34, when A me € = +0.55. a may then adopt, as a working 
approximation, 
C = Ce" 


The changes of uw and / with \, along the main sequence are taken 
into account by the adoption of the empirical exponent 3.3 for M. 
We then have, by (15), 


Lm Cy eg ey Hs , (18) 





| 
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so that for stars containing little or no helium, a change in ¢€, should 
produce about 45 per cent as great a change in L as an equal per- 
centage change in g. 

If the atmospheric opacity arises wholly from negative hydrogen 
ions, equal percentage changes in ¢ and in g produce the same abso- 
lute-magnitude effect in the spectra. But a change in € produces a 
much smaller change in the absolute magnitude than one in g. 
Hence, if € is proportional to €,, the spectra will be much more sensi- 
tive to change in absolute magnitude arising from differences in 
composition than from differences in gravity. 

If hydrogen adds nothing to the atmospheric opacity, only 
changes in g produce absolute-magnitude effects in the spectra. 
Since the contribution of hydrogen ions varies with the conditions in 
the atmosphere, no exact proportionality between differences in 
absolute magnitude and the spectroscopic effects can be anticipated 
in general. If the two types of opacity are in a fixed ratio for a given 
spectral class, there should be a definite correlation between absolute 
magnitude and spectrum, within the group, so long as the abundance 
of the metals in the interior is closely correlated with that in the 
atmosphere. 

If, however, the abundance of the metals in the atmosphere is not 
correlated with that in the interior, considerable differences in the 
absolute-magnitude criteria may appear in stars of the same 
absolute magnitude and create discordances in the spectroscopic 
parallaxes, which arise from causes inherent in the stars and cannot 
be removed by any refinement of observation. The presence of 
helium may introduce further irregularities. It is possible that a con- 
siderable part of the ‘accidental error’ Y arises in this way. The 
question cannot be settled until more accurate methods for the 
quantitative analysis of stellar atmospheres (especially for hydro- 
gen) have been developed and applied to many stars. 


V. SIGNIFICANCE OF GROUPING BY H 
17. Study of the discordances mentioned in § 9 may begin with 
examining the assumptions regarding correlation upon which the 


equations at the end of § 6 are based. 
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If 7’ is the “reduced” value of the true parallax, these may be 
written 


~~ 
~l 
w 
~ 
- 
~ 
~ 
~ 
“ 
— 
~ 
- 
~ 


=r t+ 


The assumption that the trigonometric errors are accidental leads to 
x, = 0; the adoption of the trigonometric system as a standard 


gives w, = o. Let us now define y, by the equation 


, ps , 


5 = 


[r+ Uw: + 9:)} 


on“ 


and assume that the regression line of s’ upon 7’ is straight. Then, 
for any narrow range in 7’, we will have 


But 





/ 


Hence / = ¢’/As’; and y, = 0 for all values of w,, so that w,y, = 0. 
Absence of correlation between w, and y, thus follows from the 
assumption of a straight regression line, without knowing anything 
more about the origin of 4,. 

The conclusion that %,y, = 0, *,w, = o depends on the assumption 
that the results of accidental errors of measurement on parallax 
plates will not be correlated with properties of the stars observed or 








of their spectra, which seems thoroughly safe. But if x.y, = *,w, = 


W,V; = 0, our analysis in A is valid. 





We have no evidence as to the regression line of s’ on z’, but we do 
know that the “impartial”? line for groupings by w’ is sensibly 
straight. If groupings by yp’ and by 7’ (that is, by 7 and M) are 
statistically equivalent, the results of Table 5 may be accepted. 

18. The equivalence of the two groupings, however, demands 
careful study. We have 


H= M+ 5 log V, + const, (19) 
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where V, is the star’s tangential velocity. If this were constant, 
groupings by H and M would be identical. Actually, log V, and M 
are correlated. The data of § 10 show that, approximately, for 
impartial selection 

A log Vi = 0.07AM . (20) 


But there is no intelligible physical reason why the velocity of a 
star should be correlated directly with its luminosity, while a cor- 
relation between velocity and mass is to be expected, and one be- 
tween velocity and composition is possible (e.g., if the high-velocity 
stars originated in a different region of space from the rest). 

Equation (14) may be written 


log M = — 0.12M — 0.3 log C — 0.06 log J + const. (21) 
We may suppose that, statistically, 
log Vi = klogm+ log Vj, (22) 


where V) is not correlated with m. 

Equations (20), (21), and (22) will be consistent if k = —o.58, 
a rough determination. The plausible (but quite unproved) as- 
sumption of equipartition of energy gives k = —o.5. Adopting 
—o.58, we have roughly 


H = 1.4M + 0.9 log C + 0.2 log J + 5 log Vi + const. (23) 


For a given spectral subclass, J is substantially constant. The dis- 
persion in 5 log V; includes all the geometrical effects and is large. 

It follows that selection by // is not equivalent to that by M. For 
large values of //, large values of C will be given preference—that is, 
stars that are brighter than normal for their mass. 

If the composition of the atmosphere is correlated with that of the 
interior, the mean spectroscopic absolute magnitude S$ will also be 
affected- whether more or less than M/ will depend on the relative 
sensitiveness of the spectroscopic criteria to changes in g and C’ 
($ 16). 

Hence the slopes of the lines obtained by selection according to 
H and to M may not be identical, but in the present state of the the- 
ory one cannot say which should be the greater. 
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19. Suppose that selection by any parameter P separates groups 
with different mean values of s’ and ¢’. Setting uw = v/s’, and wv’ = 
v’/t’ in (6) we have, 

uw =w,+x., u=1,(w, + 9), 


+ (24) 


w?=W2+X?, uw =1W?, w=1(W2+Y2).| 


Suppose, also, that selection by P gives a rectilinear plot of s’ 
against /’, with the equation « = 1,u’ and, to get a case capable of 
analytical discussion, that the correlation distribution of w and y’ 
is normal. 

Strémberg has shown” that this will be the case if the distributions 
for the individual variables are normal. According to his equation 
(3) and those just following, the exponential factor in the distribu- 
tion function may be written 


exp — (Aw + 2Huu’ + Bu”), 


where 
inte, Bete, 8< ao, 
eae ee (25) 
2C {ut - «4? — (uu’)?} = 1 
If 
gq=u—lw', (26) 


the axis of the ellipse Aw? + 2Huu’ + Bu”? = constant, conjugate to 
g = 0, will be g’ = o, where 


Cq’ = (Al: + H)u + (Hl. + B)w’ . (27) 


The quantities g and q’ are not correlated. Substituting from (24) 
and (25), 

qd ={@%,—-l)Wi+ LXuth{G —l)WIi+hYi}u’. (28) 
For groups selected by P, g = 0, while g’ is not zero. Moreover, q’ 
is (except for a constant factor) the only linear function of u and w’ 


6 Pub. A.S.P., §1, 231, 1939. 
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which will give the regression line g = 0. Hence, selection by P and 
by q’ must be statistically equivalent. 

20. Applying this to selection by wu’ , taking l, from Table 4, and 
1,W; and li¥¢ from Table 5 and setting X, = 0 (since the trigono- 
metric errors have been eliminated), we find by (28) for the main- 
sequence stars together, 


/ 


q 


0.0174(u’ + 0.53%) | 
and for the giants, f (29) 


q’ = 0.0247(u’ + 2.12u). 
Now by (23) 
H = 1.4(M + 0.65 log C + ....), (30) 
and by (15) 
M = const + 1.08 log C + 3.58 log g — 3.36 log J. 


The ordinary calibration of spectroscopic parallaxes takes account 
of the variations of g and J. We found in § 16 that, according to 
circumstances, the spectroscopic criteria may be more than twice as 
sensitive to changes in C as in g, or hardly sensitive at all. Hence, we 
may write M, = M + a log C, where a may range from +1 to —1. 
Substituting in equation (30), 


H=1.4 (3 - 205 M+ 
| a 


But M = const + 2.17u’, M, = const + 2.17". Hence, selection by 
H is equivalent to that by q’ if a = 1.88 for the main-sequence stars 
and 0.96 for the giants. The first of these values is inadmissible 
theoretically; the second, at the limit of possibility. It appears, 
therefore, that the observed discrepancies between /, and /, (es- 
pecially the better-determined value for the main sequence) cannot 
be accounted for by physical differences in selection by M and by 
H, at least on the basis of the theory here developed. 
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VI. ADOPTED VALUES OF THE CONSTANTS 

21. No definite reasons have developed for giving the results of 
the analysis either by means for groups (Table 4) or by correlation 
methods (Table 5) any decisive preference over the other. We have 
therefore adopted the means of the two values of the slopes given in 
Table 6, despite the discordance. There is no obvious reason to 
prefer the slope of s’ with respect to ¢’ to its reciprocal; we have 
therefore taken means of the logarithms of the tabular values, with 
weights inversely as the squares of their own mean errors. The re- 
sults are given in Table 9. The values of the recalibrated slope of the 


TABLE 9 


ADOPTED RESULTS: PARALLAXES 


S ——_____— | hmaster 4 
op. . cae = S I ory Wy M.e. | Yo 
[a(Withs) | o& | Wi 
: | | 
ee ere) coro f  -BzA 1.79 || 0.366+0.014 0.324 
F4-Fo...... 1.25 | 2.32 1.86 348+ .016 322 
Go-G7. 1.45 | 2.86 ey 369+ .o14 324 
G8-M5 I.O1 I.go 1.88 2602+ ors 246 
fh. } 
G8-K2 : I.05 2.78 2.64 309+ .021 206 
Main Sequence 1.19 2.28 i292 327+ .007 314 
Giants | 1.10 1.37 | 1.24 || ©.495+0.018 | 0.242 


impartial line (fourth column) are in remarkable agreement for the 
main sequence, except for the weak group G8 Ka. 

We may now obtain improved values of the dispersion constants 
W, and Y,. Adopting the constants of Table 9, the determinations 
of Wi, 1,.Wi, and /i(W; + Y¢) given in Table 5 become multiples of 
W?. Weighting them according to their statistical mean errors 
(which have already been found), we find the values of W, and ¥, 
given in Table 9. The mean errors of W, are derived from the ac- 
cordance of the three values of W7, except for A1-F3 and Go G7 
and the giants, where the error to be expected from sampling is 
greater, and therefore is given. It is probable that the actual errors 
of determination are considerably greater. 

The decrease of W, and Y, for G8-Ms5 is undoubtedly real. The 
group G8-K2 gives, as always, ragged results; it is really too small 


for a statistical study. 
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22. To pass from W, and Y, to the corresponding dispersions in 
absolute magnitude they should, in the first approximation, be 
multiplied by 5 Mod = 2.171. A closer study demands some as- 
sumption about the distribution-functions of M and M,. Strémberg 
assumes these to be normal, and we will follow him—both for com- 
parison and because the higher-order corrections thus obtained are 
probably better than none. That is, we will determine the constants 
of that normal distribution of absolute magnitude which would lead 
to the constants derived for the parallaxes in Table 9. 

Set 

M=M+w. (31) 
Then, by (2), 
1or’ = expa (M — S,) = Ce™, 
where 
I 


C = 10%2(M—Se) a = —— = 0.4605. 
: 5 Mod —_— 


If « has a normal distribution, with mean error W, the mean value 


of ec” is e' 2?” and that of (e™ — e)? is e237"? — ec”, Hence, if 
nr = w(t + w,), we have 


and also 
tom’ = C(1 + W?)"?. 


M=S,.+5+5 log 7’ — 2.5 log (1 + W?). 


These equations are exact if the postulates are fulfilled. 
If, similarly, we assume normal distribution for #, and that 


M,—M,=u, fs =s'(1 +m), (32) 
we find 


ui = exp aU? —1, 


and also 





Wu, = exp 3a7{(w + u)?? — W7- U7} — 1. 
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If we assume that 
u=Iwty), 


the distribution of y being normal and not correlated with w, the 
distribution of u will still be normal, and we shall have 


exp a7/7(W? + Y’) —1, 


uz 





uw, = exp alW? —1. 


72 


In our previous analysis, we set wi = W?, uw, =1,W?, v2 = 
li(Wi + VY). Hence, we have 


aw? = intr + W?2) = W211 — 3W74+....) ) 
alW? «IW — Haw +... \ taal 
al?(W? + Y?) = 1(W?+ ¥[1 —4(W?+V+....]| 


To the values of /,, W,, VY for the reduced parallaxes (Table 9) 
correspond those of /, W, Y for the absolute magnitudes given in 


TABLE 10 











| | | 
w? I y? ‘ | 
Sp eee " I q 0 6 6 
We+¥?) | 1 w? || 
(A ok 1.19 | 2.15 | 2-98 on77 +o™68 | to™52 | +o™51 
F4-Fo....... 1.24 | 2.25 1.82 0.74 66 | 50 19 
Go-G7...... 1.44 | 2.47 L472 0.78 66 | 53 <0 
G8-Ms. I.O1 | 1.88 1.86 0.56 52 38 38 
G8-K2... I.05 2.70 2.56 0.66 | 82 ar 51 
Main Sequence 1.18 | 2.22 1.88 0.69 | 65 | 48 | 47 
Giants... ..... rao 4 4.23 1.22 +3 


02 | to0.47 | 0.44 | £0.43 








Table 10. The second, third, and fourth columns give the slopes of 
the regression line, the impartial line, and the recalibrated impartial 
line. The first of these has substantially the same value as that ap- 
plicable to the parallaxes; the other two are slightly smaller. 

23. The constant W is the average dispersion of the absolute 
magnitude from the mean value for its spectral subdivision (Go, G1, 
etc.) and is almost identical with that called g by Strémberg, which 
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is the dispersion about the mean for his wider groups, e.g., Go-G7. 
For this he finds +0™87 for Go-G7 and +o™81 for G8-K2. Our 
values are smaller, because in § 10 we have included determinations 
of W? (from 1,W? and /;[W? + Y¢], which, on the average, give small- 
er values). Had we confined ourselves to the column headed W? in 
Table 5, we would have found W = + 0.79 (Go-G7) and + 0.74 
(G8-Ka2). 

24. The mean error of the spectroscopic absolute magnitudes is 
of special interest. It is the mean-square value of M, — M, but 
may still be defined in several ways. 

1. We may take M, directly from Mount Wilson Contribution No. 
511. The resulting mean error is called @ by Strémberg (B, p. 7). 

2. We may modify the published values (or suppose them to have 
been corrected) by means of the regression lines defined in Table 
10, thus obtaining spectroscopic parallaxes M; in agreement with 
the existing trigonometric parallaxes, provided that means are taken 
for stars grouped according to M‘. The mean error of these ab- 
solute magnitudes may be called 6’. 

3. We may correct the published values by means of the impartial 
lines, obtaining spectroscopic parallaxes M‘’, which agree with the 
trigonometric data for means of stars selected in some way which is 
not affected by the errors of either type of parallax. Call the mean 
error in this case 0”. 

In the first case, we have, by equations (31), (32), and (33), 


M,- M=M,—-M+4+(l-1)wt+ly, (34) 
whence 
@ = (M,— M)?+ (l—1)W?+PY?. (35) 
In the second case, we have 


a 
Mi — M, = iW? 4) (M,—M,). (A,p. 4, eq. [8]) 


The relations are formally as before, with 1’ = W?/(W? + Y?) in 
place of / and 


W?Y? 


OF ie eh ee ae 
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In the third case, 


ue’ — @, = 7 (Ms — M,) 


and 
6’? = (M, — M)?+ Y?. 


The terms in M, — M are almost always negligible. The resulting 
values of 6, 6’, and 6” = Y are given in Table 10. For Go G7, 
Stromberg’s final values in C are @ = +0.51, 6’ = +0.60, and for 
G8-K2, 6 = +0.75, 6’ = +0.65. The agreement in the first case 
is fairly good; in the second, the number of stars is too small to give 
accurate results. 

The values of 6” are a little smaller than those of 0, while V is much 
greater. If W and ¥ are constant in equation (35), the minimum of 
6 occurs when / = W?/(W? + ¥?) =I’ and, in general, 


did Sd 
= Ww pay ee ee? 
Of all the possible linear relations between M, — M. and M — M, 

the regression line therefore gives the minimum “mean error” of 
M, — M for any large group selected in a generally impartial man- 
ner, without regard to the deviations of M or M,. The results of this 
calibration will be systematically correct for the means of groups se- 
lected out of the assemblage by grouping by M,, but systematically 
in error for groups selected by any impartial criterion. 

In the great majority of cases in which spectroscopic parallaxes 
are used, the selection is impartial, or nearly so, with respect to 
the errors of these parallaxes. Hence, to obtain results which shall 
be systematically correct, we must adopt a calibration which consid- 
erably increases the apparent accidental errors of our parallaxes. 

This has been proved for a linear correlation; but as the actual 
correlation is approximately linear for the great majority of the 
stars, it must also be true in practice. 

If the values of /,, W,, Y, found for “All” in our earlier paper (or 
in Table 5) are treated as in § 22, we find g = W = +0.73,0” = Y = 
0.80, 8 = +0.54. Our present values are smaller on account of the 
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diminution of W, and Y, and increase of /;, resulting from the inclu- 
sion of the results of the second method of discussion in Table 9. 
The agreement of the entirely independent results from the first four 
spectral groups in this table gives ground for confidence in the re- 
sults. For the late-type dwarfs all the dispersions are significantly 
smaller than for the rest. 

The only point of difference which remains between us and Dr. 
Stromberg is that he favors calibration by the impartial-relation 
line (§ 6, eq. [5]) when selection has been made “on a basis not directly 
connected with either M or M,.” 

We are unable to concur with this conclusion, since this line re- 
sults from the assumption that the method of grouping is correlated 
in equal measure with the deviations of M and M,. It seems evident 
to us that any grouping that can be made without knowledge of the 
peculiarities of the individual spectra is ipso facto free from correla- 
tion with the deviations of M,, whether arising from errors of ob- 
servation or from physical peculiarities of the stars. The deviations 
in M, which are real properties of the stars, must appear in any 
group, however selected. 

Our conclusion is therefore that unless it is known that the method 
of grouping is influenced by the intensities of the spectral lines, the 
calibration which we have called “impartial”? should be adopted. 
This is equivalent to one by the second regression line of M, upon M. 

We recommend, therefore, that future lists of spectroscopic ab- 
solute magnitudes and parallaxes be calibrated in this way. The 
constants necessary to pass from this calibration to that by the 
first regression line (or to any intermediate grouping) should be given 
in the introduction to the catalogue. 

25. Important evidence bearing on the dispersion of spectro- 
scopic absolute magnitudes has been briefly presented by Adams, 
Joy, Humason, and Brayton.'"? For the components of a physical 
pair or a moving cluster, the modulus m — M, should be the same, 
and the residuals from the mean arise from the errors of m and Ms. 

We are greatly indebted to Mr. Joy for putting at our disposal the 
original manuscript of the discussion, involving 157 double stars, 74 
members of the Hyades, 31 of Praesepe, and 12 of / and x Persei. 

17 Mt. W. Contr., No. 511, p. 6; Ap. J., 81, 192, 1935. 
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If v denotes the residual difference of an observed m — M, from 
the mean for the system or cluster, and ¢ the mean error of m — M,, 
we have @& = v?/(V — nu), where N is the number of stars included 
and that of the mean values. It is evident that smaller values of 
are to be expected when m (or Am for a double star) has been meas- 
ured photometrically than when it has merely been estimated. 

There are 64 stars of the Hyades for which photometric measures 
are available. For these the mean m — M, is 3.50, while for the 10 
with estimated magnitudes it is 3.65. The value 3.5 has been adopt- 
ed. 

For Praesepe, very accurate magnitudes have recently been pub- 
lished by Haffner and Heckmann’ corresponding to \ 6450 and 
4270. The visual effective wave length may be taken as 5290, cor- 
responding to a value of 1/\ three-sevenths of the way from the 
first to the second. Visual magnitudes obtained by a corresponding 
interpolation were compared with Joy’s values of W/, giving a mean 

1— M, = +5.86. 

Joy’s values for / and x Persei have been adopted. Three stars 
out of 12 were rejected by him as probably not cluster members. 
There are 80 double stars and one triple system for which photo- 
metric values of Am are available. For each pair, 


Dv? = 4(Am — AM,)’. 


The triple system was treated like a cluster. 

The data for the various groups are summarized in Table 11, 
where r is the probable error corresponding to e. 

We have omitted the Perseus cluster from the final means, since 
it is peculiarly difficult to be certain whether the stars are really 
cluster members. 

The mean values of ¢ from the photometric measures and esti- 
mates are—by accident-—in exact agreement. 

The high value of ¢ for the Praesepe group is remarkable. There 
is no doubt that the stars are really cluster members; their visual 
magnitudes are good, and the spectroscopic data should be com- 


8 Vero ff. Universitdts-Sternwarle Gittingen, Nos. 53, 54, and 55, 1937. 
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parable with those for the brighter Hyades, which have the same 
spectral distribution. The actual dispersion in absolute magnitude 
for a given spectral class in Praesepe is the smallest known,’? less 
than +to™o5. The difference might be explicable by the presence of 
numerous undiscovered spectroscopic binaries or unresolyed physi- 
cal pairs. In the list for Praesepe there are 6 binaries (19 per cent), 
and among the 64 well-observed Hyades stars, 31 (48 per cent) for 


TABLE 11 


RESULTS FOR CLUSTERS AND DOUBLE STARS 





























| | 
Hyades 64 | I | 8.29 | 0.132 +o™36 +o™24 
Praesepe 31 | I | $2.37 .378 .62 .42 
Double stars | 161 80 | 17.05 | 211 46 gt 
All | 257 | S2 | 36.71 0.210 +0.46 +0.31 
| | 
| Estimated Magnitudes 
h and x Persei | ) I | 6323 | 0.520 +0™73 +o™49 
Hyades ; 10 | oF | 3.08 308 56 24 
Double stars. | 152 | 76 | 14.70 .194 44 30 
Last two.... ..[ 162 | 76 | 17.78 | 0.207 +0.46 +6:33 





* Mean for the photometric m’s used. 


which the visual magnitudes have been corrected to the bright com- 
ponent. If these corrections are ignored, the mean value of € for the 
Hyades is +041, and the discordance persists. 

Joy has rejected five visual pairs on account of great discordances. 
These are Boss 325, 1112, 2354, 2999, and 3531 with Am — AM, = 
—1.7, +1.6, —3.3, —2.3, and —2.7. The observations of all these 
stars are good, and they are all proved to be physical pairs by com- 


mon proper motion. These five stars give Sv? = 14.46. Added to 
Table 11, they give € = +0™62 for the double stars and € = +0™53 


9 Haffner and Heckmann, Veré/f. Universitdéts-Sternwarte Gottingen, No. 55, p. 80, 


1037- 
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and r = +036 for all stars observed photometrically. To exclude 
all five is rather drastic. The true value of € must be near +o™s.”° 
We have, for each star, 


m=M+C+x4+dm, 


where C is the mean modulus for the cluster, x allows for differences 
of parallax within it, and dm is the error of observation. Hence, 
by (34), 

m — M, = const + x+dm-+ (1 —1)w —ly 


and, by (35), 
@=r+e2+h. 


For photometric measures, €,, is of the order of +o™r; x is zero for 
double stars and negligible for Praesepe. For the Hyades, Smart’s 
data™ give for the 44 well-observed stars a mean-square distance 
r = +4.05 parsecs from the center of the cluster, whose distance is 
R = 35.5 parsecs. For random distribution 


2 


x? = 25 Mod? - Zz 





and « = +o™14, which corresponds to * = +007 for the mean of 
the 257 stars. Hence, # = & —o.o15 and @ = +044 for these 
stars and +o™52, including the five discordant cases. Of the 257 
stars, 23 are giants. Hence, by Table 10, we should expect to find 
6 = +o0™48. The agreement is satisfactory. 


20 A letter from Professor Joy states that the discordance for Boss 3531 is removed 
by a better spectrum of component B. For Boss 325 the spectrum of B is peculiar, and 
Boss 1112 is probably a subgiant. The discordances for the other two stars, e Hydrae 
and « Leonis, are real. If these alone are included, we find for the double stars, « = 
+o™55; and for all stars observed photometrically, « = +o™50, r = +0™34, and 0 = 
+o™49. 

Our discussion was based on the published material and included all the discordant 
cases. Professor Joy believes that the rejection of the extreme discordances gives a more 
nearly correct determination of the general accuracy of the spectroscopic method. As 
these discordances must arise from physical causes in the stars, we do not oppose this 
view. 


21 M.N., 99, 176, 1939. 
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It is probable that the components of a double star, or of a clus- 
ter, are more similar in composition than the stars at large, and hence 
that W should be smaller for them. Adopting Y = +0™64,/1 = 0.453 
from Table 10, we find, for the 257 stars, W? = +o™65. For the 
Hyades, # = 0.102 and W = +o0™25. Hopmann” finds +o™32. 

The results of this method of study are therefore fully concordant 
with the others. 

26. In conclusion, it appears that the various investigations of the 
relation between spectroscopic and trigonometric parallaxes are fully 
consistent, within the limits set by differences in analytical method 
and by errors of sampling. The published calibration in Mount Wil- 
son Contribution No. 511 is nearly correct for the mean of each spec- 
tral subclass but underestimates the differences in absolute magni- 
tude among individual stars. 

The calibration based on the regression line of M upon M, (which 
it was the purpose of this catalogue to establish) may be improved, 
now that many more trigonometric parallaxes are available, by in- 
creasing these differences by 19 per cent for main-sequence stars 
and ro per cent for giants. 

A calibration based on the regression line of M, upon M and giving 
correct absolute magnitudes for the mean of a group of stars selected 
at random demands the multiplication of the difference in the tabular 
absolute magnitude by 2.21 for main-sequence stars and 1.39 for 
giants. 

This correction, including correction to the zero point, may be 
made by the formula’ 


M!{=M,+A(M.—S,), (36) 


where M, is the absolute magnitude published in Mount Wilson 
Contribution No. 511, M{ the corrected value, A = (1/l) — 1, and 
S, is given in Table 12. For the main sequence, A = 1.22 and for 
giants, 0.33. 

The values of S, have been recalculated with the equations given 
in A (pp. 29-30). For the giants, new values of s, and ¢,, based on 


22, 4.N., 269, 88, 1930. 23 A, p. 30, eq. (42). 
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free-hand curves, have been substituted for the group means of 
paper A, Table 4. 

It is doubtful whether the correction (36) should be applied to its 
full amount to stars for which M, — S; exceeds about 15, that is, 
to supergiants, subgiants, and subdwarfs. These objects really de- 
serve special calibrations. Meanwhile, it may be desirable to use 
the smaller values given in A (cf. § 5). 

TABLE 12 


VALUES OF Sx 




















MAIN SEQUENCE | GIANTs 
| | | | | 
Sp Sr | Sp Sr i| Sp | St | Sp | Sr 

ae ea | BS 65:6 | 3.4 || Go.. &.2 Go-G4 | +o0.9 
ae 1.7 | ODE oe. Ps aan |e oe 5.5 Il 15 + 8 
PAR osncu awe oa a | ae | 306 Kr... fon G6 | + .7 
(Re er | Fs. LO K2 6.0 || G7 1+ 6 
(er ee 2 ee | 3.8 cs... | 6.3 G8 |+ 6 
BG aie w, 1.7 Go |). 0 K4 6.6 Go | + 5 
re ee 1.8 | Gr. 4.1 Ks.. 6.9 Ko | + .4 
1 ee 2.1 |} Ga. | 4.3 K6 7.3 K1 | + 3 
ee 2.3 |) (G3.. 4A Mo.. Sk K2 | + .2 
ite ne 2.6 || G4.. 4.6 || Mi 8.9 || K3 So omer 
i er 2.8 | Ge 4.7 || M2 | O.4 K4 | ° 
F2.. 3.0 || G6 4.8 || M3 | 9.9 5 A ll 
OO 3.2 || G7 5.0 M4 | 10.6 Mo [4 
es ie tiers 223 | G8 ee Ms | 11.6 M1, M2 - 4 

\| | M3, M4 | — .5 

| | | M5 | — .6 

| | | MO.. | —0.7 

| |} 1 














27. The outstanding mean error @”’ of a spectroscopic parallax 
thus impartially calibrated is +o0™64 for main-sequence stars, not 
much smaller than the dispersion W = +069 of the true absolute 
magnitudes about the mean for the spectral subclass. It would be 
quite wrong, however, to conclude that spectroscopic parallaxes 
were very little better than “‘spectral parallaxes”’ derived on the as- 
sumption that the absolute magnitude was equal to this group- 
mean; for these parallaxes are systematically in error and conceal 
the true differences in absolute magnitude, which the spectroscopic 
parallaxes reveal, though with some casual error. 

It is curious that a biased calibration based on the regression 
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line, which removes but a small part of the systematic error, dimin- 
ishes the “accidental” discordances so much that its results appear 
to have nearly twice the weight. 

For the giants, 0” = +0™53, W = +1™o4, and the superiority of 
the spectroscopic parallaxes is obvious. 

The spectroscopic method, impartially calibrated, predicts the 
absolute magnitude of a main-sequence star with a probable error 
of +o™44 and the parallax with a probable error of +21 per cent. 
For giants the probable errors are +o™32 and +16 per cent. No 
other method of comparable accuracy is available except for the 


nearer stars. 


It is a pleasure to express our thanks to Mr. Strémberg for many 
profitable discussions and for lending us copies of the manuscript of 
his recent paper, and to Mr. Joy for communicating the data dis- 
cussed in § 25. 

PRINCETON UNIVERSITY OBSERVATORY, 
CARNEGIE INSTITUTION OF WASHINGTON 
Mount WILSON OBSERVATORY 
April 9, 1940 








THE LIGHT-CURVE OF ¢ AURIGAE* 
WILLIAM H. CHRISTIE 


ABSTRACT 

The light-curve of ¢ Aurigae has been derived from photographic observations made 
with the 10-inch Cooke refractor combined with measures made elsewhere. The dura- 
tion of the partial phase was 1.35 days, and that of totality 36.80 days. The middle of 
eclipse occurred J.D. 2429637.18. 

The observations can be well represented, within the errors of observation, by a 
light-curve computed on the assumption that the B-type star is undarkened at the 
limb and that the limb of the K star is sharply defined. 

The 1939-40 eclipse of ¢ Aurigae was well observed at ingress but, 
unfortunately, during egress clouds interfered at most observatories. 
At Mount Wilson, however, some photometric observations were 
made during egress, despite haze and occasional clouds. 

We have now enough material from which to determine the form 
of the light-curve with some degree of accuracy, thanks to the obser- 
vations made at critical times by Briick and Green’ at Cambridge, 
England; by Guthnick and Schneller’ at Berlin-Babelsberg; and by 
Walter’ at Potsdam. These observations have been combined with 
those of the Lick, Mount Wilson, and Steward observatories. 

The Mount Wilson photographic observations were made with 
the Schraffierkassette attached to the 10-inch Cooke refractor. The 
magnitudes of the comparison stars were determined by direct com- 
parisons with stars in the vicinity of the North Polar Sequence. 
Oosterhoff’s’ comparison stars are also included in this list, and the 
magnitudes of these stars have been revised. These stars are listed 
in Table 1 and should form a useful sequence for future observations. 

Table 2 lists the Mount Wilson observations; the third column 
gives the number of exposures from which the magnitude was 
derived. 

* Contributions from the Mount Wilson Observatory, Carnegie Institution of Washing- 


ton, No. 635. 


1T.A.U. Circ., No. 807, 1940. + Letter to the author. 
27.A.U. Circ., No. 808, 1940. 5 Harvard Announcement Card, No. 518, 1939. 
37.4.U. Circ., No. 808, 1940. 6 Mt.W.Contr., No. 518; Ap. J., 81, 461, 1935. 
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All available observations made at ingress are plotted in Figure 1, 
and all have been reduced to an arbitrary scale because the ampli- 
tude of the observed light-variation is a function of the effective wave 
length at which the determinations were made. In combining obser- 
vations made at different times, it is essential to remember that 


TABLE 1 
COMPARISON STARS FOR ¢ AURIGAE 


























Star Mog Star "og 
BD+41°1163.. 4.96 BD+40°1000..........] 5.65* 
BD+37 1005.. 5.00 BD+42 1881.......... 5.937 
BD+ 38 1063 5.04 BE 42.1082). 3. 060s Pa 0 es 
BD+ 39 1248 5.29 BD+43 1116....... ..| §.00°F 
BD+43 1043 5.32* || BD+40 1032..........| 6.10” 
BD+ 40 1268 “e 5.52 BD+41 1045.......... 6.18 
BD-+40 1253.......... 5.57 BEE6 8935.2 0. eed 6.27 

* Oosterhoff’s list. t Low weight. 


TABLE 2 


MAGNITUDES OF ¢ AURIGAE 




















| 

oe + Pe mm ! oe mpE si 
616.616 4.97 7 |} 618.004 $.37 4 
0790 4.90 4 | O80 5.64 4 
958 5.09 4 || 626 5.64 6 
617.003 5.02 5 || 655.607. 5.69 2 
610 5.04 8 | S55. .. 5-71 5 

727 5.16 6 | 060.030... 5285 13 

800 SiS | 6 | ix) i 5.32 8 
880 5.29 | 4 | ae 5.09 6 
953. 5.35 | 6 i 903 5.060 I 





there is a secondary, apparently irregular, variation with a range of 
nearly a tenth of a magnitude. This variation is attributed to the 
K star since it is observable when the B-type star is eclipsed. For 
this reason only observations made at ingress are included in the 
figure. Observations at egress are too meager to determine the zero 
point of the curve with accuracy. 

The most astonishing result of this investigation is that the ob- 
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servations can be well represented by a light-curve computed on the 
assumption that the B star is undarkened at the limb and that the 
limb of the K star can be considered a straight occulting edge. This 
is wholly contrary to Menzel’s’ conclusions that ‘‘the B star sinks 




















Fic. 1.—Light-curve of ¢ Aurigae at ingress, December, 1939 


TABLE 3 

REVISED ELEMENTS OF ¢ AURIGAE 
re tr errs 972.24 days 
Epoch of minimum............ J.D 24209637.18 
Duration of eclipse............ 39.50 days 
Duration of totality........... 36.80 days 
Duration of partial phase....... 1.35 days 
MG So wk wu meus ea GimebaeKtaay 4.7X10° km=6.75 © 
MRA as ics es pi ety star dod oe lw Ae tare 0.027 © 


into obscurity behind the K like a planet setting in a smoky atmos- 
phere, disappearing before it reaches the horizon.”’ 

The observations indicate, therefore, that general absorption of 
the light of the B star by that of the atmosphere of the K star is al- 
most negligible at heights exceeding a small fraction of the diameter 


7 Harvard Circ., No. 417, 1936. 
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of the B star—perhaps but a few tens of thousands of kilometers at 
the most. 

New spectroscopic elements of the orbit of the binary derived by 
the writer show no important changes from the elements previously 
published.* The only revisions in the elements to be made at this 
time are given in Table 3. 


In conclusion, I wish to express my thanks to those observers who 
so kindly sent their observations to me previous to publication. 
These include Dr. H. A. Briick and Mr. H. E. Green of Cambridge, 
England; Dr. C. M. Huffer of the Washburn Observatory; Dr. G. E. 
Kron of the Lick Observatory; Dr. F. E. Roach of the Steward 
Observatory; and Mr. E. G. Williams of the Radcliffe Observatory. 

CARNEGIE INSTITUTION OF WASHINGTON 


Mount WILSON OBSERVATORY 
May 1940 


§ Christie and Wilson, Mt. W. Contr., No. 519; Ap. J., 81, 426, 1935. 














SPECTROSCOPIC OBSERVATIONS OF BARNARD’S 
VARIABLE IN MESSIER 3* 


ALFRED H. JOY 


ABSTRACT 

The velocity-curve of Barnard’s variable star in the globular cluster M3 has been 
derived from 15 spectrograms. The normal velocity is —152.8 km/sec; the range, 
56 km/sec. 

The spectral type varies from F6 to G3. Emission lines of hydrogen occur during the 
increase in light but show no variation in position with period. 

The spectral changes resemble those of the peculiar variable W Virginis. 

The variability of one of the brighter stars near the center of the 
globular cluster Messier 3 was discovered by E. E. Barnard? in 
1899. He found a visual range of 1.8 mag. and a period of 15.77594 
days. More recently J. L. Greenstein? has deduced new elements 
from photographs of the cluster taken at Harvard and Mount Wil- 
son. His light-curve closely resembles C. A. Chant’s curve! of 
W Virginis, whose period of variation is 17.3 days. Barnard’s vari- 
able is only 26” from the center of the cluster; and, on account of the 
interference of neighboring stars, it is probable that the range of 
light-variation (12.9-14.0 pg. mag.) is somewhat underestimated. 

Heretofore, few spectroscopic observations of individual stars in 
the globular clusters have been made. Because variables with 
periods greater than 1 day are seldom found in such systems, it is of 
especial interest to compare the behavior and physical character- 
istics of Barnard’s star with Cepheids not in clusters. 

The great scale (1 mm = 4"7) at the 135-foot Cassegrain focus 
of the roo-inch reflector permits easy identification and spectro- 
graphic observation of the brighter individual stars of clusters if 
the seeing is reasonably good. Spectrographic observations of Bar- 
nard’s variable were begun in 1935, and a preliminary report on 
the spectrum and velocity changes was made in 1937.‘ The total 

* Contributions from the Mount Wilson Observatory, Carnegie Institution of Washing- 


ton, No. 637. 
1 A.N., 172, 345, 1906. 3 Harvard Ann., 80, 225, 1917. 
3 


2 Harvard Bull., No. got, 1935. 4 Pub. A.A.S., 9, 45, 1937- 
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number of observations was later increased to fifteen by the addition 
of seven plates in 1938-1939. Study of the new material has made it 
necessary to revise some of the conclusions of the initial paper. The 
last two plates were made with the g-inch camera (75 A/mm at 
Hy); all others with the 6-inch camera (120 A/mm). The data for 
the observations, the estimated spectral types, and the measured 
velocities, together with their assigned weights, are listed in Table 1. 


TABLE 1 
OBSERVATIONS OF BARNARD’S VARIABLE 











; Velocity 
Plate D Phase Spectrum Api Weight 

ate J se pe (Km/Sec) ig 
C6678... 2427945 .764 0.121 F6 —180 1.0 
HO0R) ... 7964. 767 364 F8 163 1.0 
6740. . 7975.730 .082 F5 165 O:7 
6843... 8226.924 .518 F8 150 1.0 
6889... 8269 .876 .328 Go 180 1.0 
6952:.... 8291 .792 .762 Goe 137 1.0 
7013 8613 .941 842 Ge 128 0.3 
7048. 8673.779 757 G3e 135 0.7 
7167 9027 .792 g21 Gie 139 1.0 
7170.. go55.780 78a G2e 121 0.7 
7252... : 9291 .O17 145 F6 174 1.0 
9200... 9322.958 235 F8 173 1.0 
7273 9364.844 975 Ge 134 1.0 
7300... g411.781 047 Foe 158 ES 
76 oe 0440.757 0.943 Goe —I14!I rs 




















The phases are decimal fractions of the period and are computed 
from Greenstein’s elements in the form 


Maximum = JD 2424627.55 + 15728281E . 


The absorption lines are, in general, not so well defined as those in 
the spectra of galactic Cepheids. This is probably due to the 
presence of a faint background of light from other cluster stars lying 
nearly in the line of sight. There is a possibility that the velocity 
range is somewhat decreased on this account, but such an effect 
must be small. 

The results of the measurements are plotted according to phase 
in Figure 1. In drawing the velocity-curve the weights of the points 
have been taken into account. The range of velocity is 56 km/sec; 
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and the normal velocity, determined by the method of equal areas, 
is —152.8 km/sec. The lag of maximum velocity of approach with 
respect to maximum light is 17 per cent of the period; and that of 
maximum velocity of recession with respect to minimum light, 20 
per cent. The velocity-curve shows a general resemblance to those 
of the galactic Cepheids; but if the elements are correct, the lag of 
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“160 
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Fic. 1.—Velocity-curve of Barnard’s variable in Messier 3. The presence and in- 


tensity of emission lines are indicated by the letter e and a numeral. 


the velocity-curve of Barnard’s star is considerably greater. For 14 
Cepheids with periods between 13.6 and 17.3 days the average range 
of velocity is 55.7 km/sec, and the average lag is 12 per cent. 

The variation in spectral type, as shown in Table 1, is from F6 at 
maximum to G3 at minimum, but the estimates are somewhat un- 
certain on account of the poor quality of the spectral lines. The 
average type is somewhat earlier than that of Cepheids having the 
same period. The star is evidently of high luminosity, as might be 
expected from the fact that it is one of the brightest in the cluster. 
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The most prominent lines in the spectrum are those of the ionized 
elements Fe 1, Sc u, Sr u, and 77 11. If we use Greenstein’s median 
photographic magnitude 13.4 and an absolute magnitude of —2.2 
from the period-luminosity-curve, the modulus for the star is 15.6, 
which compares closely with the value of 15.43 for the cluster’ and 
indicates that, in spite of its peculiarities, the absolute magnitude 
of Barnard’s variable does not differ greatly from that of galactic 
Cepheids of the same period. 

Emission lines of hydrogen appear on plates taken between mini- 
mum and maximum, when the light was increasing, and reach their 
greatest strength at phase o.9, a short time before maximum light. 
The relative intensity of the emission lines on the different plates is 
indicated in Figure 1 by a numeral following e. The intensity of the 
lines decreases from HB to H¢. The stronger lines are evidently 
made up of two components, of which the violet is more intense. 
As in W Virginis, measures of displacement of the emission lines Hy 
and Hé show no certain variation of velocity with phase. The 
weighted mean velocity from the emission lines of seven plates is 
—194 + 2.5 km/sec, which is a shift of 41 km/sec to the violet, 
compared with the normal velocity determined from the absorption 
lines, or of 54 km/sec, compared with absorption lines of the same 
plates. 

The spectral changes, as well as the light-variations, correspond 
closely to those observed in W Virginis and differ distinctly from 
those of any other known variables. The galactic latitude of W 
Virginis (+57°) is anomalous for a galactic Cepheid, and the ques- 
tion may well be raised whether W Virginis may not have had its 
origin in a globular cluster and whether this type of variation may 
not be peculiar to the globular clusters. 


Observations of several other bright variables in the globular 
clusters have been begun and will be carried on as opportunity 
permits. 

CARNEGIE INSTITUTION OF WASHINGTON 
MountT WILSON OBSERVATORY 
June 1940 


‘ Shapley and Sawyer, Harvard Bull., No. 869, p. 6, 1920. 











THE 48-INCH SCHMIDT TELESCOPE FOR THE ASTRO- 
PHYSICAL OBSERVATORY OF THE CALIFORNIA 
INSTITUTE OF TECHNOLOGY 


FRANK E. ROSS 


ABSTRACT 

The color aberrations of the 48-inch Palomar Schmidt telescope have been com- 
puted for a number of wave lengths and have been combined in accordance with the 
spectral sensitivity range of various photographic emulsions. The variation of color 
aberrations with the arbitrary parameter £ has been studied. A lens for flattening the 
field has been computed, and its color and field characteristics studied. 

In designing a field-flattening lens for the 48-inch Schmidt tele- 
scope, which is in process of construction for the Palomar Observa- 
tory, it was necessary to investigate the outstanding color aberra- 
tions of the Schmidt correcting plate, both alone and in combina- 
tion with the field-flattening lens. The spherical mirror, of diameter 
72 inches, is now completed. Its radius of curvature is 241.125 
inches. The computation will be made for Crystalex glass, which is 
similar in type to Schott Ks. 

The equation for a meridian section of a Schmidt correcting plate, 
assuming that one of the surfaces is flat, is, quite approximately, 


where ¢ is the radius of the correcting plate, R the radius of curva- 
ture of the mirror, 7 the index of refraction, & an arbitrary param- 
eter, y the distance of any point of the plate from the axis, and 
x its distance from the vertex of the plate, measured along the axis. 
The color characteristics will be investigated for six cases with k 
between 0.5 and 2.0. 

It will be of interest to give the value of x, the amount of glass 
removed, and the slope of the surface, S, for four cases. The results 
are given in Table 1. The slope, easily obtained from equation (1), is 


2y 
S = = (2y? — kr’), (2) 
| lie 
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and the ordinate for the neutral point, or the zone of zero slope, 


malt. 3) 


Computation of V.—Let V be the distance from the vertex of the 
mirror to the intersection of any ray with the axis. The vertex of the 


TABLE 1 
VALUES OF x AND S* 














} k=0.5 k=1.0 k=1.5 k=2.0 
y 
(Inches) 
Fs S x S x S x Ss 
Pape nant eee — 1.5] — 3.9] — 3.0] — 8.3] — 4.5) —12.7| — 6.1 | —17.1 
ee eldas Waters — 4.0) — 4:0) —10.0) —13.7) —t7- 3) 29-5 e 
| Bone Sresurncn ae — 6.9 0.0] —20.8] —13.2] —34.6] —26.5| — 48.5] —39.7 
Bi Stet tne — 2.7] +13.7| —27.3] — 3.9] —52.0] —21.6] — 76.5] —39.2 
| Ps an ad ¢ ae aie +15.0}] +39.2] —23.5| +17.1| —62.0] — 4.9] —100.4| —26.9 
ae -| #31.7] #57.2]| — 4.9] +33.0] —61.7| + 8.8) —108.0) —15.5 
9A.. +55.4| +79.3 0.0] +52.9] —55.4] +26.5| —110.8 0.0 





























oaw ° e ° . ve °o 
* The unit of x is 0.0001 inches; the unit of S is o. 001. 


correcting plate is assumed to coincide with the center of curvature 
of the mirror. The following formulae, easily derived, give V and 
the combined focal length, F: 





sin 6 = 2 . 
B= 20+ (n—1)S, 
| » — sing (4) 
sin B ’ 
V=R-2, 
F =v (for y = yn). 





Since equation (1) is only an approximation, V will be found to 
vary with y. The maximum error of equation (1) is 0.0103 inches 
for k = 0.5, and the minimum is 0.0033 inches for k = 2.0. Before 
computing the color aberrations, these corrections have been 
applied. 
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Determination of the size and location of the images of different 
colors.—It is assumed that the plate has been figured for the wave 
length 4341, for which the spherical aberration will of course be 
zero. To the violet, the spherical aberration will be overcorrected; to 
the red, undercorrected. It is well known that the size and location 
of an axial image in which spherical aberration is present are deter- 
mined from two rays, namely, the rim ray (v = 24 inches) and the 
two-thirds ray (y = 16 inches). Let A be the distance between the 
intersection points of these two rays with the axis, d the diameter 
of best image, and 6V its location with respect to the intercept of 
the rim ray with the axis. We have 

A = V(r) — V(ar), 
. _ A, ( 
é5V = 2A. 


a 

I| 
nn | 
~ 

ur 


It is obvious that all the spherical aberration-curves will pass 
through a common point, which is the neutral point y, correspond- 
ing to the value of k which is chosen. Now, if it is assumed that the 
spherical aberration-curves are linear from y = 3r to y = r, an as- 
sumption which is generally fulfilled, the best images, given by 
equation (5), will have a location given by the V corresponding to 
y = a-r, where 

a=1—2:+}=0.867. (6) 
If, then, the neutral zone is located at a-r, all the colored images will 
coincide. This is seen to be the case when & = 1.5, a result which 
is well known. Thus, & = 1.5 is a sufficient condition for minimum 
color-aberration. It will be shown, however, that it is not a necessary 
condition. 

Table 2 has been computed by making use of equations (5) and 
gives the size and location of the colored images, for four wave 
lengths and six values of &. It is seen that, aside from computational 
differences, the image size is independent of & but that their location 

*z depends strongly on k. 

It will now be necessary to obtain d for the ranges in wave length 

corresponding to different types of emulsions. For the ordinary 
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blue-sensitive emulsion the spectral range can be taken from \ 3800 
to \ 4861; for the panchromatic emulsion, without filter, from 
\ 3800 to A 6563; for the panchromatic emulsion, with yellow filter, 
from \ 4861 to \ 6563. No general formula can be given for the 
computation. For the colors concerned it is necessary to plot both 
rim rays and rays at the two-thirds point in order to see which are 


TABLE 2 


VALUES OF d AND 2 






































k=0.50 k=1.00 oa ve k=1.25 oh k=1.50 R=1.75 k=2.00 
! 
r | i ah, | 
d | Z d z | d | Z d Z | d | z d 2 
—|— |—}———|_—_ —|—|—— 
| | mm = mm mm | | mm| | mm mm 
3800 11" 35|+0.12/1779/+0.06]1" 36| +0 .03/1770/0.00)17 38] —0.02/1777| 0.06 
4341 0.00] oO ale 00] ©.000.00} 0.0010 00/0 00/0 os ©.00/0.00}] 0.00 
4861. 0.89|/—0.07/0.79|—o0 03/0 79|—0 o1|o 81}0. 00/0 85|+o o2lo. 87|+0.09 
6563... 2.26|/—0. 20}2 28)—o 10|2 26 —0.05/2. 28/0.00|2. 28) +0.07|2.28/+0.10 
} | | os. 8 , a | "| 
TABLE 3 
COMMGRED IMAGE SIZE 
(Scale, 10/’=0.149 mm 
——-- a a ———~-—-~ -— —— 

k | dX 3800 | A 4861 A 3800 

} A 4861 | A 6563 A 6563 

0.50 | 36 | 2% 6"0 

1.00 5 | 2.3 4.2 

1.25 , ee 20 Seg 3.0 

1.50 1.4 2.3 2.3 

ay 3 1.4 Fog 2.3 

2.00 2.1 2.3 3.0 


the effective rays governing the size of the image. When the colors 
are well separated, it will be found that the rim rays alone determine 
the image diameter. The results are contained in Table 3. 

It can be concluded from Table 3 that & can have any value be- 
tween 1.50 and 1.75 without affecting the size of the colored image. 
As far as I am aware, this has not heretofore been pointed out. It 
remains to be seen how this result is affected when a field flattener is 
included in the optical system. This will now be considered. 
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THE FIELD FLATTENER 


With a Schmidt telescope the field is imaged on the surface of a 
sphere of radius equal to the focal length. In our case 


R, = F = 121.023 inches (for k = 1.5). 


It was at first thought that the ordinary photographic plate could 
be bent to this curvature, but subsequent experiments did not con- 
firm this, although the outlook for ultimate success is favorable. It is 
not certain that photographic film can be successfully used, especial- 
ly for long exposures, on account of the large area involved. It is 
easy to show that a simple lens placed near the focus will flatten the 
field or change its curvature any desired amount. For a flat field in 
any optical system it is necessary only to satisfy the Petzval condi- 
tion, namely, 


I 
} Pe Sea (7) 


For the three optical elements, 
F (mirror) = 120.562 inches , n= —I1. 
The focal length of the Schmidt plate, easily derived, is 


2R3 _ 


saa kr? 


32,452 inches , m = 1.5341. 





Assuming the same glass for the flattener, we then have, from equa- 


tion (7), 
F (tlattener) = 78.779 inches . 


Assuming one surface flat, its radius of curvature is 
R, (flattener) = (n — 1) F = 42.076 inches . 


The computations will be made on the assumption that the flat 
surface is adjacent to the film, at a distance as small as is practicable. 
The diameter of the lens was chosen 20 inches, requiring a central 
thickness equal to 1.40 inches. It was found that if the vertex of the 
curved surface R, is placed 0.96 inches in front of the focus for the 
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Schmidt itself, the desired position of the image plane is secured. 
The color will now be investigated. 

Color, Schmidt plate plus field flattener—Assuming the lens to be 
placed as indicated (# = 0.96 inches for \ 4341), the color rays 
have been traced through the lens for five values of k. The results 


TABLE 4 


COMBINED COLOR; PLATE AND FLATTENER 












































A 3800 dA 4341 dA 4861 A 6563 RANGE 
k 
d Z d 2 d 2 d 2 z 

mm mm mm mm mm 

T.00... 2°07 26 1"59 1.08 | 0776 | 0.98 | 0767 | 0.79] 0.47 
1.25 2.97 23 i. §2 1.08 0.79 ©.99 ©.60 0.83 0.40 
1.50 2.95 1.19 1.54 1.08 0.76 1.02 0.67 0.89 0.30 
i 2.97 1.16 r.52 1.08 0.76 1.03 0.65 ©.94 0.22 
2.00 2.9 OD fe 1.54 1.08 0.70 1.05 0.65 0.98 0.15 

TABLE 5 


COMBINED IMAGE SIZE; PLATE 
WITH FLATTENER 


(Scale, 10’’=0.149 mm) 








k A 3800- A 4861- A 3800- 

A 4861 A 6563 A 6563 
GLOGS s ed ae [te 4t4 873 
285. 4.3 2.9 ee 
E.50... 3.8 2.5 6.2 
Ly | ne POR 3-3 2.0 ae 
2.08... 3.0 a9 a2 














are contained in Table 4. The diameter of the image is d, and z is its 
distance from the flat surface of the lens. 

Table 5 can now be formed in a manner similar to the formation 
of Table 3 from Table 2. 

As in the case of the Schmidt plate alone, Table 4 shows that the 
size of the colored images is independent of k. But when different 
colors are combined, the range of these colors along the axis, given 
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in column to of Table 4, must be taken into account. The range is 
seen to diminish with increasing k, so that the most favorable color 
conditions are obtained with & equal to 2.0. But a reference to Table 
3, giving the size of images for the Schmidt plate alone, shows that 
the case k = 2.0 is distinctly unfavorable. The best compromise is 
seen to be k = 1.75. This gives a minimum color aberration for the 
Schmidt plate alone and is but little inferior to k = 2.0 for combined 
plate and flattener. 

It must not be assumed that the size of threshold images is no less 
than the values of d, the diameter of the color disks, in Tables 3 and 
5. This would be the case only if the stellar energy-curves, combined 
with the photographic sensitivity, were quite constant over the 
spectral ranges in question. This applies in particular to the radiation 
in the neighborhood of X 3800, which has strongly influenced the 
calculation for d, but is comparatively weak in photographic 
efficiency. 

Field characteristics. It has been shown (p. 402) that for field- 
angle zero the location of the image is determined by the intersec- 
tion with the axis of the rays at y = 0.866 r. Computation shows 
that for \ 4341 this point is located 0.25 mm beyond the Gaussian 
focal plane. A similar calculation has been carried through for a 
field angle of 420, with the result that the meridian rays from this 
zone intersect at this same distance beyond the Gauss plane, but 
at a point 0.04 mm below the ray y = 0, thus showing a small 
amount of negative coma. A small amount of astigmatism is indi- 
cated. The effect of changing the form of the flattener without 
changing its power has been studied. Thus, the field characteristics 
were studied for R = 48.8 and 53.1, accordingly introducing curva- 
ture into k,. It was found that the astigmatism was reduced, but at 
the expense of coma and of ficld flatness, discussed above. 

Distortion.-The value of the distortion has been obtained by 
triangulating chief rays at angles of 2° and 4° through the field 
flattener and comparing the intercepts p on the Gaussian plane with 
the values computed from the simple relation 
b= F tand, 


i 
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where F is the Gaussian focal length and # the field angle. Compu- 


tation gives for the focal length of the optical system 
I (G’) = 119.556 inches ; 


Table 6 gives the results. 


TABLE 6 


DISTORTION AND FIELD COLOR 


G 1341 Cc 
v | 
p p D p 
inches) inche che inches 
2°0 4.1799 4.1750 +0 .0049 4.1804 
4.0 5.3900 S. 300: +O .0304 5.4001 


| 


F(C) = 119.5600 inches . 


Ap 
(inches) 


©.0005 
0.0005 


-t 
+ 


The distortion is given in the fourth column of Table 6. As was to 


be expected, it is quite accurately proportional to the cube of the 


field angle, fitting the formula, 


D (mm) = +0.0156 #3. 


column; it is satisfactorily small. 
Summary. 


The amount of the color magnification difference is given in the last 


It would appear from this investigation that the 


choice of aperture and of focal length for the Schmidt telescope for 


the Palomar Observatory is a happy one. 


Used without the field 


flattener, the outstanding color aberrations are well within the 


tolerance of good photography. With the field flattener, the color 


aberrations are increased but not to the point of being objection- 


able. If necessary, better optical performance can be secured by re- 


ducing the power of the flattener, the residual curvature of the field 


being taken up by bending the plate. 


CALIFORNIA INSTITUTE OF TECHNOLOGS 
May 15, 1 
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PHYSICAL PROCESSES IN GASEOUS NEBULAE 
X. COLLISIONAL EXCITATION OF NEBULIUM 
MALCOLM H. HEBB AND DONALD H. MENZEL 


ABSTRACT 

Target areas for collisional excitation of O 11 by electron impact are calculated by 
wave-mechanical methods. Coulomb wave functions are used for the colliding electron. 
The resulting target areas are large, particularly for excitation between the levels of 
3P. Application to the nebulae leads to the result that collisional de-excitations from 
3P, predominate over the spontaneous transitions. In consequence, the levels of 3P, 
attain a high population, suited to the mechanism proposed by Bowen: resonance ab- 
sorption of \ 303 of He 1 by the coincident line 3P. — 3P, of O1m. The figures also sug- 
gest, for the lower electron densities of interstellar space, a high population of atoms in 
the ground level, a result consistent with Dunham’s observations of the interstellar 
lines of 77 11. 

The high intensities of the forbidden lines in gaseous nebulae lead 
one to conclude that the mode of excitation for these lines may differ 
from that for normal lines. Bowen has suggested that the free elec- 
trons, liberated from hydrogen by photo-ionization, may excite the 
‘“nebulium” lines by inelastic impact. To calculate the effectiveness 
of this excitation process, we must have advance knowledge of the 
atomic collision cross-sections. Since experimentally determined 
values of these parameters are not available, we must have recourse 
to theoretical methods, via wave mechanics. The calculations of the 
target areas have been carried out specifically for the various meta- 
stable levels of O 111, the atom responsible for the most intense of the 
nebular lines. 

THE BORN APPROXIMATION 


We consider an O 111 ion initially in the state determined by the 
quantum numbers J, L, S, M, which give, respectively, the total, 
orbital, and spin angular momenta and the component of the total 
angular momentum of the ion along some convenient axis. Let us 
suppose that an electron with momentum / at infinity and spin 
component m, impinges on the ion, changing its state to J’, L’, S’, 
M’, while at the same time the electron escapes with a momentum p’ 
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within solid angle dQ and spin component m;. The first-order dif- 
ferential cross-section for this process can be written’ 

dQ p’ 

4° p 

(JLSMpm,| V\J'L'S'M'p'm,)(J'L'S'M'p'm! | V| JLSMpm,) , 





o(JLSMpm,— J'L'S' M'p' m)) dQ = 


or, briefly, 





a(n—n')dQ = aff (n| V|n')(n’| Vn). (1) 
4m* p 
The bracketed symbol on the right side is the matrix element of V, 
the mutual potential of the electron and ion connecting the two 
complete states m and n’. We can write, symbolically, 


(n’|V|n) = JVLVY,dr , (2) 


where W,, and W,, represent wave functions for the complete system 
of free electron and ion, and the integral sign represents an integra- 
tion over the space co-ordinates of the several electrons concerned. 
Throughout this paper an asterisk will be used to designate the com- 
plex conjugate. Disregarding the exclusion principle for the mo- 
ment, we can write the complete wave function as the product 
WV, = V,x,, where V, refers to the ion alone and x, to the free elec- 
tron. The usual procedure is to take plane waves for the free elec- 
tron, i.e., to let x, = e"?°”. This procedure is suitable for collision 
problems involving neutral atoms, but for collisions with charged 
ions the incoming and outgoing waves will be greatly distorted from 
plane, especially for low velocities in which we are particularly inter- 
ested. Instead of plane waves we shall therefore use functions that 
are exact solutions of the wave equation for the Coulomb field and 
which will be given later. The simple product functions Vx, do not 

"See, e.g., Dirac, Quantum Mechanics (2d ed.), chap. ix, or Mott and Massey, 
Theory of Atomic Collisions, chap. viii. In eq. (1) and in the following we use atomic 
units in which the units of mass, charge, and action are, respectively, the electronic 
mass m and charge e (in absolute value) and Dirac’s action constant h = h/2x. The 
unit of length is then the first Bohr radius, and the unit of energy is twice the ionization 
energy of the hydrogen atom. For a complete list see Condon and Shortley, Theory of 
Atomic Spectra, p. 432. In eq. (1) we take (n|V|n’)(n’|V|n) instead of |(n|V|n’)|?, since 
we wish to have p’a(n—>n’) = p”o(n’—n). Cf. Mott and Massey, op. cit., p. 153- 
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satisfy the exclusion principle and do not allow for the possibility of 
exchange between the incident electron and the electrons of the ion. 
To satisfy these two conditions, we must write V, as a sum of; terms 
WV,.Xn, in which the arguments of the electrons are permuted. ‘In our 
case we shall consider only the two 2p electrons of the ion, so that 
WV, = WV, (1, 2) contains the co-ordinates of the two electrons. We 
shall suppose that W, already satisfies the exclusion principle, i.e., 
W,(2, 7) = — W,(1, 2). Then the wave function for the complete 
system is given by 


V 3W(1, 2,3) = Vn(r, 2)xn(3) + Vn(2, 3)xn(1) + ¥n(3, P)xnl2), (3) 


where the arguments 1, 2, 3 stand for the co-ordinates and spin of the 
three electrons. 
The potential V’ can now be stated explicitly, namely, 


V(a, b,c) = —--—-— = V(a,c) + V(b, c), (4) 


ee. I 

ro Vac Tbe 
where r. is the distance of the colliding electron from the ion, and 
Tac, Toc are the distances from the colliding electron to the two elec- 
trons of the ion. It should be noticed that V reduces to zero faster 
than —2/r, as r. goes to infinity, since the Coulomb term —2/,r, 
has been included in the wave equation for x, and V represents the 
actual mutual energy of the colliding electron and ion less this Cou- 
lomb term. If we insert the expressions (3) and (4) into (2), we ob- 
tain after some simplification 


(n'| Vin) = 2f¥i(1, 2)¥a(7, 2)V (1, 3)xt/(3)xn(3)d7 
+ 2fWi,(2, 3)¥,U1, 2) Va, 3) xiv ( 1)Xn(3)dr : (: 
+ 2/¥%,(3, 1)¥n(1, 2)V (1, 3)xt/(2)xn(3)dr « | 


wi 
— 


The first term alone is what would be obtained with the simple 
product functions which neglect exchange. The second and third 
terms are clearly exchange integrals, the third being of a rather 
peculiar nature, since the potential V (7, 3) does not directly connect 
the incoming and outgoing electrons 2 and 3. 

We are not primarily interested in the differential cross-section (1) 

















— 


a ~~ 
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for polarized beams of electrons and definite transitions of the mag- 
netic quantum number M. Instead, we require the total integral 
cross-section o(JLSp—J'L’S’p’), which is obtained by integrating 
(1) over dQ, i.e., over all directions of p’, averaging over the initial 
values M and m, and summing over the final values M’ and mj. The 
result is 
' iphaebid I “ty , 

o(JLSp—J'L'S'p!) = Fs wb fo(n—n')d2. 6) 
We shall now examine the wave functions for the O 111 ion and for 
the free electron which enter into the integrals in equation (5). 


WAVE FUNCTIONS FOR O III 


The radial wave function for a 2p electron in O u1 has been given 
in tabular form by Hartree and Black. It is convenient for our 
purpose to obtain an analytic approximation to this function in the 
manner proposed by Slater.’ We write, namely, the radial function 


in the form 
R(r) = r(ae™ + ce”) , (7) 


where r is the distance from the center of the ion, and adjust the 
constants a, b, c, d to give the best fit with the tabulated functions, 


0 


subject to the normalization condition f R*dr = 1. The adjusted 
values are 


ad = 10.415, b = 3.604, c = 4.520, d = 2.014. 


The two-electron wave functions Vyzsy (1, 2) of the ion are now 
built up from angular-momentum considerations.‘ The atom of O 11 
is sufficiently near LS coupling for the ground configuration that we 
need not concern ourselves with the departures from precise LS 
coupling that are so important for optical transitions. We choose 
a spherical co-ordinate system (7, 0, @) and let the polar axis 6 = o 
coincide with the direction of the momentum # of the incident elec- 
tron. Then, if this axis is also the direction of quantization for the 
magnetic quantum numbers, we find 

* Proc. R. Soc., A, 139, 311, 1933- 3 Phys. Rev., 42, 33, 1932. 

4M. H. Johnson, Phys. Rev., 39, 197, 1932; Condon and Shortley, op. cit., p. 220. 





WVyisM (1, 2)nr. R(r,)R(r2) 


a8. + Bras 





| .88, + Pia,a, = 21P, 


pr a8. + Bra, 


— + 1P,a,a, 











\b,6,8, ae Pia,a,| 


* a8. + Bia, + 0.8.8. 











®,8,8, + Pfa,a, + 1, 
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©, = > [cos 6, sin 0,¢°% — cos 0; sin 0,c°%] 
87 
V2. 
©, = 2 sin 6, sin 0, sin (¢: — ¢:) 
87 
V6,. 
Vie. * [sin 4, sin 6, cos (¢: — $2) — 2 cos 4, cos 8.] 
©,, = = [cos 6; sin 6,¢°% + cos 6; sin 0,e'] 


87 


os ; 
®p. = g_ sin 6, sin 0,¢'%+¢2) 


oT 


V3 ee? 
&; = —~ [cos 6, cos 6, + sin 0, sin 6, cos (¢: — ¢2)]. 
ATT 
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In equations (8), a;, 8; represent single-electron spin symbols for 
which the spin component is, respectively, +5. They satisfy 


a,B8; = Ba; = o and a? = B? = 1. 


Xp, + 





CONTINUOUS COULOMB WAVE FUNCTIONS 


As already stated, the wave functions that we use to represent the 
incoming and outgoing electrons are the appropriate solutions of 
the wave equation in the Coulomb field of the ion. For the incident 
electron this function is® 


1/2 


( 


“ 
J; 


5 Mott and Massey, op. cit., chap. iii. 


jae vor(s _ =) eflp-r)), F, (5; 1; ipr; — i(p-7,)) 


as 
’ 
B; 


iZ 


as 
Bs 


(9) 


where Z is the charge on the ion (in our case Z = 2), and ,F, isa 
confluent hypergeometric function. Similarly, the wave function for 
the scattered electron is 


Xp’, + 1/2(3) = er wr(1 + Zinn F,( = ri I; —ip’r; ies i(p'-15) ° (10) 


The function (g) reduces approximately to a plane wave of unit 
amplitude at large distances in the direction opposite to ~, while 








F,(r3) aa 


etZ ‘2p 
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(10) is asymptotic to an approximate plane wave in the forward 
direction of p’. For Z = 0, (9) and (10) become, respectively, 
er) and e”""), apart from the spin factors a; and ;. 

In the next section we shall require the expansions of (g) and (10) 
in surface harmonics. With the co-ordinates defined in the last sec- 
tion, (g) is the same as° 


Xp, + iy ~ V (ol + 1) Ve'F (r;)P (cos 03)5, , (22) 
yao oO 


where 








J pr; (4 : 1 aa core a a, ce’ | 
2V p (21 + 1)! ai F.(1 p eee siprs), (12) | 


and P,,, is the normalized Legendre function which satisfies 
us 

J P;,, (cos 8) sin 6d0 = 1. The phases n, are functions of p, but 
0 


their precise form is of no particular interest in the present work. 

It can easily be shown that the F; defined by (12) are real. The ex- 

pansion of (10) is similar to (11), since (10) can be obtained from (g) | 
by reversing the sign of i and replacing p by —p’. A difference in ) 
form arises, since p’ is not directed along the polar axis as is p. If we 
let the direction of p’ be specified by 6, ¢, and apply the addition 
theorem’ for Legendre polynomials, we find 


Xp’, + 1/2 (3) | ) 





co l’ 
SS aka ; ~ pie ae 
ots ~ Vv al’ re 1) te" Fi, (r;) XN Pim’ cos @ \Prm’ (cos 6)eim o;-6)% | 
net $ B; 
p’ 


= =0 m’=—|' 


Our functions F,(r) differ slightly from those usually defined. For 
example, the quantity L(r) defined on page 39 of Mott and Massey's 
book’ is, except for notation and units, the same as F;(r)/(rV p). 

6C. G. Darwin, Proc. R. Soc., A, 118, 654, 1928; H. A. Bethe, Handb. d. Phy. (2), 
24, Part I, p. 554. 

7 Whittaker and Watson, Modern Analysis, p. 326. 
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The reason for our choice® is that for small p, F;(r) is rather insen- 
sitive to p near the origin r = o, while under the same conditions 
Li(r) varies as 1/V p. This means that, using F;(r), we can express 
most of the dependence of the cross-sections on the velocity explic- : 
itly, in the region of small velocities, and the implicit dependence 
entering through the F; is less important. 


METHOD OF PARTIAL CROSS-SECTIONS 

Each of the matrix elements (5), which must be evaluated to ob- 
tain the cross-sections, contains integrals over the nine space co- 
ordinates of the three electrons.’ In order to perform these integra- 
tions, we use the method of partial cross-sections, i.e., we expand the 
wave functions of the incoming and outgoing electrons and the 
potential function in surface harmonics and then integrate term by 
term. For neutral atoms it is well known that the successive terms 
in this method decrease rapidly for small velocities on account of the 
fact that for such velocities the classical distance of closest approach 
increases rapidly with the angular momenta /, /’. With ions instead 
of neutral atoms, of course this convergence will not be quite so 
good. The required expansions for the continuous wave functions 
have already been given in equations (11) and (13). For V we have 


r; N13 
2 a (14) 
=-—\y ¥3("1, 73) \ Py. (cos 6;)P st (cos 0;)e!t 1%) 
ommanf emmeed 
s=o t Ss 
with 
2 ee 6: * 
¥s("1, 73) = aS age (#5 =) (tr: < #5) 
2 fe 6: 
wae Ee (3, mee ) (71 > 15) 


If we interchange the order of summation and integration, we have 
a multiple sum of integrals corresponding to each integral of (5), the 
§ Yost, Wheeler, and Breit, Phys. Rev., 49, 174, 1936. 


9 The spin symbols disappear on application of the rules given after eqs. (8). 
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indices of summation being /, 1’, m’, s, t. This result is appreciably 
simplified when the angular integrations are considered. The inte- 
grations over the angles ¢., ¢2, 6; and most of those over 6,, 4, 0, 
are elementary. A few integrals occur that contain the products of 
three associated Legendre functions, and for these the rules of 
Gaunt’® are useful. As is to be expected, the angular integrations 
severely restrict the indices /, 1’, m’, s, t. Before specifying the rela- 
tions between these indices, we find it convenient to distinguish the 
three types of integral arising from (5). It will be seen that the three- 
fold radial integrals which remain after the angular integrations 
have been carried out are of the three following forms, corresponding 
to the three terms in (5): 

FPS p) = Sf fdridrsdrRiRiy. (11, 7)FU(rs)Filrs) , (15) 

gi!) (p's p) = fffdridr.dr,RR2Ryye(r1, 7) Fr Firs), (16) 


hit (p'; p) = Sf fdridr.dr,RiRRyye(te, 13) Fv (r2)Fi(rs) - (17) 


Then, on account of the angular integrations, only the following 
terms appear: 
2) 


f( 2) i+1) (l+1) 0 (2) (2) 
Jit > Jtitay Bit es es TR . 


Thus, finally, the matrix elements (5) become single sums of expres- 


sions containing the integrals (15), (16), and (17): 


rene QT = ; 
(n’|V|n) = —— >. Ay(n’; n)Pym (cos A)e'"? . (18) 
V PP l'=0 


In general, A, is complex and depends even in absolute magnitude 
on the phases 7, of equations (11) and (13). It will be noticed that 
the factors 1/V p’ and 1/V p which arise from equations (11) and 
(13), respectively, appear explicitly in equation (18), so that the 
expressions A, contain p, p’ only through F and Fy. Hence, for 
small velocities in which we are primarily interested A, should be 
roughly independent of velocity. The presence of the factor e'”® 


10 Phil. Trans., 228, 192, 1929. 
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could have been inferred from the conservation of the component of 
momentum about the axis @ = o (direction of incident electrons). 
For the component in this direction we have initially M + m,, since 
the incoming partial waves all have m = o. For the final state, on 
the other hand, a partial wave with angular momentum /’ has a 
component m’, while the ion and spin contribute M’ + m;. Hence, 
m’' = M — M’ +m, — mi, the same for all partial waves. 
For the integral cross-section, we require 


2m mi ; ‘ : P Be 873 Nn _ 5 
f dof sin 6d0(n| Vi n')(n'| Vin) = aT de Atte ;n)Ay(n;n’). 


The final cross-section (6) is, thus, 


Se fee sn! 
me = Ay(n'; n)Ar(n; n’) . (19) 
2J v . r i MM", m'’, ' 





a(J LSp-J'L'S’ p’) a 


In contrast to the expression for the individual A,’s, the summed 
expression is real and is independent of the phases ny, m. Further, 
in line with what has already been said, the sum in equation (19) 
is only slightly dependent on p, p’, provided they are small, and 
hence the cross-sections in the first approximation for small velocities 
are inversely proportional to the square of the initial velocity. This 
is a direct consequence of the Coulomb field, which is responsible for 
the form of the continuous wave functions (11) and (13). Instead of 
designating the partial cross-sections, as in (19), by the angular mo- 
mentum /’ of the outgoing electron, we adopt a more convenient and 
symmetrical enumeration in terms of the mean \ = (J + 1’)/2 of 
the initial and final electronic angular momenta. Then we can write 


(2J + 1)p?o(JLSp—J'L'S'p’) 
(2J' + 1)p?o(J'L'S' pp’ J LS p) 
TAILS p; J'L'S’p’) 


II 


(20) 


~~ YY 


— t > (ILS; J'L'S'f’) ' 
d 


where the 2, are symmetrical in their two sets of arguments, and the 
initial and final states of the system are indicated by the arrows. For 
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the various transitions between the states 3P,, °P,, 3P., 'D., 'S., we 





find 


2,(3P op; °Pip) = 8(gi1)? 
2,(3P,p; 3P.p) = 10(gi?)? 


2,(*Popr; *Sp.) = $2 —- 'Sp.) = 120P.ps = 
= 4[gi?? ay i? — hi? 1:3 ? 
x bese” Sas y 4 hv + + 2h\? \( Po; . 


2,3Popr3 Dp.) = §&:CPipi; ‘Dp2) = $2:CP2p1; Dp.) 
= Ole? + i? — WP igi? + Mi? + phi?) 
+ 3 [grt ~ reed + a ai hy?’ 


x [gi — ge? + a? HEMP] + 8 i?’ 23? 
+ 6¢' de + 6935’ go. 
2,('°Dp,; Sp.) = s[—12ft? + ser? + ogi? + shi? + hi?) (21) 


xX [— raft’ + su + gi: + shi!’ + 108})’) 
+ 8 he — So2 IL 2 if 20 “— £2 20 4 

+ 8[2f;0’ iss £> 20  |[2 ag a g.) | 

Sexy + ae + a? — Md 

+- olg;7')? + 2(g3;')’ 
si- Bf + ir + ad as Seve ig 

+ [8 fi?’ eae P+ ee | es oo 

6h) — 38 is + 10(g,)')? 

BS — 38ND + gi? + igi? + Al? — Al? 

ies a te fe git + 32,2 (¢3?’)? 

+ sggl fir)’ — 2353 Gy + este) 





2.CP 2p; Pd) 


2.CP.p; *P.?) 


2,°CP,p; *P.p) 


EVALUATION OF THE RADIAL INTEGRALS 
The integrals (15), (16), and (17) can immediately be simplified. 
In the first two the integration over r, can be performed with the help 


0 


co 
of the normalizing condition f Ridr, = 1. Also, in (15) the integral 


over 7; is elementary, with the form (7) for R,. If we let 


I(r) = f dr,R?y,(r, ‘8 (22) i 
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then (15) becomes 


SEP"; P) J, drI.(r3)Fu (r3)Fi(rs) 5 (23) 


0 


and (16) is 


elth(p's p) f, f dr de Relive; +) ORs. ad 


Similarly, 
hy \(p'; p) = J dr,R,F i. (13) f drsI,(r3)R3Fi(r5) . (25) 


The remaining integrations have to be carried out numerically, 
and for this purpose tables of the Coulomb functions F;(r) are 
necessary. Each of the integrals is a function of the two momenta 
p, p’, with the difference between their squares fixed by the excita- 
tion energy of the ion for the transition under consideration. To 
shorten the work the smaller of ~, p’ was taken equal to zero, and 
the remaining p was taken to correspond to the transition energy. 
Thus, for each transition each integral was computed only once and 
not at several points, to give the dependence on velocity. Hence, 
only the first approximation, in which the cross-sections vary as the 
inverse square of the incident velocity, was obtained. The values of 
the integrals computed are given in Table 1. In Table 2 are shown 
the corresponding numerical values of 2 computed from equations 
(21). 

Extensive tables of the Coulomb functions F;(7) were prepared for 
1 = 0, 1, 2 over the ranges of p and r appropriate for our problem. 
Lack of space forbids their reproduction here. 


COLLISIONAL EXCITATION IN NEBULAE 
In the present paper we shall confine our attention to a single il- 
lustrative problem, reserving further applications for a later com- 
munication. We now transform equation (20) from atomic to gen- 
eral and c.g.s. units, for which 
I h? QCA, B) 4.17. Q(A, B) 


CAB = — = cm? . 26 
24 +1 40m’ v? 2T4+1 v? (26) 
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In this equation, A symbolizes the initial and B the final atomic 
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level. The formula may be applied to calculations of collisions of 
either the first or second kind. 












































TABLE 1 
VALUES OF f, g, AND h INTEGRALS 
(pr; po) 3p —1g 1D —s 3P—'D ip —3p 
(pa; Pr) Pi—P2=0.304 | Pi—P2=0.200 | pi—pi=0.185 | pi—pi=o 
f(2) ices, _ ae 098 ; we +o 120 ) 
hh = pe — .045 
Be ctw = — | 
g(2) oe + .072 
i i te ee 
g{2). + (008 + .103 + 103 + 104 
ee a ad po m4 — .047 
ae = - or — | 
MD et 2 ei oe =e | 
} bss { + 
cool ee | | ee ieee | 
| 
TABLE 2 
TARGET AREAS, &, FOR COLLISIONAL EXCITATION 
OF O III BY ELECTRON IMPACT 
ff om | om foe 'D 
| iS 0. 39 1.18 1.96 7 | 
| 'D | 2.22 6.66 | pi 
| iP, | 4.06 II 2 | 
| 3P, | E72 — 
For electrons with initial velocities corresponding to the transi- ) 


tion energy, the a’s are as follows: 


o(3P,—3P,) 
o(3P,—'D.) 


= 12.00H , 


= 1.69 X 103 o7, , 


o(3P,—3P,) = 
a(3P,— *S,) 
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1.45 X 103ox , | 


9-9QI10H , 
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where oy is the theoretical area, ra’, of the 1s orbit of hydrogen, 
ou = 8.765 X 10° cm’. (28) 
The target areas are large, especially for excitation within the levels 
of 3P. 
We assume that the velocity distribution of the nebular electrons 


is Maxwellian, defined by a kinetic temperature 7., so that the 
fraction f(v) of electrons having velocities between v and v + dy is 


3/2 , 
f(v)do = 4x (47) etmek ada , (oe) 


Then the total number of collisional excitations (or de-excitations) 
from level A to B, per cubic centimeter per second," is 


Faz = VaNef oABrf(v)dv, (30) 


where 2%, is the lowest velocity capable of inducing the transition; 
v is zero for superelastic collisions and is defined by 


mv, = XaB (31) 


for inelastic collisions. X4,z is the energy difference between the 
levels A and B. Carrying out the integration, we find for inelastic 

















impacts, 
( ; 2 1/2 = ) 
Fp ea NaN. Q(AB) h (<3). e@XAB kT, | 
2 w4 20m? \ arkT, | eas 
f 32 
NaN, Q(AB) | 
= c ih — : XA g/kT, , 
8.54 X 10 Ti? ~ & e-XAB 
For superelastic impacts, the equation is 
NeN, Q(AB 
Bas = 8.54 X 107 = a. (33) 


Ti? = @B 


™ R.H. Fowler, Statistical Mechanics. 
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We have written ®,4 for 2/4 + 1, the statistical weight, in the 
above equations. 
When the gaseous assembly permits detailed balancing, so that 


Fan = Fea, (34) 
we have the condition 
Np TR sath } 
a ae a eXaa/ET, (35) 
Nu WA ihe 


which is the Boltzmann relationship for thermodynamic equilibrium. 
If the only means of removing atoms from levels B and A are col- 
lisional, equation (35) will hold exactly, even for gaseous nebulae. 
Leakage of atoms from level B by spontaneous emissions will cause 
departure from the Boltzmann formula. It is easy to show, however, 
that (35) will still be a fair approximation in any nebula where the 
probability of de-excitation of B by superelastic impact exceeds 
that for spontaneous transition, i.e., when 


2, ee 2 te 
“N tes > N 2 > ABA, (36) 
fend 4 
A A 


where Az. is the Einstein coefficient of spontaneous emission. 

Of particular interest is the relative population in the levels of ?P. 
In Paper [IX of this series Shortley and Menzel discussed the frac- 
tional multiplets observed in gaseous nebulae. The spectra suggest 
an initial excitation of the single level 2p3d °P%, with a subsequent 
cascade to the levels of the lower configurations 2p3p and 2p3s. 
The source of excitation, as Bowen has pointed out, is probably the 
ultimate line \ 303 of He, which must be very intense in certain 
nebulae. The line 2p? *P, — 2p3d 3P% of O ur coincides very closely 
with this helium line, the resonance absorption of which by O 11 
will lead to selective excitation of °P8, as observed. 

For the Bowen fluorescent process to work effectively, however, 
requires that the population of O 111 atoms in the level 2p’ °P, be 
large. Since °P, has a mean lifetime of 2.9 hours,’ there will be an 


” Ap. 45 91, 397, 1940. 
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effective population in that level only if the inequality (36) is ful- 
filled. 


I 
sicko 6 ~ e- 
ic oe (37) 


do Apa 





NBN. QEP., 3P,) + QGP., 3P,) 
10’ 5 


Fas = 8.54 X 10° ’ (38) 


for T, = 104 deg. Hence, from (36) we obtain the condition that 
Ne > 4M 10%. (39) 


An independent investigation, the details of which will be given in a 
later paper, shows that the brighter nebulae, in particular the ones 
showing the lines of the fluorescent mechanism, have electron densi- 
ties somewhat in excess of this figure. We conclude, therefore, that 
collisions occur with sufficient frequency to maintain approximately 
a Boltzmann distribution among the levels of 3P. 

Dunham observed that interstellar lines of 77 11 appear from only 
the lowest atomic level. The excitation parameters for O 111 are, of 
course, not directly applicable to 77 1. But the figures, which indi- 
cate a high accumulation of atoms in the lowest level as a result of 
the very low electron density in interstellar space, are consistent with 
the observational data. 

Extension of the calculations to the 'D, and 'S, levels of O m1 
leads to an independent determination of the electron temperature 
and of the abundance of O ur. These results will be given in a later 


paper. 


We wish to acknowledge the advice and assistance of Dr. J. H. 
Van Vleck. A grant to Dr. Van Vleck from the Milton Fund and 
Clark Bequest of Harvard University enabled Mr. Hebb to pursue 
the present investigation. 
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RELATIVE FREQUENCIES OF METEORS 
J. D. WILLIAMS 


ABSTRACT 
On the assumption that the number of meteors increases logarithmically with their 
magnitudes, the base x is evaluated from a series of binocular observations by the 
method of maximum likelihood. The reliability of the value so found, 2.08, is discussed, 
following which an estimate is made of the space density of meteoric material. 


INTRODUCTION 

The writer published’ recently a small quantity of data from 
which an inference can be made on the relative numbers of meteors 
in successive magnitude classes and, tentatively, on the real number. 
Material even approximately suited to the question is difficult to find 
which may justify basing an estimate on so few observations. 

A reasonable empirical approach is to assume a simple exponential 
law relating the number of meteors to their magnitudes, as was done 
by Hoffmeister,? by Watson,’ and by the writer. It cannot be said 
that Hoffmeister verified the exponential character of the relation, 
since his observations seemed to indicate a more rapid increase, 
which, together with his physical theory of meteors, would have led 
to infinite mass for meteoric material. Watson, using a telescopic 
series by Boothroyd and naked-eye observations by Opik, obtained 
a constant ratio of increase in numbers per magnitude equal to 4. 
As a check, he discussed Hoffmeister’s data on naked-eye meteors, a 
group of telescopic observations reported by Opik, and observations 
of his own, which led, respectively, to x = 3.5, 3.2, and less than 4, 
though a re-examination of his telescopic observations’ gave the 
value 2.7. The writer examined the question, using naked-eye and 
binocular observations, and established that « had the same value at 
two points on the magnitude scale some 5 or 6 mag. apart; this was 
done by choosing for comparison two short magnitude intervals 

* Proc. Amer. Phil. Soc., 81, No. 4, 505, 1939. 

2 Veroff. Berlin-Bablesberg, 9, No. 1, 1, 1931. 

3 Harvard Ann., 105, No. 32, 623. 


44.J., No. 1110, 1939. 5 Proc. Amer. Phil. Soc., 81, No. 4, 493, 1939. 
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where the inevitable processes of selection could be expected to be 
the same. The values of « at the two points were in excellent agree- 
ment, thus strongly supporting the hypothesis; but the actual value 
of k = 2.29 + 0.16 had small weight, since preferential selection, due 
to half a dozen causes, might be playing its part. In the present 
paper we seek to remedy this by choosing from the binocular series 
those observations best suited to a determination of kx, assuming its 
constancy. 
THE DATA 

The observations were made by Mr. R. Knabe, under conditions 

already described by me.° The frequencies of initial points f; appear- 














TABLE 1 

\o I a = ma -€ 36 7 8 9 Area F K Ox 
r 

0:5 6 Oo E “a ar a 8 8) 4 1.00 t. 75S £0.23 
1.0 eo © G&G ££ @ «@ rs 28 6g a 0.52 2:64: 28 
bs ao 3 Oo BR 4 GO -2h 387 7 5 0.43 2.22+ .29 
2:0 I I oe £4 ¢ «o 28 46 2 7 0.39 2.5335 22 
2.5 fe) fe) ° 3 6 I! a2 30 e 9 °.26 2.452 .33 
3.0 2 I fo) 5. ferveg 24«27 2 II O..2' 2.00+0.21 

- 3 6 I I? 20 44. 32% 163 25 


ing in Table 1, herewith, were selected from the list in the publica- 
tion cited’ to fit the following conditions: the initial point was 
observed and was, at most, 3° from the center of the field, the ob- 
server's eyes being directed to the latter; when more than one esti- 
mate of magnitude was given, that corresponding to maximum light 
is adopted here—for several reasons which need not be enumerated, 
beyond remarking that this may be most intimately related to the 
mass of the particle. We thus have a group of objects giving, pre- 
sumably, a representative time average of the observable flux of 
meteoric material, chiefly of the sporadic variety, since shower dates 
are excluded. 

The data in Table 1 are given as functions of apparent magnitude 
m and angular distance r from the line of sight, class intervals being 

© Proc. Amer. Phil. Soc., 81, No. 4, 505, 1939. 

7 Ibid., Table 2. If the jth digit in column C is designated C(j), then specifically the 
selection was such that C(2) = 1, 2,...., 6::C(3) = 1,4; Cla) 1. 2: 
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typified by o™75 < m =1 < 1™75 ando.5 <r=1 < 10. (Mag- 
nitude estimates were in o™5 intervals but are here combined to 
augment the frequencies.) The size of the first zone, r = 0°75, is such 
that it was observed almost exactly by the macula lutea; and in 
terms of this zone as a unit the areas of the successive zones increase 
as do the odd integers. It is immediately evident that the observed 
frequencies in the columns do not, in general, increase in this man- 
ner. When the frequencies, say those brighter than 8™, are reduced 
to equal areas, they are found to decrease very nearly linearly as 
one recedes from the foveal region, excluding the central zone itself, 
where the frequencies are even higher; this may be seen from the 
figures in column F of Table 1. Since the stellar threshold for some 
regions of the eye was fainter than 1o™ and, further, since a large 
number of the faint objects seen lie in these outer regions, it is diffi- 
cult to ascribe the area failure to lack of sensitivity. More probably 
it means that the observer is very attentive to events in the foveal 
region and progressively less so to events that occur off the line of 
sight. If this interpretation is correct, there is no reason why (in, 
say, the fourth zone) a larger percentage of 6™ objects should be 
missed than of 4™ objects, since both classes are far above the 
threshold. It can be established easily that loss of a fixed fraction of 
the total in each magnitude class will not affect the value of x de- 
duced by the method used here. 

It will be observed that the run of the frequencies is very rough 
because of errors in classification (principally with regard to m) and 
to the small size of the sample. We propose to ignore the roughness 
and to obtain the most probable value of « for each zone by an 
objective method, namely, that of maximum likelihood.* 


THE ANALYSIS 
Suppose that the magnitude range is cut into s + 1 intervals by 
the points 


— ©, mM, m + Am, m + 2Am,...., Mm + sim =m’. 


8R. A. Fisher, Proc. Cambridge Phil. Soc., 22, 700, 1925 
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Then the probability p; of finding in our sample a meteor whose 
magnitude lies in the (¢ + 1)th interval is 


‘mo+iam ; 
pi = af edie (6 1,2) 66. 98) 
m 


ot (i—1)Am 


and 


Mo 
po = af eodm . (e* = x), 


foe] 


where A is fixed by the normalization 


m’ 
se e7"dm . 
—c 


In order to determine a in terms of the observed frequencies f;(i = 0, 
eee s), it can be established directly that the likelihood of the 


sample, 


AY 
Bs f; 
P 7 [] Pit ’ 
° 
attains its maximum when 


2 : ‘og 
coth } aAm = 1+ N—fe Ns — Si , 


I 





where NV is the total observed frequency. This results when we 
equate to zero the logarithmic derivative of P with respect to a. 
The equation gives an optimum estimate of the parameter a. Its 
standard deviation may be estimated from 


( d? log P\ |~'/2 2 sinh 4 adm 
Oa = E = 5= | = 7 — semen ld : 
da : AmV N(1 — po) 








where £ indicates the operation of taking the mean value.’ We pass 
to the standard deviation of x by means of o, = koa. 


9 Ibid. 
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From these equations and from the data in Table 1 we compute 
x and o, for each zone, using only meteors brighter than 7™75, so 
as to stay well away from the threshold. The values, which appear 
under x in the same table, are scattered, as must be expected from 
rough samples, and there is no certain systematic variation with 
respect to r. Combining the zones leads to 


K = 2163 = O10. 


Table 2 shows the computed frequencies. 











TABLE 2 
le ae) = Nl oe 
| | | ree Rem | | 
m | 1.0/1.5] 2.0] 2.5|3.0/3.5]4.0/4.5] 5.0] 5.5 | 6.0] 6.5] 7.0] 7.5 | 8.0 |]8.5/9.0/9.5 
| | | a 3 
Observed..J1 |2 jo (6 jo |r {10/7 |9 |20 |21r {23 [51 |71 |105 |78 |22 |3 
Computed 0.60.81. 2/1. 7/2. 5/3. 615. 2/7. 6)10.9)15. 7/22. 7/32. 7/47. 2/68 0198. 3/142/205'206 





SOURCES OF ERROR 

This value of « differs so considerably from those determined pre- 
viously that it becomes important to consider the errors to which it 
is subject. Four potential sources of error occur to the writer, and 
they will be discussed rather qualitatively. 

a) There is the question regarding the effect of mistakes in 
classification, such as is suggested by the 6, 1, 17 distribution from 
2™ to 4™ in Table 1. It happens there was a centrally located com- 
parison star of 6"7 to which the scale was fixed; hence the 6™ and 7™ 
classifications may be of higher reliability than the brighter ones. 
If we disregard the distribution of those classified as 1™, 2™,.... ; 
5™ but retain their number as f,, we arrive again at k = 2.08, show- 
ing that the determination is not very dependent upon mistakes of 
classification in the interval where they are most likely to occur. 
Also, if k is computed from the data as originally grouped (cf. Table 
2), the same value is obtained. We conclude that mistakes in 
classification probably are not of first importance in this series. 

b) Quantitatively the effects of motion on magnitude estimates 
are not very precisely known. Opik states'® that a magnification of 
less than 10 probably produces a negligible effect, the statement fol- 


10 Harvard Circ., No. 355, Pp. 10. 





























RELATIVE FREQUENCIES OF METEORS 429 


lowing a rough experiment which led him to adopt a set of magnitude 
decrements 0.1, 0.2, 0.3, 0.6, etc., as corrections corresponding to 
angular velocities of 100, 160, 250, and 400 deg/sec. While Knabe’s 
velocities are not known, there is reason to expect them to lie 
principally in the range 20-50 deg/sec on the sky or 140-350 deg/sec 
subjective. Part of the small error, which undoubtedly exists, will 
appear as a zero-point error, while only a differential effect will dis- 
turb the scale. If the true scale was thus affected by a pure ex- 
pansion, amounting, for example, to as much as o™5 in a range of 
7™, our « would need to be increased by about 0.12. This does not 
promise to be a major effect. 

c) There is a possibility of Purkinje effect, but this would tend to 
produce an artificially large value of x. This would oppose the error 
due to (b); but it must surely be of second order, since, as shown in 
(a), our determination can be based essentially on meteors in a 
narrow magnitude interval so far above the threshold that we 
should not selectively record red meteors. 

d) The circumstance that the number of initial points is discussed 
in conjunction with maximum light must introduce a bias because 
of the restricted field of view, for some meteors will attain their 
maximum light after an appreciable flight. The writer has a distinct 
impression, looking back on about 18,000 observations, that bright 
meteors frequently have greatest light near their end-points and, 
further, that the phenomenon of increasing light is much more com- 
mon than is the converse. The latter is in complete agreement with 
Knabe’s explicit estimates of changes in brightness, and his records 
show that it holds for faint meteors as well. If the path length, AZ, 
between the initial point and that point at which maximum light 
occurs, decreases with increasing magnitude, as seems probable, the 
proportion of meteors improperly classified as to magnitude will de- 
crease with increasing magnitude. Since the error will always be 
positive, « will be increased. It is difficult to judge the size of the 
effect from the available data; the value 2.08 may be spuriously large 
or may be almost unaffected. No zone should be less affected than the 
central one, since there a// meteors which attain their maximum 
light in less than 3° wiil be properly classified. It is disturbing to 
note that the smallest « found, 1.75, corresponds to this zone. A set 
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of increments AL could probably be devised to account for most of 
the variation in x from zone to zone, but the standard deviations do 
not encourage the attempt. 

No other sources of error which show promise occur to the writer, 
so we are unable to justify the discrepancy between this determina- 
tion and that of others on the basis of errors in the present data. 
Only one ad hoc hypothesis has been introduced consciously: we 
have assumed that for objects more than 2™75 above the threshold, 
at any given point in the field of vision not more than 20° (subjec- 
tive) from the line of sight, the fractional number of meteors of a 
given brightness that are missed does not depend (at least effec- 
tively) upon the magnitude. There seems to be confirmation of this 
in Opik’s™ work on telescopic meteors where he deduces “‘true’’ fre- 
quencies from a consideration of the number of common objects 
seen by two observers. Comparison of his true and observed fre- 
quencies shows that the following proportions of the true numbers 
were missed, starting with the faintest magnitude group: 0.92, 0.47, 
0.22, 0.24, and 0.18. These figures suit the hypothesis very well. 

While the hypothesis seems necessary in order to reach an explicit 
determination, the effect (d) places it strongly under suspicion. But 
the latter may serve a useful purpose in bringing the various in- 
vestigations to a common result. The usual discussion of the effec- 
tive field of a telescope for meteors of given length leads to the 
formula 

mr? + arL(m) , 


which is taken as a measure of the observed number of objects of 
length L(m). This is found from considerations of geometrical 
probability which involve implicitly the assumption that the meteors 
are uniformly luminous. By means of it large factors are introduced 
to reduce the numbers of meteors in all magnitude classes to equal 
areas. But if the assumption of uniform luminosity is not fulfilled, 
use of the formula may cause an overcorrection and lead to too large 
ax. This would happen, for example, if the meteors were uniformly 
luminous except for a flare at the end, ‘“‘true’’ magnitude being based 
on maximum light. 


" Tartu Pub., 27, No. 2, 5, 1930. 








RELATIVE FREQUENCIES OF METEORS 431 


Watson’s x = 2.7 was deduced from data corrected by this for- 
mula. When x is estimated from his final data by the method of 
maximum likelihood, it is found to be 2.64. If the faintest useful 
magnitude class is excluded, we find k = 2.45; and if the next class 
is also omitted, x = 2.39. These last two values, ~2.4, are deduced 
from a magnitude range comparable to that used in the present 
paper. The difference in the two determinations of x, about 0.3, may 
well be concealed in the last formula. 


SPACE DENSITY 

The apparent magnitude scale used to this point may be reduced, 
in an approximate manner, to a zenithal magnitude scale m, by a 
change in zero point of 5 log sec 57°74 = 1™34. The faintest objects 
in the series are about 8”:, which, if the maximum light occurs at 
about 85 km, corresponds to an absolute magnitude of 71”. 

These data are very limited for an attack on the problem of 
absolute numbers. One can do no better than to accept the rate 
established in the best observed zone, the central one. Here the 
number of objects is 18. We can get some idea of its stability by 
appealing to the Poisson law for events of small probability, which 
leads to the statements that the probability is 0.44 that a repetition 
of the series would yield a number in the range 18+ 3, 0.59 that it 
would lie within 18+ 4, and 0.96 that it would lie within 18+ 9.” 

The average area under observation at zenith distance z is ap- 
proximately 


mr(h? + o}) sec} zs, 


where /: is the initial height and of its variance. The latter is of the 
order of 100 when the kilometer is the unit and we adopt the value 
h = 95 km, which leads to an area of 14.0 km? for the central zone. 
The initial height is a very satisfactory quantity statistically; Opik’s 
study of 3,500 heights shows it to be largely free from systematic 
changes such as affect terminal heights.'’ The actual observing time 
was 163.6 hours, allowance being made for the plotting time. 


2K. Pearson, Tubles for Statisticians and Biometricians, 1, 1930. 


13 Harvard Ann., 105, No. 30. 
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From these data we find the flux of particles brighter than m, = 
6.0 to be 1.62 X 10-"® cm~™ sec~', which implies about 73,000,000 
megascopic objects daily for the whole earth. This may be com- 
pared to Watson’s value of about 127,000,000 over the same range. 
The particle flux 7 due to those whose magnitudes lie between m. 


and m, + dm, is 


2 car —2 


nm = 1.46 X 1070-3192 dm, cm™ sec 


Using a result from kinetic theory"? which connects ” and the aver- 
age velocity C (say 64 km/sec), namely, 42 = vC, we obtain for the 
partial molecular or particle density v the relation 


v(m.)dm, = 9.1 XK 10775 9-319" dm, cm=3 . 


We find, for example, about 60,000 meteors] 6”. in a space equal to 
that occupied by the earth. 

Watson has used a formula of Opik relating velocity and magni- 
tude to mass, which was such as to make the mass of a second- 
magnitude Perseid 12 mg. In our case it reduces to 


0.054 X Io °'4™2 gm, 


when the material density is 5, and leads to a partial space density 


p amounting to 


p(m.)dm, = 4.9 X 107 76-°-81mz dm, gm cm™3 , 


We may estimate only the total space density associated with faint 
meteors, since the density increases without limit if we sum over 


large negative values of m.. Thus, 
p(m|m.) = 2.6 X 10725~°-8'mz gm cm73 . 


The density corresponding to particles of mass less than a gram 
(m, = — 3.2) is 4.9 X 10° gm cm~; all but 12 per cent of this is 


m z 


due to meteors | 8 
The value x = 2.08 found here leads to finite space densities ac- 


14 E.g., J. Jeans, Dynamical Theory of Gases, p. 323, 1928. 
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cording to the physical theories of Hoffmeister and of Opik, when the 
summation is extended to all possible high-magnitude numbers, 
being less than the permitted maxima, ~2.8 and ~2.5, respectively. 
But the whole idea of a simple exponential law is evidently a fiction 
induced by the small observational range. The data would satisfy 
other laws which may have more significance; for instance, by mak- 
ing the exponent quadratic rather than linear in m, we would have 
the usual Gaussian function, which would give finite mass regardless 
of the region of integration. If the two disposable parameters were 
chosen so as to make the mean fall near 16™ and the dispersion equal 
to about 4", the observations would be very satisfactorily repre- 
sented. But the law assumed in this paper cannot be rejected on the 
basis of the present observations, for, when a x?-test for goodness of 
fit'’ is applied to the data in Table 2, we find that the probability 
is o.5 that a less favorable set of frequencies will result from sam- 
pling fluctuations. 
PRINCETON UNIVERSITY OBSERVATORY 
April 7, 1940 


's Pearson, op. cit. 














PROPER MOTIONS IN THE GALACTIC CLUSTER 
MESSIER 39 


E. G. EBBIGHAUSEN 


ABSTRACT 

Proper motions are derived from Yerkes plates for an area of about 30’ diameter 
centered on the cluster M 39. The resulting motions are contained in Table 2. Plots of 
the motions are found in Figs. 1,A and B. The spectral diagram of the cluster is 
given in Fig. 2. 

This paper gives the results of the determination of proper mo- 
tions in the galactic cluster Messier 39 (NGC 7092; a = 215286, 
5 = 48°00’ ;] = 60°5,b = 2°7). For this cluster Trumpler gives a dis- 
tance of 330 parsecs, an angular diameter of 32’, and the type is 


TABLE 1 


| 


| 

| Limiting 
| Interval | 
| 
' 


Old Plate | New Plate | ge Photovisual 
} | in Years 
| | Magnitude 
: 
2056 a F603 23.0 (r.2 
“yi | F604 | 22.8 EI .2 





‘ 


designated as ‘‘ta,” indicating that the main sequence runs up to 
spectral type A but that there are no late-type giants. Assuming a 
distance of 330 parsecs, the distance modulus is 7.6. 

Previous work on this cluster has been done by Trumpler,’ who 
determined magnitudes, spectral types, and radial velocities for a 
number of stars. Quite a few of these stars have radial velocities 
clustering around —14 km/sec, which might be considered to be 
the radial velocity of the cluster. 

The material consists of two pairs of plates taken with the 40-inch 
refractor of the Yerkes Observatory. Each pair of plates has two 
images of each star. Table 1 is a list of these plates. 

The procedure adopted in this paper is the same as that used in 
the measurement and reduction of NGC 2548, except that in this 


t Pub. A.S.P., 40, 265, 1928. 
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instance the magnitude equation receives a different treatment. Of 
the total of 50 stars whose motions were measured, 34 were meas- 
ured in all four sets. The individual motions in both co-ordinates 
were freed of zero-point differences and averaged to form a mean. 
These mean motions were then plotted. Near the origin there ap- 
peared a fairly loose grouping of stars, from which 24 were selected 
as provisional cluster members. The individual motions of this 
group from each set of measures were then plotted against the photo- 
visual magnitudes. These magnitudes were rough determinations 
made with the ro-inch Bruce photographic refractor of the Yerkes 
Observatory, using a I-G plate and a yellow filter with the North 
Polar Sequence as standard. These plots of motion against magni- 
tude showed such a large scatter that it was considered impossible 
to determine the magnitude equation and that the provisional 
cluster members must contain a large percentage of field stars, there- 
by vitiating the method. It was therefore decided that the published 
motions should simply be the average of the four sets of measures 
with zero-point differences removed. 

From an intercomparison of the four sets of measures, a mean 
error of about +o0%0013 per year in either co-ordinate was derived 
for a star which had been measured on all four sets. Because of the 
difficulties described herein this value of the mean error is necessarily 
rough. Since no significant difference in weight was found between 
each of the four sets, unit weight was assumed for each. The com- 
bined measures are given in Table 2. 

The columns give, respectively: 

1. The author’s catalogue number (no previous catalogue exists). 

2 and 3. The co-ordinates on a system in which +4 and +y indi- 
cate increasing right ascension and declination, respectively. One 
unit = 2276. 

4. The photographic magnitude on Trumpler’s system. Most of 
the magnitudes were kindly supplied by Dr. Trumpler in advance of 
publication. For the remainder, interpolations were made on an 
Eastman 4o plate taken with the 24-inch reflector of the Yerkes 
Observatory. 

5. The spectral type kindly supplied by Dr. Trumpler. A dash in 
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place of the spectral type indicates that Trumpler supplied the 
magnitude but gave no spectral type. 

6 and 7. The proper motions in x and y, respectively, expressed in 
units of o’ooo1 per year. 

8. The number of times the star was measured. 

og. A measure of the probability that the star is a cluster member. 

Although the process, described above, of combining the results 
should, on the average, reduce the magnitude equation, an inde- 
terminate amount remains, and hence the separation of cluster 
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Fic. 1.—Large dots indicate stars measured four times; small dots, twice 


members from the field stars will not be as complete as it might 
otherwise be. A visual inspection of the cluster and the surrounding 
region indicates that the number of faint cluster members is very 
small. Figures 1, A and B, are proper-motion plots for two groups of 
stars, respectively—those brighter and those fainter than photo- 
visual magnitude 9.5. The 14 stars in Figure 1, A, near the origin are 
considered to be cluster stars, and the remainder to be less probable 
members. 

The number of stars brighter than 9.5 mag. and between 9.5 and 
11.0 mag., respectively, were counted in the region of the cluster and 
in a large area surrounding it. It is found that in the cluster 20 stars 
are brighter than 9.5, whereas the expected number of field stars is 
4.5+2. Hence, 16+ 2 stars must be cluster members, and 4+ 2 field 














438 E. G. EBBIGHAUSEN 


stars. Inspection of Figure 1, A, shows a concentration of 14 stars 


near the origin, and some outlying stars. One is justified, therefore, 
in identifying the former group as cluster stars, and the designation 
‘class 1” is assigned to them. The three stars just outside this group 


may, in part, be cluster members, and the designation ‘‘class 2” is 


assigned to them. The remaining 4 stars, of which one is outside 
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the diagram, are very probably field stars and are designated as 
“clase 3." 

For the stars between photovisual magnitude 9.5 and 11.0 the 
counts give 32 stars within the cluster area. However, the expected 
number of field stars is 31+ 5.5, so that from the counts alone there 
is no positive evidence of cluster members fainter than g.5. There- 
fore, Figure 1, B, must consist largely of field stars, even the inner 
region. ‘‘Class 2” is assigned to the stars of the inner region; and 
“class 3,’ to the remainder, which are very probably field stars. 
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Figure 2 is the spectrum-magnitude diagram of the cluster. The 
abscissas are given both as log 7, and spectral type. The ordinates 
are bolometric magnitudes. The temperature scale is the same as 
that used in Kuiper’s? paper. Class 1 is represented by filled circles; 
class 2 by half-filled circles; and class 3 by open circles. 

Four stars of class 1 are found in the Boss General Catalogue. 
Their weighted mean annual proper motion is 4. = —0%016+07%003 
and us = — 0-018+0%003, or 07024+0"%003 in position angle 222°. 
If all four stars are cluster members, the above value might then be 
considered as the absolute proper motion of the cluster. 


Grateful acknowledgment is made to Dr. R. J. Trumpler for mak- 
ing his data available in advance of publication. I wish to express 
my thanks to Dr. Struve for having placed the facilities of the 
Yerkes Observatory at my disposal and to thank Dr. Kuiper for the 
help that he has given me in the discussion. 

YERKES OBSERVATORY 


June 1940 


2Ap. J., 86, 176, 1937. 














NOTE ON ALGOL 


Dr. Philip Taylor, of the Flower Observatory, has very kindly 
called my attention to an error in my paper concerning Algol 
(Ap. J., 90, 479, 1939). In deriving the bolometric difference in 
magnitude between the eclipsing components from the visual ob- 
servations, I applied the color correction in the wrong sense. The 
bolometric difference should read 3™2 instead of 1™8. Since an 
assumption was made to increase this erroneous value of 1™8 to 3™3, 
it is evident that this assumption, for purposes of discussion, bal- 
anced the error. Consequently, the elements suggested on pages 
482 and 483 follow directly from the data, without the assumption. 


Joun S. HALL 
AMHERST COLLEGE OBSERVATORY 


ERRATA 
The following corrections should be made in the article by J. H. Oort, ‘Some 

Problems concerning the Structure and Dynamics of the Galactic System and 

the Elliptical Nebulae NGC 3115 and 4494,” which appeared in the April, 

1940, issue of Volume gt: 

P. 278, line 18. For distance read distant. 

P. 282, line 9. The formula should read 0 — O-s = 2By. 

P. 282, line 11. The formula should read I] = an cos nt = —2By. 

P. 282, second line from bottom. Delete the minus sign in the last term. 

P. 287, Fig. 3. The numbers giving the scale of the ordinates should be dimin- 
ished by 0.12. 

P. 290, Fig. 4. Just below the figure, for log Z’’ read log z’’. Insert: ““The 
values of the ordinates for the dashed curve (log y) are one unit smaller than 
the numbers indicated for log /.” 

P. 291, Fig. 5. For Z’’ read’. The ordinate number 10 should be lifted so as to 
correspond with the second horizontal line. 

P. 295, Fig. 7. For 2’ read 2”. 

P. 300, first line below Table 3. For 0, read @,. 

P. 302, Table 4, fourth column. For 18.6/3, 6.02/«3, and 0.56, «3 read 18.6/k, 
6.02/K, and 0.56/k. 

P. 302, Table 4, last column. For 19.6k, 23.9k, and 249.0K read 19.6/ Kk, 23.0/K, 


and 249.0/K. 
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THE DYNAMICS OF STELLAR SYSTEMS. IX-XIV* 
S. CHANDRASEKHAR 


ABSTRACT 


The kinematical characteristics which are postulated in this paper for describing 
the state of motions in a stellar system are the same as in the earlier paper (see Ab- 
stract of Parts I-VIII) except for the assumption of the steady state, which is now 
dropped. As in Parts I-VIII, the mathematical problem reduces to finding the cir- 
cumstances under which the equation of continuity regarded as a partial differential 
equation for the distribution function W in the seven variables x, y, z, U, V, W, and ¢ 
admits of a solution of the form 


VY = v(Q + olx, y, 2, é) , (i) 
where Q is a general homogeneous quadratic form in the residual velocities (U — U,), 
(V — V.), and (W — W,). In the analysis it is assumed that the coefficients of the 


velocity ellipsoid (a, b, c, f, g, and h), the motions of the local centroids (Uo, Vo, and W,), 
and the density function (¢) are all continuous functions of position and time arbitrary 
in the first instance. 

The general dynamical problem is formulated in Part IX. It is shown here that the 
mathematical problem reduces to a consideration of three groups of equations: (i) a 
set of ten simultaneous partial differential equations involving the derivatives with re- 
spect to the space co-ordinates of the coefficients of the velocity ellipsoid only; (ii) a 
set of six equations which determine the motions of the local centroids in terms of the 
time derivatives of the coefficients of the velocity ellipsoid and explicitly in their depend- 
ence on the space co-ordinates; (iii) a set of four equations which leads to six other 
integrability conditions; these six integrability conditions can be expressed as two vector 
equations (Eqs. [958] and [g60)). 

Part IX further contains the explicit solutions of the first two sets of equations in a 
Cartesian system of co-ordinates. The general solution of the sixteen equations is seen 
to involve twenty arbitrary functions of time and six constants of integration. 

In Part X the two-dimensional problem is considered in polar co-ordinates. The 
complete enumeration of stellar systems in nonsteady states which have a circularly 
symmetrical potential function Vis made. The most general form for ¥B is found to 
be given by 

gn .\ 
= —-Ss+—F (2), (ii) 
Ow ~ ?3 ? 
where ¢ is an arbitrary function of time and F an arbitrary function of the argument 
specified. When 


F (") = constant =, (iii) 


a? 


a “critical”? case arises for which the solutions for a, b, h, Uy, and V, admit of a greater 
degree of freedom than in the general case (ii). The critical case corresponds to the 
gravitational field arising from a central mass together with a uniform distribution of 


* This is a continuation of the author’s earlier paper on ‘The Dynamics of Stellar 
Systems. I-VIII” (Ap. J., 90, 1-154, 1939). In this paper (Parts IX—-XIV) the 
numbering of the sections, equations, footnotes, and figures is continued from the 
earlier paper. 
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mass. The possible evolutionary significance of this solution for our galactic system is 
further examined (§ 53). An interesting case which the analysis discloses is that in 
which the potential arises from the superposition of a quasi-elastic and an inverse-cube 
field of force. The general case of a quasi-elastic field of force is also considered. The 
explicit forms which the solutions for a, 6, h, Uo, and V, take for the various cases are 
given. 

In Part XI the enumeration of stellar systems with a spherically symmetrical po- 
tential YB is made (§ 58). The results obtained correspond to a three-dimensional gen- 
eralization of those contained in Part X. Examples of axially symmetrical systems 
are also considered. It appears that the most general form for B consistent with the 
integrability conditions is 


@® 38 
vy ’ 
D 


y ) + Bo(t), (iv) 


d Bina 
a 2 ,2 ~2 — M* 
y oer) +) +2% ( 


© |v 


where ¢ is an arbitrary function of time and B* and &, are arbitrary functions of the 
arguments specified. 

In Part XII the general theory of stellar systems for which the equipotential sur- 
faces are concentric ellipsoids is worked out under nonsteady-state conditions. The 
mathematical problem is one of discussing the six integrability conditions for the case 
when ¥ has the form 


B= dla(t)a? + a.(t)y? + a;(t)2?|, (v) 


where, as indicated, a:, a2, and a; are furfions of time only, arbitrary in the first in- 
stance. The case of spheroidal systems (a; = a.) is studied in some detail. The con- 
sideration of this case leads to the following differential equation between a; and a;: 


3)\@3 — ar|*/4 . apa Ja + 4a:—a;=0. (vi) 


The foregoing equation enables the study of the stability of the configurations (E.7’’) 
along the line 4a; = a;in the (a;, a;) plane. It is found that these configurations possess 
both stable and unstable modes of vibration (see Fig. 6). Equation (vi) enables, fur- 
ther, the study of the evolution of “infinitely jlat” systems (i.e., a:/a;— ©) and leads 
to the following law for the variation of the density of the spheroid with time: 


P= a (vii) 
o) 7, 4 8) Gs]? 





3 


The law (vii) corresponds to a relatively rapid rate of evolution of the system. Homolo- 
gous evolution (i.e., when a;/a; = constant) of spheroidal systems is also considered. 
The results obtained by these methods have a bearing on questions concerning evolu 
tion along the sequence of elliptical nebulae. Particular emphasis is placed here on the 
circumstance that “globular systems are relatively rare as compared with lenticular 
systems |E7] and that numbers increase along the sequence with increasing ellipticity” 
(Hubble). 

In Part XII the case when a;, a;, and a; are constants is also considered. In the gen 
eral case (a: ¥ a, ¥ a; and excluding certain special cases) the solution is found to 
involve twenty-one constants of integration. 

In Part XIII the general theory of stellar systems in nonsteady states and described 
by a spherical distribution of the residual velocities is considered; in other words, it is 
assumed that 


VW = Via((U — U.)?+ (V — V.)? + (W — W.)?]) + 6}, (vill) 


where a, Uo, Vo, Wo, and a are all functions of position and time, arbitrary in the first 
instance. The solution to this problem is found to hinge on a single nonhomogeneous 
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partial differential equation for B (Eq. [1596]). The general discussion of this equa- 
tion for B shows that 


a =a\(& — &)? + (n — m)?; P+ Bes § — Sof, (ix) 
where a = $2(t) and 
‘ dt 
v=thb; Yond; 2=$o3 8 os (x) 
lo $ 
further, &, mo, and ¢) are certain functions of « and 
8 = tan-? 2” (xi) 
ieee 


The (£, mo) locus can, depending on circumstances, be either (i) a point, (ii) an ellipse 
(and the degenerate cases arising from an ellipse), (iii) an Archimedean spiral (or a 
generalization of it according to equation |1732]), (iv) a straight line described uni- 
formly with respect to ¢, or, finally, (v) a hyperbola. The further discussion of the den- 
sity function (ix) leads to an interpretation of the spiral structure in nebulae (§ 75). 
The method of interpreting consists in following the trajectories of points of constant 
relative density, . These trajectories are shown to have a wide variety of forms, in- 
cluding ‘‘compact” spirals, open, well-resolved spirals, interpenetrating spirals, ellipses, 
etc. The relation between the present theory and Lindblad’s theory of spiral structure 
is also indicated. 

Part XIV deals with the problem of specifying the circumstances under which we 
can regard a stellar system as consisting of several independent subsystems, each of 
which satisfies our fundamental kinematical postulates. This part, while it is along a 
direction which is somewhat different from the rest of the paper, serves to generalize 
in a far-reaching manner the whole basis of our theory. The generalization arises from 
the fact that the distribution function has now the form 


ea DY #40: +6). (xii) 
eee 


1=I 


INTRODUCTION 


39. The general notion of “‘stellar systems with differential mo- 
$1 and 2. However, in 


setting up the fundamental differential equations of the problem 
($$ 3 and 4) it was assumed that the stellar systems considered 


tions” has been developed at length in § 


were in steady states. In this present investigation (which develops 
further the methods and ideas of Parts I-VIII) we shall be con- 
cerned mainly with the study of stellar systems in nonsteady states. 

The plan of this paper is as follows: 

In Part IX the precise mathematical formulation of the dynami- 
cal problem of stellar systems in nonsteady states is given, and a 
fundamental set of twenty simultaneous partial differential equa- 
tions is derived. The general solutions for the coefficients of the 
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velocity ellipsoid and the motions of the local centroids are obtained. 
The general solutions are shown to involve twenty arbitrary func- 
tions of time and six constants of integration. 

In Part X the two-dimensional problem under nonsteady-state 
conditions is considered. The complete enumeration of stellar sys- 
tems with circular symmetry of the gravitational potential ¥B is 
then undertaken. The mathematical analysis in this part is particu- 
larly important, as several differential equations are encountered 
here for the first time which play important roles in the subsequent 
developments of the theory. 

In Part XI examples of three-dimensional stellar systems in non- 
steady states are given. The complete enumeration of stellar systems 
in nonsteady states and with spherical symmetry of ¥B is made. 
Special cases of stellar systems having an axial symmetry and in 
nonsteady states are also treated. 

In Part XII the general theory of stellar systems for which the 
equipotential surfaces are concentric ellipsoids is worked out under 
the conditions of a nonsteady state. The evolution of spheroidal 
systems is studied in particular detail and leads to conclusions which 
appear to have significance in interpreting the sequence of elliptical 
nebulae (§ 67). 

In Part XIII the general theory of stellar systems described by 
an arbitrary spherical distribution of the residual velocities is con- 
sidered. The solution of this problem is shown to lead to a new 
theory of spiral structure in nebulae ($ 75). While the ‘‘elementary” 
parts of this new theory have a certain similarity with Lindblad’s 
theory of spiral structure, the general theory appears to go consider- 
ably beyond Lindblad’s work in interpreting open, barred, and pe- 
culiar spirals. 

Part XIV deals with the problem of specifying the circumstances 
under which we can regard a stellar system as consisting of several 
independent subsystems, each of which satisfies our fundamental 
kinematical postulates. This part is therefore in a direction which 
is somewhat different from the rest of the paper, but it serves to 
generalize in a far-reaching manner the whole basis of our theory. 

Parts XV and XVI (now under preparation) contain further de- 
velopments of the theory. 
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IX. THE GENERAL THEORY OF STELLAR SYSTEMS 
IN NONSTEADY STATES 
40. The general formulation of the dynamical problem.—As in § 2, 
we shall formulate the dynamical problem in a general orthogonal 
curvilinear system of co-ordinates (A, uw, v). Further, we shall de- 
note the components of the velocity of a star at (A, wu, v) along the 
principal directions at (A, u, v) by A, M, and N. We then have 


A = PX; M = Qh; N=R, (925) 


where P, Q, and R are certain functions of A, uw, and v, determined 
by the transformation required to change from a Cartesian system 
of co-ordinates (x, y, s) to the chosen system of co-ordinates (see 
Eq. [8]). 

The kinematical characteristics which we attribute to a “stellar 
system” as the basis for our dynamical theory can be summarized 
in the form of three fundamental postulates: 

Our first assumption is: 

I. At any given point (X, uw, v) we can define uniquely a local stand- 
ard of rest which is a continuous function of position and time. 

Let Ao, Mo, and N, denote the components of the motion of the 
local centroid at (A, u, v) along the principal directions at (A, p, v). 
According to our assumption, A,, M,, and N, are continuous func- 
tions of A, wu, and v and of the time ¢. 

The components of the residual motion of a star at (A, u, v) along 
the principal directions are clearly 


A— Ao; M —™M; N-—N.. (926) 


If we denote the distribution function by W(A, pw, v; A, M, N; 4), 
then the number of stars dM at (A, uw, v) with space co-ordinates in 
the range (A, \ + dA; wu, w + du; v, vy + dv) and the velocity co- 
ordinates in the range (A, A + dA; M, M + dM; N, N + dN) at 
time ¢ is given by 


dN = W(d, u,v; A, M, N; 4)PQRdddudvdAdMdN. (927) 
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Our second assumption is: 
Il. The distribution function V(X, uw, v; A, M, N; t) is of the gen- 
eralized Schwarzschild type, i.e., 


WA, u,v; AJM, N;3) =W(Q +0), (928) 
where Q stands for 


Q = a(A — A,)? + 6(M — M,)? + c(N — N,)? 
+ 2f(M — M.)(N — N.) + 2g(N — No)(A — Ao) ¢ = (929) 


} 
| 


+ 2h(A — A,.)(M — M,) ; } 


further, the coefficients of the velocity ellipsoid a, b, c, f, g, and h and 
the function o are all continuous functions of position d, w, and v and 
of the time, t. 

Our third assumption is: 

Ill. The motions of the individual stars are governed by a potential 
function B(dr, w, v; t) per unit mass. 

This third assumption implies that the distribution function ¥ 
satisfies the equation of continuity 


\oy Mow Now. -. 0%... w.. 
cere een oer seme abe ce woe i Be ee he eee whe - 
- +5 aR Oo Rot Ao ot aN (99° 


where the accelerations A, M, and N are to be expressed in terms 
of d\, uw, v, A, M, N, and ¢ by using the equations of motion (see 
§ 41, below). 

The dynamical problem is: Under what circumstances will the equa- 
tion of continuity (930), regarded as a partial differential equation 
for V, admit of a solution of the form (928)? 

41. The equations of the problem.—In order to set up the funda- 
mental differential equations of the problem, we should first express 
the accelerations A, M, and N occurring in the equation of con- 
tinuity (930) in terms of the space and the velocity co-ordinates and 
the time, ¢. This can be done by using the equations of motion in 
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), and (29). We obtain in 
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This is the partial differential equation for ¥ which we shall have 


For a stellar system having the kinematical characteristics we 
have assumed (§ 4o) that the distribution function V must have the 


(928). Substituting this form for V 
throughout by dW/d(Q + a), we obtain (cf. 


in (931) and dividing 


Eq. [41]) 
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Og oh OA, OA, _ OA; dQ. 
AM — — 2A — — 2M— —- 2N— 
+h oY eg ee ‘KR Ere 
*) a) af 
+o “ike + a= tM x, + Ne = + MN 
Q? Ou 
a) hs a DA, _ OA ) 
+ a 84 eS + aS ee oe 
Ou : = Ou Ou Ou 
N| 0 4) af 
detom 4 S24 ye +s << + MN 
R| ov Ov 
dg OT AA, 0A, _ OA ts] 
+ 2NA — + 2AM ah eh ye. a 
Ov Ov Ov Ov Ov Op 
1[M? 002. N? dR? AM oP? AN OP? AY 
4 patie in al Se 2 A+ IM +gN—A 
TPO On TR ON PO On PR ov 4 scald 
1] N? OR? | A? OP? MN OQ? MA 00? ay 
- ae a i ns et 
TOR du | P* On OR ov OP On Ou. AA > BE fh — ag 
r{ A? oP? M? a? NA 0R? NM OR? Ay 
bs ce ae Si 
TR P? dv Q? Ov RP OX RO Op * ov j ee te i 
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> (931) 





+ (932) 
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where A,, A,, and A, are defined by 
ah g Ao AY 
h b i )(ae )=() (933) 
ss €j No A; , 


OQ. = aA2 + OM? + cN2 + 2fMoNo + 2gNoAc + 24A0M.. (934) 


and 


Equation (932) (which contains one hundred and four terms) is 
seen to be a polynomial of third degree in A, M, and N. Hence, the 
coefficients of the different power combinations of A, M, and N 
must vanish separately. Thus, equating the coefficients of A’, M3, 
N3, A?M, A?N, M?A, M?N, N?A, N?M, AMN, A?, M?, N?, AM, MN, 
NA, A, M, N, and the constant terms, we obtain, respectively, 
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2 Og I 0a SS tl So he we, ag 





I 
PatRo “RP a + OP du PR On 



































20h , 1 0b , 1 00? g 00? h oP - 
i fn OO Ne i a NS, ah Fi ee a ee a ay \ (8 
0 aut Pan (6 — 4) 56: ay + RO! ay OP an ~ °? (vi) | (Is) 
2 af 1d _ 4 1 a, g A _ _f aR _ il 
0 aut R av aii. RO av | PO? Od OR dn °? vi) 
20g , 1 0 1 OR? (a ss. iia 
RavtPan ~~ PR on T OR Qu RP? av ~°? aed 
207 , 1: : 1 OR h OR f 9 _ — 
R av * QO Ou — 6) QR? Ou PR? Ox RQ? dv = (ix) 
g oP? h oP, h a, f a, f aR t af 
OP? du = RP? dv RQ? ov PQ? dX — PR Or (x) | 
2. (22 Le oo.) ee 
OR? dun “\POX'Qou' Rov) | 
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(i) 


(ii) 


(iii) 


(iv) 


(ii) 
(iii) 


(iv) 











(IIs) 


(IIIs) 


In equations (IIIs) we have introduced the quantity x defined by 


—-x=Q+oc. 


(935) 


We now see that the twenty partial differential equations which 
result break up into three distinct sets of equations. The first group 
of ten equations involves only the coefficients of the velocity ellip- 


soid. Further, these equations do not involve any differentiations 
with respect to time and are, in fact, identical with those found in 
our analysis of the steady-state problem (cf. Eqs. I, Part I). Con- 
sequently, the first group of ten equations will be sufficient to deter- 


mine the dependence of the coefficients of the velocity ellipsoid on 
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the space co-ordinates only and will leave their dependence on time 
unspecified. 

The second group of six equations involves the A’s and the time 
derivatives of the coefficients of the velocity ellipsoid. These equa- 
tions, as we shall see, are sufficient to determine the dependence of 
the A’s on the space co-ordinates. Further, the equations (IIs) are 
found to restrict the dependence of the coefficients of the velocity 
ellipsoid on time. Thus, if, in particular, we consider stellar systems 
without differential motions (i.e., Aj = M, = No = 0), then the A’s 
all vanish identically, and the equations (IIs) now imply that the 
coefficients of the velocity ellipsoid do not depend upon the time. 

The last group of four equations (IIIs) are of a nature different 
from the rest and lead to six other integrability conditions (see 
Eqs. [958] and [960], below). 

The equations (IIIs) enable us to derive an interesting relation: 
Multiply the equations (i), (ii), and (ili) by A,, M,, and N,, respec- 
tively, and add. Using the relations defined by (933), we thus ob- 


tain 

A, 0% A, 08 A, 0% OA, OA, . OA, 

~~ a +t>5-4+5—+A—+M——+N 

P On O Ou R_ ov Ot Ot al 
> (930) 

: (3 ox + Mo ox + Ni ox = 
2\F Gh ' OC dh” 2 Or 

Using equation (iv) of (IIIs), we now obtain 

Ox, Mo Ax, Mo Ax | No Ax 

ot P On O Op ' R av 
(937) 


JA, IA, A, 
+ 2 (4, i pe ot) oie: 


Ol ot ol 


42. The equations for the two-dimensional problem.—The funda- 
mental differential equations for the two-dimensional case can be 
obtained from (Is), (IIs), and (IIIs) by setting c = f = g = o and 


8 It is thus apparent that the consideration of nonsteady states is nontrivial only 


for the case of stellar systems with differential motions. 
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further ignoring all the terms involving differentiations with re- 








\ ; 
spect to v. We have 

I Oa & oF : 

Pd.’ OP? oy ty) 

a db : h ay? am (ii) 

QO dn PQ dar ita. " (1,) 
2 0h 1 0a ( b) 1 OP h 0? o, Gf , 

. <P ie. Ap 

Padn' Qa  “ ~ OP* on PQ? ar cs 

20h , 1 Ob 1 dQ? h oP ’ 
| O an Pan ilies. PO: ON OP? op? (iv) 


2 Bie. Be op? _ 9a (i) 
P Or OP? Op a ' 
2 0A, A, 0Q0? _ Ob 
O Ou PQ? Orn oat’ 
2 0A, 2 OA, A, dF? fae dV? = oh 


(ii) > (1s) 








ete oe see ses —— = 2-— (iii) 
P Or QO Ou OP? Op PQ? On , 
| 
and 
adB , hodB, da, I Ox sod 
“ en a et A one eee ABET 
P Or O Op ot 2P Or | 
haW. 608. aa, 1 dx -, 
: wale ee SR ee eR (11I,) 
ria. Cae at 20 Ou | 
A, OB , A; dB 1 Ox aid 
= = — = +- —., (iii) | 
P @axr QO op 2 dl | 


In the above equations A,, A,, and x have the following meanings: 


A, = aA. +hM.; 4: =A. + 5M, (938) 





and 
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where 


Qo = aAZ+ 2hA.M. + 6M2. (940) 


43. The fundamental equations in Cartesian co-ordinates.—For the 
fundamental frame of reference we shall choose a Cartesian system 
of co-ordinates (%, y, z). For such a system P = Q = R = 1, and 
the differential equations (Is), (IIs), and (IIIs) now become 





so =o, (i) ; yo (ii) ; =o, (iii) | 

2 5+ = =o, (vi); 2 nt 2° =o, (vii) (Tro) 

2 oo x =o, (viii) ; 2 f a =o, (ix) | 

a 100 Gy, Oy I _ dk Gy 

Ox 2 Ot Ox Oy ot 

= =< >, (ii) ; 4 “ - a (v)} (Iw) 

and 
(i ; j) aad 8+ = — grad x, | 
es ” (11 Tyo) 
A - grad B= 2 OX | 


In equation (III,,), 4 represents the vector (A,, A,, A,). 



































THE DYNAMICS OF STELLAR SYSTEMS 453 


44. The solution for the coefficients of the velocity ellipsoid.—Since 
the equations (I,,) are identical with those for the steady-state prob- 
lem (cf. Eq. [I,], Part I1]), we can at once write down the depend- 
ence of the coefficients of the velocity ellipsoid on the space co-ordi- 
nates (x, y, 3). We have (cf. Eqs. [183]-[185] and [191]-[193]) 


a= —2(ho + hnz)y — Nyy? — (do + 28302 + £402) , 
b = —2(fro + farx)2 — fot? — (Do + 2hyox + hyx?) , 
C = —2(820 + Bary)X — ByoX? — (Co + 2fwoy + fry’) ; 
f = ro t+ faux — hax?) + (foo + faux)y + (fso + garx)2 + fy , 
& = (S10 + guy — fay?) + (B20 + Bary) 2 + (850 + ary) x + Byo2% , 


hh = (Mo + bir — B22?) + (ho + htnz)x + (hyo + farz)y + hy xy. 


(941) 





In the foregoing expressions for a, b, c, f, g, and # the quantities 
Gas Bus Gos Fxey Stes Mieiy Jn Kans Mier I anr Bins Mis Tee ows Med ee 
should all be regarded (at this stage) as arbitrary functions of time. 
Of the remaining three quantities, fi:, gi, and /,,, two of them are 
again to be regarded as arbitrary functions of time, while the third 
has to be found from the relation (cf. Eq. [186]) 


fu + £u + hu = 0. (942) 


45. The solution for the motions of the local centroids~—We shall 
now consider the six equations (II,,). From these equations and the 
nature of the dependence of the coefficients of the velocity ellipsoid 
on x, y, and s (see Eq. [167]) we readily obtain 





O7A, OBA, O3A, 
rare \ =e GR = =O; ee SS Oh 
Ox? dys 023 | 
7A; OA, OA, 
=e; = Os ——— = 6 
ay? az3 x3 ’ (943) 
07a; A O3A, . O3A, i } 


a ie) , bz = 0 , arene 
02? 0x3 dys 
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In other words, 
A, is linear in x and quadratic in y and z, 


A, is linear in y and quadratic in 3 and x , (944) 


A, is linear in s and quadratic in x and y. | 


On the other hand, since a, b, and ¢ are independent of #, y, and sz, 
respectively, we readily infer from equations (i), (ii), and (iii) that 


I 0a ° . | 

A, = -=— «+ function (y, s, ¢), | 

2 at ot 

1 0b . , | 
lel des function ( 3,2, ¢) , > (945) 

I 0c 2 : | 

A, = —-~ s+ function (x, y, f) . | 

- 2 ot ° | 


Combining the relations (944) and (945), we can write 





I 0a 
oa — * +> G22?" + QV" + Q12V2" + QV" + Go22? 
+ anyz + By + 2 + 4,, 
A: =- = + B222°X? + Buse + Brtx? + Brod? + Bor? 
2 aa y 220 xX 23 120" 202 Doe } (940) 
+ Busx + Biz + 73% + 46., | 
1 0¢ f 2 : | 
-. Ieee a 2 + Y22%?9? + Yat?y + YnxY? + Y20X? + Yo29” 
+ yuxy + Bx + ny + 4;, | 
where a,, @2:,.-..--, 6; are all functions of time and arbitrary in 


the first instance. Substituting for A,, A,, and A, according to (946) 
in equations (iv), (v), and (vi), we obtain, respectively, 

















a 


Bu + rn = 
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. (io + Aux + Ito + hyoy — S212? + haze + fusy + hpxy) 
= 2B2227X + 202292" + (B.x + a2) 3" + 2Bi122X + 2Q21V2 + (an +£B:1)2 
4) 
+ 2Box + 2a0y + (B; + 43) — _ (zo + Iyox + far2) 


~~ & 2 (ho + hy + haz) , 
ol 
= (fio + faux + fay + fio — harx? + faxy + gax2 + foy2) 


2220" + 2B222X? + (Yor + Br2) x? + 2Y2XY + 2B212X + (Bs: + V11)% 
+ 2Yo02¥ + 2B + (B, + 1) ere - 


ar 
io + Susy + gat) 


ad... 
page at (20 + f2 + frX) ) 


— (gio + guy + B22 + 850% — fay? + guys + hye + gyo2x) 
= 2a2V3 + 2y¥ty? + (aa + Yn) ¥? + 2anys + 2yaxy + (¥u + an)y 
0 
+ 2452.2 + 2Y20* + (B. + Y2) =e at (250 + 2402 + hy) 


0 
(£20 + L4oX + £21) * 


Equating the coefficients of the different combinations of the powers 
of «, y, and s in the foregoing equations, we find 


Q2. = Ba = Yn = 0,7 | 




















a | 
#2 # =0,| 
ae dhyo ‘ Boo = dfs : ab 830 
womaat’ i. eT SS ee | 
ao AZ 5 . te dh ' : [a Af x | 
ee Pat Ye a 
dg. : = dg. : ac dfx 
Ba + n= = dl ) aia = dt ; Q21 = di 9 
diay | ae _ dgx 
Va1 + Bre = — - Br = di’ Bu — di.’ 
dfs ' .* df : A dh» 
Qar + is = dt } i di’ ‘Sa = di’ 
df ’ a dg . oa dh: 
di’ Yu + an = di’ Qi + Bu i dl ? (948,) 





(948:) 


(948;) 


(947) 
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and 


Mu 


d os gro dhyp 
dt ’ 


fit 95 Ry t 1 (949) 





b+: = 


From equations (948,) it readily follows that 
Q12 = Q21 = Biz = Bx = Yr = Ya = OO (950) 


and that 


Ofry _ G8 _ dhy _ - 
7 a a (951) 





Adding the three equations (948,) and using (942), we find 
Qn + Bit yu =O. (952) 
We can therefore re-write the equations (948,) in the forms 


df: : a dg 2 — _ hy zo! 
—s = > ia | (h958) 


gail dt 


Finally, substituting for a.o, 82, Y20, G02, Boz, Yor: Qu, Bu, and x1 
according to the equations (948.) and (g52’) in our expressions for 
the A’s (Eq. [946]) and after some minor rearranging of the terms, 
we obtain 


= of ye — 2) - ( . Wx0 _ , Ar 
ne (> dt dt ) ‘ @ dt ~ dt 


df 1 day i 
— ys — a+ By + 2% + 4: , | 





en ae 


ee Uso Uao\ _ (y Se - _ ltr 
ites ‘gt _ \Y Gt 7 dt | 
1b, F 
nes, 


— xf 0 _ , 48x) _ (Yo _ . Yn | 
a, = x(3 dt oF (= 4 Yat | 


| 
| 


| 

| 

| 
N le 


1c, ‘ 
ae + Bax + ny + 85. 
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We have further shown that 
far, Bary Mar, f 40) B40) Ago are all constants . (954) 


We thus see that the solution for the coefficients of the velocity el- 
lipsoid involve only fourteen arbitrary functions of time.?? In addi- 
tion to these fourteen functions the solution for the A’s introduces 
six further arbitrary functions of time.’° 

46. The integrability relations—We have now solved the sixteen 
differential equations ({I,,] and [II,.]) for the coefficients of the veloc- 
ity ellipsoid and the motions of the local centroids. These solutions 
are seen to involve twenty arbitrary functions of time and six con- 
stants of integration. But it should not be concluded that the solu- 
tion for the physical problem involves this degree of arbitrariness. 
Indeed, the further discussion of the relations (III,.) will impose re- 
strictions of a very far reaching character on the possible solutions. 
The mathematical problem which is presented can be formulated 
as follows: 

It is convenient to introduce a symbol for the matrix associated 
with our fundamental quadratic form. Let 


ah g* 
a-(4 07). (955) 
g fc; 


The equations (III,,) can be written in the forms 


OA 


A grad B+ OL = —}3 grad x (956) 
and 
0 
A- grad B = += a : (957) 


29 These are do, bo, Co, fro, S10, Hxo, fr, S20, 20, f 30) 830, 430, and any two of the three 
quantities fi, g:r, and /y:. It should be pointed out in this connection that we have not 
so far considered the restrictions which the integrability conditions resulting from 
(III,.) will impose on these quantities (see § 46). 

3° These can be taken to be 8;, 82, 83, 51, 6., and 6;. The functions 7;, y2, and y; are 
related to B:, B2, B3, fro, 810, ANd /tyo according to the relations (949). 
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where A stands for the vector (6,, 6., 6;). Taking the curl of both 
the sides of equation (956), we obtain 


curl (A grad ¥) + 5 (curl A) =o. (958) 


The vector equation (958) represents three simultaneous partial 
differential equations of the second order for &. 

Again, taking the gradient of both the sides of equation (957), 
we have 


4 
grad (A - grad B) = * 5) Brad ws (959) 


or, using equation (956), we obtain 


grad (A+ grad B) + = (A grad B) + = =O0. (960) 
The vector equation (960) again represents three further simul- 
taneous partial differential equations of the second order for &. 
Now, we know the elements of the matrix A and the components 
of the vector 4, apart from some arbitrary functions of time and 
some constants of integration. Consequently, in the six simultane- 
ous partial differential equations of the second order in & which 
the vector equations (958) and (960) represent, the coefficients of 
the various derivatives of 8 are of known forms. It is theretore clear 
that there should be restrictions on these coefficients of the various 
derivatives of ¥ in the six equations, in order that all these partial 
differential equations may admit of a common solution B. If we 
could enumerate all the different circumstances under which the six 
differential equations (958) and (960) will admit of a common solu- 
tion, we would then have solved our dynamical problem completely. 
Actually, it has not been found possible to make any progress toward 
the solution of the problem in its most general form. However, a 
number of special solutions have been found which seem to have a 
definite interest. Parts X-XIII are devoted to the consideration of 
these special cases which seem to arise more or less naturally. It is 
thought possible that this discussion of special cases may give an 
insight into the general structure of the equations (958) and (g60). 
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47. The solution for the coefficients of the velocity ellipse and the 
motions of the local centroids for the two-dimensional problem.—We 
shall conclude our discussion of the general theory by writing down 
the solution for a, b, h, A,, and A, appropriate for the discussion of 
the two-dimensional problem. These can be obtained quite readily 
from equations (941), (953), and (954) by setting all the coefficients 
which occur in the expressions for c, f, g, and A, equal to zero. 
We find 
a= —a — 2hy — hy’, 
b = —b — 2h;x — hx’, (961) 
h=h+hxt+ hy + hwy, 

where 


h, = constant (962) 


and where do, bo, /:, 2, and h; are arbitrary functions of time. 
Further, 


_ dh, __ dh, I ddy | 
A, = 9 a. tle y+ By +b, 


dt dt (963) 
993 
= af y dis — yp Ms) ddy 
aa (y . z) sar eee 
where 6, and 6, are arbitrary functions of time and 
dh, 
ae ey (964) 


thus, only one of the two quantities 8, and y,; can be an arbitrary 
function of time. 


X. THE TWO-DIMENSIONAL PROBLEM; STELLAR SYSTEMS 
WITH CIRCULAR SYMMETRY AND IN 
NONSTEADY STATES 
48. The solutions for a, b, h, A;, and A, in polar co-ordinates.— 
In § 47 we have already given the solutions for the coefficients of 
the velocity ellipse and for the motions of the local centroids in Car- 
tesian co-ordinates. However, since the discussion of stellar systems 
with circular symmetry is most conveniently carried out in polar 
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co-ordinates, we shall first obtain the solutions for a, b, h, A,, and 
A, in these co-ordinates. 

As we have seen (§ 41), the solutions for the coefficients of the 
velocity ellipsoid (or ellipse, in the two-dimensional case) take the 
same forms both in the steady-state and in the nonsteady-state 
cases. We can therefore write down the solutions appropriate for the 
present case from the solutions obtained for the general three-di- 
mensional problem in cylindrical co-ordinates (Part VII, § 29). We 


have (cf. Eqs. [711]) 


a=a,+A, sin 20 — he cos 20, 
b = a, — h; sin 20+ he cos 26 — 2(h; sin 6 — h, cos 6)a + b2ow?, ) (965) 


h = h; cos 20 + he sin 20 + (h; cos 6+ Ay sin Oo, 


where 41, b.o, 43, Ay, As, and he are to be regarded (for the present) 


as arbitrary functions of time. Let 


h, = h, cos 0+ h, sin 4 ; h, = h; cos 20+ he sin 20. (966) 


In terms of /, and h, we can re-write our solution (965) as 


adie 
Pe ae | 

_ 1 Oh, Oh, - ~~ (967) 
b — ay ae a 2 a6” + byw ’ 
h=horth,. 


We shall next proceed to obtain the solutions for A, and A,. The 
differential equations determining these are (cf. Eqs. [II,]) 


OA, I 0a i 

— =—-—, (i) | 

Ow 2 Ot 

aA, & ab oe 

"are. aad aie 
— Me | 

ye hee. te 
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Since a is independent of @, equation (i) can be integrated to give 


@ Oa 


where 6, is independent of w. Differentiating equation (iii) partially 
with respect to 0, we obtain 


_ 0A, , A, 9A, ah lone 
” 3000 08 00 100” 9°9 





II 
£1 


On the other hand, from equations (i) and (ii) we readily obtain 


vA, 19 _ - 0b 
a (3 at+@ a) (970) 





a oe a Se oe (971) 


ag + HOS, 





05, a (as 10a © 25) 


Using the expressions for a, b, and h/ as given by equations (965), 
we find that the foregoing equation can be reduced to 


0 6, db. 





3g? +6, = dake (972) 
Since, however, 6; is independent of @, we see that 
b,. = constant. (973) 
From equation (972) we now obtain 
6, = B,(t) cos 0+ £B,(t) sin 6, (974) 


where, as the notation implies, 8, and 8, are functions of time only. 
Combining the relations (968) and (974), we have 


nv | E& 


A, = 8, cos 0+ B, sin 6+ F (hs sin 20 — he cos 20+ a) . (975) 
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Substituting the foregoing expression for A, in equation (ii), we find 
(remembering that 6, is a constant) 


0A, oO : 
—o —B, cos 6 — B, sin 6 — ary (h; sin 8 — h, cos 6) 
> (976) 
— aor ry (h; sin 20 — he cos 28) , 
or, after integration, 
A, = —8, sin 86+ B, cos 0+ oS (h, cos 0+ h, sin @) 
4 (977) 
= a (h, cos 20 + he sin 20) + 6,(a, 


Finally, substituting in (ii) for A, and A, according to equations 
(975) and (977), we obtain 


or 
6, = p(t)a, (979) 


where is again a function of time only. The solutions for A, and 
A, now become 


A, = B, cos 6+ £6, sin 6+ 


rdilagt 


0 
> | (h; sin 20 — he cos 26+ a,), 
» (980) 
Oh, . w Oh; 


A, = —6, sin 8+ 8B, cos0+ @ a Tae, 


where i, and h, are defined according to equation (966). 

49. The integrability relations for a two-dimensional stellar system 
having circular symmetry.—In § 48 we have obtained the solutions 
for a, b, h, A,, and A,, and we have now to discuss the further re- 
strictions imposed on these solutions by the compatibility relations 
(III,). These relations in polar co-ordinates are 





dB h dB 0A, a I Ox 
‘i am’ a) lUee 
0B  bdaB., aa, I Ox 
i «a 
» on” & 20 00" (Mn) 
0B A, aB Ox 


I 
ok a se ae 


























THE DYNAMICS OF STELLAR SYSTEMS 463 


The general discussion of the foregoing relations (III,,) will not be 
attempted in this paper. However, there is one important special 
case for which the integrability conditions, which the equations 
(III,,) give rise to, can be handled without much difficulty. This is 
the case when the potential function ¥ is characterized by circular 
symmetry, 1.e., 


Y= BO, d). (981) 


Apart from its obvious physical importance, the mathematical in- 
terest in this case arises chiefly from the circumstance that under 
steady-state conditions the circular symmetry for 8 can be proved 
($8). It is therefore natural that we should begin our analysis of 
nonsteady states by inquiring into the freedom which is gained by 
making & a function of time as well but retaining its circularly sym- 
metrical character. 

Assuming, then, that 8 has circular symmetry (Eq. [981]), the 
compatibility relations (III,,) take the simpler forms 











ay OA, I 0x 
i= —e SR oe ee 

” Oa ot 2 dw’ 
_ 08 = && I 0x 
ha — =—--— 

ot adel 200° | (982) 

ay I Ox 

A <== = - « 

' 00 + 20t | 


Equations (982) give rise to the following integrability conditions: 


da 0S . WA, Os dA, : 
a = h-—-+— = 
00 da 0tod : Ow + at +e 0a 


a (/. OB). a/ aB\, ad, _ 
Ba (a as) tar" =) t - (984) 








ts) 0B. 0A, 








and 





II 





, age , age , 
rf) (s | ae @ (1 =) 46 07A, ie (98s) 
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In the general discussion of the foregoing equations we shall ex- 
plicitly exclude the case 
5) 
a= = Cia, (086) 
where C is a function of time only. The relation (g86) corresponds 
to the case of a quasi-elastic field of force. It is found that this case 
allows a much greater freedom than when (986) is not satisfied. 
We shall therefore reserve this case of a quasi-elastic field of force 
for a separate treatment (§ 57); in the meantime we shall assume that 
(986) is not satisfied. 
50. The discussion of equation (983).—Ilf we substitute for a, b, 
and / according to (967) in equation (983), we readily obtain 








(hw + h.)o = + (2h — h,) 
Ow? Ow 87) 
» (997 
0 - 9A, OA,\ _ 
+ (4 +835 ay) gi 


Again, substituting for A, and A, from (980) in the foregoing equa- 
tion, we find 
D243 , OB Hh, dp _ 


(ho + h.)o — + (2h — hz) — + 30? —— + w =o. (0988) 
Ow? Ow Ot? dt 


Dividing the foregoing equation throughout by (/,@ + h,) and dif- 
ferentiating the resulting equation partially with respect to 0, we 
obtain, after some minor transformations, 

, , dB - , ,- ‘NN, V- 
3(hth, — hh) — + 3 (he + h.)ht — (ha + h)hi Jo , 

Ow » (98g) 
— 2(hjw + h})p =o, 

where we have used dots and primes to denote differentiations with 
respect to ¢ and 9, respectively. 

We shall first show that f is a constant. Let us suppose that this 
is not the case. It is, first of all, seen that if p # o, then either /, or 
h, = o. For, if not, we can divide equation (989) throughout by 
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(hth, — h,h’) and differentiate with respect to 6; we obtain in this 
manner 





- 8 { (na + ha)hy — (yo + hi)h, | 
3° 36 | hth, — h,h’, } 


| 
_,2{ wet \y_ (990) 
80 | hih, — bhi | ? = °- 


Since 4, and h, are two functions independent of #, we can equate 


the coefficients of the different powers of @ in the foregoing equation 
separately to zero. Thus the terms in (ggo), independent of @, give 


~¢ h’, 33-95 ( 
06 \iih, — hn) ? ~ °° 991) 


or, since p # o by hypothesis, we should have 


af mi ad 

a0\hth, — hh) °° sia 
or, performing the required differentiation, we find 

hhh, — 4hi{h,) =o. (993) 
Equation (993) implies that either /, or #, must vanish. We have 
thus shown that if p # 0, h, or h, equals zero. In either of these 


two cases equation (98g) reduces to 


31(hi@ + h.)ht — (hia + h)hilo — 2(hia + hi)p =0. (994) 


If h, = 0, equation (994) implies that /)p = 0, or h, = 0, since by 
hypothesis p # o. But from (988) it follows that h, = h, = 0 im- 
plies that p = 0, which contradicts our hypothesis. Similarly, h, = 
o is also seen to lead to the same contradiction. We have thus shown 


that 


p = constant . (995) 
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Returning to equation (989), we now have 
As - ~ bal i 
(hth, — hh’) = + [(hia@ + h.)hi — (hia + hi)hi ja = 0. (996) 
OW 


Since B is assumed to be independent of 6, the foregoing equation 
implies that 





0 { (ho + h,)hi — (Ma + h)hy , 
— _ — >=0. 007 
06 hth, — hyh; 97) 
Performing the required differentiation in (997), and after some 
further reductions, we find that 


(ho + h.)(h, hi, — hyhi) =o. (998) 
Hence, 
h,hi — h,hi =o (h, #0), (Q99) 
or 
0 (=: i ( 
96 \i,) > ©. 1000) 


Thus, h,/h, is shown to be independent of 0. 
Returning to equation (988), we have (since p = 0) 


: _ 079 : ays 
(hw + h.)o a3 + (2hw — h.) 


— + 36%, = 0. (1001) 
Ow? OW 


Dividing the foregoing equation throughout by /, and differentiat- 
ing with respect to 0, we have (on using Eq. [1000}) 


_ 0 (hy && 0 (72) ay . 
© OF cet eee or Beas, 1002 
~ 00 h,} 0a? 06 \h,] 0a ) 


Hence, if #, 4 0, equation (1002) implies that 
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or 
AB eal 
— = C(t)o, (1004) 
Ow 
a case which we have explicitly excluded. Hence, h, = o. 
Collecting the results obtained so far, we have 


p = constant ; h=0, 
h, (1005) 


i, = function of time only. | 
1; x | 


Hence, if h, # 0, we can re-write equation (1001) as 


_ PB AB h, 
« 40} = . 


@? —— + 2 — + 37(—) =o. (1006) 
Ow? Ow hy, 
Equation (1006) is easily integrated. We find 


a ‘ 
. (72) @ + a ; (1007) 


Oa h, w? 


where D(¢) is an arbitrary function of time. 

We have thus shown that equation (983) requires B to be of a 
rather special kind. This restriction on ¥B (required by equation 
[1007]) can, however, be avoided by setting 4, = o. We shall later 
return to this question. 

51. The discussion of equations (g84) and (g85).—The discussion 
in the preceding section has shown that /, = o. Hence, our solu- 
tions for a, b, h, A,, and A, (Eqs. [965] and [g80]) simplify to 


a= a;, 
b = a, — 2(h, sin 6 — h, cos 0)a + byw , (1008) 
h=(h, cos9+h,sin 0)@ = he, 


and 
. » dd, 
A, = B, cos 6+ 8B, sin oo = ’ 
2 ¢ 
; (1009) 
; __ dh; : 
A, = — B, sin 8+ 8B, cos 6 + @ = + po, | 


where b.. and /p are constants. 
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Substituting for a and A, from the foregoing equations in (984), 
we find after some reductions that 





a7y 3 da, OB PY 07a, 
+2 — = +4 = =o. 
Qa? +2 dt do | "daa oF (1010) 


Differentiating equation (1010) with respect to 6, we obtain 


OA, 2?Y OBA, 


oa wee” 





(1011) 


or, using the expression for A, given by (1009), we have 


: AB 0? a ; 
(— £6, sin 6+ 8B, cos @) = = - (— 6B, sin 6+ 8B, cos @) . (1012) 


aa? sO 





If 8, and B, do not vanish identically, equation (1012) will lead to 
a relation of the form 


24 
07x 


J 
—- = Ci), (1013) 


OW 


where C(t) is some function of time; but (1013) is the case we have 
explicitly excluded. Hence, 


8B, = B.=0. (1014) 


Hence, 


@ dad; : eo. Oh, ‘i 
ae a ee (ro15) 


Equation (1010) now takes the form 


@ da, 0?B Py 3da,08 , w da, — 
mare PSAs SE ¢ ora rae Mit abr eg idee: ie = 
2 dt 0a? " A@dt 2 dt do 2 dts 


We have encountered here for the first time a differential equation 
which is later seen to play a very fundamental role in the whole 
theory. 

Postponing the discussion of the differential equation (1016) to 
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§§ 52 and 54, we shall now pass on to a consideration of the equa- 
tion (985). 

We have shown that A, is independent of 6, and, since & is also 
assumed to be independent of 6, equation (985) now reduces to 


d/, 9B , dd, | 
a (s+) =0,; (1017) 


or, substituting for # and A, according to equations (1008) and 
(1015), we have 


0 Oy as 
a (1 aa + ah,) at is (1018) 


Equation (1018) is equivalent to 


Oy 


h, + oh, = y(e, 9), (1019) 


da 


where y is independent of ¢. Equation (1019) can be written alter- 
natively as 


ay h, V(a, 6) 
-~= —(—Jo+——. (1020 
Ow (73 or h, ) 
Comparing the two equations (1007) and (1020), we see that the 


compatibility of these two equations requires 


Yo, 0) D(t) 


ee ——, (1021) 
h, w? 
Hence, 
; a 
ks (ay) = po (4,D) =o, (1022) 
Ow Ow 
or 
ay = (8), (1023) 


where y, is a function of @ only. Equation (1021) now reduces to 


y.(0) = {h,(t) cos 0+ h,(t) sin 0} D(t) , (1024) 
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where we have substituted explicitly for /,. From the foregoing equa- 
tion we obtain 

(h,D) + sin 0 ; (h,D) : (4) ( 

sin 0 = —y(0) =o. 25 

it "3 wah Taw i . 1025) 


d 
cos 8 — 
r 


From equation (1025) we readily conclude that 


h,D = constant ; h,D = constant , 


(1026) 


1; 
— = constant. 
h, 


Equations (1026) enable us to express /;, /,, and D in terms of a 
single arbitrary function of time. We can thus write 


h; = Nyo ; h, = hod, (1027) 
and 
p= . (1028) 
o 


where /t3o, Ayo, and go are constants and ¢ is an arbitrary function of 
time. Equations (1024) and (1021) now become 


Wo(A) = go(Azo cos 8 + hy sin 6) (1029) 
and 
HG, 8) _ DW _ ge — 
h, w? d w? 


Furthermore, we note that under our present circumstances equation 
(1000) is identically satisfied; in fact, we have 


h, © ; 
os eee (1030 ) 

h, 
Finally, equations (1007) and (1020) are now seen to be equiva- 
lent, and we have 


(1031) 
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The restriction on the form of 8 which (1031) implies can be avoided 
if we set 4, = 0%, in which case the equations (983) and (985) will 
be satisfied identically and the es conditions reduce to the 
single differential equation (1016) (cf. § 54). We shall now proceed 
to the discussion of this equation. 

52. The discussion of the equation (1016): A special case-—We 
shall begin our discussion of this important equation by consider- 
ing its implications for the special case which arises when h, # o. 
For, as we have shown in §§ 50 and 51, if h, # 0, then the force 
function is required to be of the form 





AY eats Dit 
: ‘a C ae 
w 


das (1032) 





where C and D were further specified in terms of a single arbitrary 
function of time (cf. Eq. [1031]). We shall therefore begin our study 
of the differential equation (1016) when the force function has the 


form (1032). 
Substituting, then, (1032) in (1016), we find after some minor 


reductions that 


& day ¢. x a, 4 e+ da, ar 54+ ES da; wand ‘Ga 2 =o, (t0ag) 





dt 


Since a,, C, and D are all functions of time only, the foregoing equa- 
tion is equivalent to the two equations 


I da, d — 


— pf) I _ 
ee en 
and 
2 AC 4+ -_—— ++ oe =O. (1035) 
2 al 


‘' In addition, of course, to the further conditions (4; = 46 = B: = B2 = 0), which 
we have already shown to be necessary. 
‘? We shall not, however, require for the present, that C and D have the restricted 


forms found for them in § 51. 
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Equation (1034) admits of immediate integration. We have 


a,D? = constant. 


Equation (1035) is again an important differential equation; as 


(1036) 


we shall see, this equation repeatedly occurs in the further develop- 
ments of the theory. This equation admits of a first integral: 


Multiplying equation (1035) throughout by a,, we have 


d 


é a 1 
dt (a?C) + 3 ay 


da, 2 
dts 


It is, however, readily verified that 


da df da (dar)? 
“''ds  dt|"* dP 2\dt/] }~ 


Hence, combining equations (1037) and (1038), we have 


d — a, da, 1 (da,\?° 
—"¢ 46 ee ere) fee et - = 5] 
ao oS a (5 ) ‘io 


or 


C Oe; 1/4) \ 
aiC + { dy de? (ey =a, 


N |e 


where g is a constant of integration. This is the required first inte- 


gral. We can express it more conveniently as follows: 
It is easily seen that 


df 1 da\_, tal) day Gal 
dt\V/q, dl = ae "iP 2\ dt 


Equations (1040) and (1041) can be combined to give 


? 
2 
~~ 
- 

| 
N le 


ait + ai? — Va=4q, 
€ 


or, alternatively, 





(1037) 


(1038) 


(1039) 


(1040) 


(1041) 


(1042) 
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Let 
a, = ¢. (1044)33 


In terms of ¢, the equations (1036) and (1044) take the neater forms 


C=2i-_f; D= (1045) 


qo 
a 
where g, is an arbitrary constant. We have thus shown that, when 
the force function has the form (1032), the differential equation 
(1016) determines C and D uniquely (i.e., apart from the two arbi- 
trary constants g and q,) in terms of a, (or @). We have 


OB _ (4 _o\) 2, mt 
pare s)e+$ a sen) 


53. Further discussion of the case h, 4 0.—In § 52 we have de- 
termined the nature of the functions C and D in the force function 
(1032) as required by the differential equation (1016). The result 
of this analysis is expressed in equation (1046). If we now compare 
this result with (1031), which was derived as a consequence of the 
equations (983) and (g85) and on the assumption that h, 4 0, we 
see that we should choose 


q=0 (1047) 


in equation (1046). Further, it is clear that the single arbitrary 
function of time which our solution finally involves can be regarded 
as defined by the equation (1044). 

We can summarize the results of our discussion so far in the fol- 
lowing terms: 


If 


Oy oe 
— #C(t)a, (1048) 


0@ 


33 At this stage we regard the introduction of ¢ simply as the choice of a new variable 
instead of a,. At a later stage, when we go over to the consideration of the case which 
arose in our discussion in § 51, the arbitrary function of time then introduced can also 
be taken to be defined by Eq. (1044). 
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where C(t) is a function of time only, then the integrability conditions 
require that 


ea as (1049) 
and that 
p = constant . (1050) 
If 
h,,h, #0, tse 
then 
ays a " 
da ey a (1052) 


where q. 1s an arbitrary constant and ¢ is an arbitrary function of 
time. Further, the appropriate solutions for a, b, h, A,, and A, are 
given by 

aqa=q, 

b = ¢ — 2(h,, sin 6 — hy cos Ada + bo? , (1053) 


h = (h,,. cos 0+ hy. sin 0) da , 


and 


A, = $¢0 , 


ae (1054) 
2 = (Ayo. cos 6+ hyo sin 6)ow? + pao , 
where hyo, Hy, bso, and p are all arbitrary constants. 
Now, a force function of the form 
ays = D 
a= = Cw t = (1055) 
OW Ww? = 


can be interpreted as due to a central mass and to a “flat”? uniform 
spheroidal distribution of mass coextensive with the system. This 
form of the force function has been extensively used since Oort first 
introduced it as a basis for a dynamical interpretation for the rota- 
tional constants A and B.** It is very remarkable that precisely this 





$$ B.A.N., 4, 79, 1927. 














THE DYNAMICS OF STELLAR SYSTEMS 475 


form of the force function should play such a fundamental role in 
the dynamics of stellar systems in nonsteady states. In view of this 
it may be permissible to use our present solution (i.e., Eqs. [1053] 
and [1054]) as a basis for interpreting certain features of stellar mo- 
tions which have not so far been explained entirely satisfactorily. 
Thus, it is known that the vertex of star-streaming does not point 
exactly to the galactic center and that the deviation amounts to as 
much as 10°.*5 It is therefore of interest that a force function of the 
form (1052), under the circumstances of a nonsteady state, does per- 
mit of a deviation of the vertex of amount € given by 


2(h., cos 0+ Myo sin 0) ba 
tan 2e = ———>— eS I i , (1056) 
2(h;, sin 0 — hy. cos A)da — b,c? 


It should be pointed out in this connection that under steady-state 
conditions a deviation of the vertex is possible only for the two spe- 
cial cases (cf. § 9) 

Oy \. ays D 

mo eee (1057) 
3ut these two cases are really “‘too special,’ and accordingly Lind- 
blad, Heckmann, Oort, and others have rejected the possibility of 
explaining the observed deviation of the vertex on the basis of the 
formulae valid for either of the two cases (1057).°° It should there- 
fore be admitted that an interpretation of the facts of observations 
on the basis of our present solution (Eqs. [1053] and [1054]) is prob- 
ably not general enough it should, however, be emphasized that 
the form of the force function which now occurs as the special case 
has often been used in the past as a simple working hypothesis. 

As we have already indicated, the force function (1052) can be 
interpreted as that due to a central mass, M,, and a uniform sphe- 
roidal distribution of matter, of total mass M,. If the spheroidal dis- 

35 For a useful summary of the observational side of these questions see J. H. Oort, 
M.N., 99, 360, 1030. 

© Lindblad has, however, argued that the formulae for the two special cases (1057) 


(derived under steady-state circumstances) may be expected to be valid for a limited re- 
gion of space and interval of time. (Cf. Stockholms observatoriums annaler, 12, No. 4, 31.) 
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tribution is further considered as “extremely flat,’’*’ then the force 
function can be expressed as 








dW 37GM,- | GM, 


a aR @ 33 (1058) 


where R, denotes the major axis of the spheroid. Comparing the 
foregoing expression with the theoretical form (1052) for 0¥/da, 
we identify 


.. 30G : 

é = 4R3 M,, 

. t (1059) 
“= GM, 


This physical interpretation of the two terms of the equation (1052) 
requires us to restrict the character of the function @(¢), which has 
been left arbitrary so far. Thus, for all values of ¢ which have a 
physical meaning we should have 


J 
oO Sie = 52 1, 
¢ 
(1060) 
o> $20: 


We can proceed somewhat further with the interpretation of the 
equations (1059). Since, according to these equations, M,, M., and 
R, are all expected to be functions of time, we are led to consider the 
following situation: 

The variations of M, and M, with time are such that the total mass 
of the system, M = My, + Mo, remains constant. In other words, we 
picture to ourselves a continual interchange of matter between the 
central nucleus and the uniform distribution outside. In practice, 
it would be physically the most significant to consider the case where 
the process is one of the transfer of matter from the center to the 
outside. Also, in considering such a process we should, of course, 
allow for the possibility of the density of the spheroidal distribution 

37 And it must be extremely flat for our present two-dimensional theory to be ap- 


plicable. 
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of mass (or its equivalent k,) to depend on and vary with time; here, 
again, we may expect the density to decrease (and R, to increase) 
with time. 

Under the circumstances envisaged we are able to write down a 
differential equation for ¢. For, according to equation (1059), 


Go _ 4Ri o _ G(M,+M.,) =GM, (1061) 
¢ 3x 


where M denotes the total mass and is a constant. Equation (1061) 
can be written alternatively 


“ a7 GM 0 
@ = —2 (6 -- aa (1062) 


Let R, be the value of R, at 1 = c (say). Introduce the quantities 
\ and y, defined by 


a7 GM 0 
\? =: “aR: Y= a (1063) 


Now, d~' is of the dimensions of time. and it is found that numeri- 


cally 
I : R, \2/10* XX © ) . 
= 68 X 7 - ‘ears . 
X 9. x se ( 10.000 parsecs ) | M y ye 7 (1064) 
Further, let 
R 3 
cv=h—-y7; p(t) = (3 . (1065) 


In terms of these new variables equation (1062) takes the simple 
form 


0 = —Npd. (1066) 


The expressions for 1, and MJ, given by (1059) now reduce to 


v vy 
pe rs ee ‘ M, = <n 
M, 3 M ; 1 r M (1067) 








478 S. CHANDRASEKHAR 


I:quation (1066) is to be further supplemented by the boundary 


condition (cf. Eq. [1065]) 


p=I at t=o. (1068) 


Further, the conditions (1060) now become equivalent to 


G20, $2 e. (1069) 


From physical considerations we may restrict the function p(t) to 
satisfy 


se, i232 o. (1070) 


Finally, we can use, as a further boundary condition, M, = 0 at 
¢ = 0; in other words, we assume that at ¢ = o all the mass is con- 


centrated at the center. Then 
v=0 at t=o. (1071) 


Now, equation (1066) involves the two unknown functions of 
time, 3 and p; and consequently we cannot determine either of them 
as a function of ¢. Equation (1066) is therefore to be regarded simply 
as a relation between J and p. However, for a physically signifi- 
cant solution, 7 > o and p < o, for ¢ > o, and these conditions al- 
ready limit 3 and p quite considerably. Thus, Rk, cannot be a con- 
stant; for, if R,; = constant, then p = 1, and equation (1066), to- 
gether with the boundary condition (1071), implies that 


v= AsinN, (1072) 
where A is a constant. The solution (1072) makes MW, negative for 
t > rd; consequently, this solution must be rejected. On the other 
hand, it is possible to write down dependences of p on ¢ which vield 


for J physically significant solutions. Thus, let us assume that 


ie ernie (1073) 
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where a is a constant. Equation (1066) can be reduced to 


Ti » 
ep 8 mG 107 ¢ 
det ; (1074) 
where 
é=1+al. (1075) 


The general solution of the differential equation (1074) takes one 
of three forms, depending on whether 


} a 2.=a; 2\> a. (1076) 
We have 
Bom F/2( AETIV 1-4/0) 4 BEmSV 14/04) (2h <a), (1077 
d= £/(A log & + B) (2) =a), (1078) 


and 


pare - I 
y= 9 (A sin | \/s <9 lo & 
2 a 
I ? ; 
4 B cos | v/s > J eee = 
2 a 


where A and B are constants. If we now impose the boundary con- 


(1079) 
(2A >a), 





dition (1071) on W, the appropriate solutions are 
*)) (2\ <a), (1080) 


Pm AE ee eet ae eee 


v= At’ log é (2X =a), (1081) 


; oe: I ’ : 
v= AE? sin 4——1logé 
2 a 


The solution (1082) permits J/, to take negative values after a finite 


and 


(24 >a), (1082) 





interval of time and should consequently be rejected. Thus, for p of 


the form (1073), a 2 2X. 
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Finally, according to (1067), the expressions for WM, and M, for 
a ro) / 




















the two cases 2\ < a and 2A = aare 
AEN/2(EV' 1402/02) — E-1V'1-402/02)) 
Mh 58 M, 
{& tEsy's 1(A2/a = g V1 A my a . 
(2X <a), (1083) 
1 on ioe M 
{o 2(f2v 1 (A —& 2V } ) 4 y 
and 
A log & 
M a V 
34 10g § 1 
(2A =a). (1084) 
ee Sane 
A&'/? log E+ 4 
According to both of the foregoing solutions, 
Mi, eM ; M,—o, (1085) 
as i— o:; at the same time, p—o and R, > 

In other words, we have shown that, starting from an initial state 
in which all the mass is concentrated at the center, the stellar system 
tends steadily toward an infinitely diffuse state. Vhis result has, of 
course, been proved only for the case in which the dependence of p on 
fis of the form (1073) (with a = 2d). However, the conclusion 
reached seems to have an intrinsic interest of its own. In any case, 
the discussion of this case indicates that a further consideration of 
the equation (1006), supplemented by the conditions (1068) (1071), 
may lead to results of some importance. 

54. Further discussion of the compatibility relations. Vhe discus 
sion of the equations (983) (985) in $$ 50 52 has shown that in 
our solution for a, 6, h, A,, and A 

h ie == 1B, 5. =e). (1086)58 

Further, if 7; and /, are not both identically zero, then we are led 

to a perfectly definite explicit form for the force function.*? Conse 
: 


It should be remembered that in provi this we explicitly excluded the case of 


tne qu isi-elastic eld of force 


’ This case has already been d issed at | th in §<s 
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quently, more general forms for the force function become possible 
only if /, and /, are also zero. In that case our solutions for a, b, h, 
A,, and A, reduce to 


a=; b = a, + byw? ; h=o0, (1087) 


and 


da 
he yg: 
as dl 


A, = pa, (1088) 
where b,, and p are constants and a, is a function of time. The inte- 
grability conditions (983)~(985) now reduce to the single equation 
(1010): 
PY @ da, 0% 3 da, OY w Ga, 

= : “cel io —— = =o. (108« 

' Oadt © 2 dt da 2 dt dw 2 dts 9) 
In view of the importance of the foregoing equation, it is of interest 
to derive this equation directly from the compatibility relations 
(982) with a, b, h, A,, and A., given according to the equations 
(1087) and (1088). Substituting, then, for a, b, h, A,, and A, from 
(1087) in (982), we have 


ays . Q@ d ad, I OX 
is: 77 ; = a? 
OW 2 al 2 dw 
I OX 
Oe. rae, (1090) 
2 CoV 
w da, Ys 1 OX 
dt OW 2 al 


Hence x is independent of 6, and the single integrability condition 
which the equations (1090) give rise to is 


0 ays w da, 0 [@ da, dY) 
a; “— ; = F ) iy (1091) 


al Ow 2 a, Oa \2 dt dw 


which is readily seen to be equivalent to equation (1089). For a 
general discussion of this equation it is convenient to introduce a 


new variable 7 detined by 


{1092) 
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We then have 


dr = wd. (1093) 


In terms of this new variable, equation (1091) can be re-written as 


d ay ous) 0 (_ da, 08 
at = mes. —_ —}=o0, 10 
ot (| * Or bi 2 dt? . ar \" dt aa (1094) 


or explicitly 


OY da, 0% da, 0% t d3a 
a;>~—+7T —+2—~——+-—~=o0. (1095) 
Olor dt Or? dt Or 2 db : 
We shall now proceed to a general discussion of the foregoing equa- 
tion. Differentiating this equation partially with respect to 7, we 
obtain 


BY da, OB da, @% 
a +7 — + 3—- —— 


are - - =o. (1096 
Altar? dt 0r3 9 dt dr 96) 


We readily verify that the foregoing equation is equivalent to 


ra} ( ¢ =| 1, da, fa) ( ; OY 
ho be? = Poe mh CC iglhe eae) Bacal (1097 
a or dt ar\' ar i) 


Equation (1097) is a homogeneous partial differential equation of 
the Lagrangian type. The subsidiary equation is 


dt on dr P 
dy, 7 _ da, , oo 
dt 
or, somewhat differently, 
1 da, dr 
arpa: dt = —. (10gQ) 


a, dt J ’ 
The foregoing equation admits of immediate integration. We have 


- 


— = constant. (1100) 


ay 
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Hence, the solution of the equation (1097) can be written as 


PY » £2 
73 = F,{—}), IIOI 
Or? ay; ( ) 


where F, is an arbitrary function of the argument specified. From 


(r101) we obtain 
oy 
ge y+ [SR (E) ar, (1102) 


where C(t) is a function of time only. We can express the result 





(1102) more conveniently as 


oy 
a =C (t) + af (=) ; (1103) 
where 
g 
F,(é) = J = F,(&)dé ; (1104) 


consequently, we can regard F, in (1103) as an arbitrary function of 
the argument. Substituting for 08/07 from (1103) in our original 
equation (1095), we have 


(= 2 da, ee. day sine t day pr! 
i a3 dt * at dt a3 dt * 
1105 
da, (_, T 1 3 dy 
+ 2 - oes = 
dt (« Bi a? F.) + 2 dis 


where F, denotes the derivative of Ff; with respect to its argument 
r/a;. It is seen that in (1105) all the terms involving F, or F, can- 
cel out, and we are left with 


dC day | .. rea 

~an + SO, 1106 

' dt "4 dt ‘ = 2 dts ( ) 
an equation which we have already encountered once (Iq. [1035]). 
As before, equation (1106) leads to (cf. Eq. [1043]) 


_4% _¢ 


ar, (1107) 
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where g is a constant and 


Combining, now, equations (1103) and (1107), we have 


Ay (! ‘) —_ (=) 
—= | —<—<— = — F,{ —}). 
OT o © ae g° 


Reverting to our original variable @, we have 


ay (2 ‘) a. (2) 
a ee =< pee). 
dw 9? g \¢ 


where 


In equation (1110) we can regard F, as an arbitrary function of the 
argument specitied. Equation (1110) gives us explicitly the most 
general form for the force function which is consistent with the in- 
tegrability conditions. The force function is seen to involve time 
only through the single arbitrary function ¢(¢). It is further seen 
that our present result for the force function is a generalization of 


the result obtained in § 52. 


Finally, the solution for B is obtained by integrating equation 


(1110). We have 


(2 
te 
NO le 


where 


and where %,(¢) is an arbitrary function of time only.*° 


We can summarize the results of our present discussion in the 


following terms: 


4° Tn all practical applications we need only the force function, and consequently the 
occurrence of the arbitrary function &,(f) in (1112) is of no interest and can be ignored. 








(1108) 


(1109) 


(1110) 


(1111) 





(1112) 


(1113) 
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The most general form for the force function consistent with the com- 
patibility relations (982) is given by 


Oy q o\ - I @ 
se 7 (5-8) a+ 5% (3), (1114) 


where and F, are arbitrary functions of t and w/, respectively, and 
q is a constant. Further, the appropriate solutions for a, b, h, Ax, and 
A, are given by 


a=¢:; b= ¢? + daw ; h=o, (1115) 


and 
A: = ad ; A, = pw, (1116) 


where b.») and p are constants. 

From (1116) we readily obtain the expressions for the components 
(II, and 9,) of the motion of the local centroid along the radial and 
the transverse directions, respectively. We have 


-_¢o po 
= ) } Oo Se ee . 
II @ Dao + 


g 








(1117) 


Thus, in addition to differential rotations, we also have motions in 
the radial directions specified by II,. This field of radial motions 
corresponds to an expansion or a contraction, depending on the sign 
of the rate of change of ¢. If ¢ > 0, II, corresponds to a general 
expansion proportional to the distance from the center; on the other 
hand, we have a similar field of contraction if ¢ <o. Finally, 
II, 4 o only when @ # 0; in other words, the field of radial motions 
is directly connected with the nonsteady character of the system. Physi- 
cal considerations seem to suggest a general expansion rather than 
a contraction. This would imply that 


@20. (1118) 
The interpretation of the foregoing result is of interest. Now, ac- 


cording to (1115) and our assumption concerning the distribution 
function W (Eq. [928]), we have 


VW = V{¢?(Il — I)? + (¢? + b.a?)(8 — 0)? +o}. (1119) 
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If we assume for V(x) a Gaussian form, then 


W = e—[o2(II-I,)2+(¢2+0,92)(O—O,)2+0] (1120) 


According to (1120), we have 


i —11,] = —-;[e—96] = - 


a=. (121) 
OV Tr V (¢? + bw?) r 








Thus, ¢ > o implies that the mean residual speed in the radial and 
in the transverse directions decreases with time. 

The terms in the expressions for the radial velocity (p) and the 
transverse velocity (7) due to the field of differential motions 
(1117) are readily obtained. We find that 


p=r 


as A sin 21 — 1) | 





(1122) 
T = r{[B +A cos 2(1 — 1,)], 


where 


JO, 0, IO, 0, , 
(52-2 : B= (So + 2) (1123) 
Ow w Ow w 


and with the other symbols having their usual meanings. In the ex- 
pression for the radial velocity we have a A-term proportional to 
the distance. It does not seem likely that we can allow such a A-term 
to be greater than (say) 1 kilometer per second per thousand parsecs. 
Thus, 


— 
I 
Nile 
NR le 


z ™ 1 km per sec per 1000 parsecs , (1124) 
or, alternatively, 


d log @ 
dt 





10? per year. (1125) 


Hence, a K-term of the order of 1 km per sec per 1000 parsecs indi- 
cates a decrease in the mean residual speed by about 1 part in 10? 
per year. 
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Finally, for Il, and 0, defined according to (1117) the direction 
of motion of the local centroid at a given point deviates from the 
transverse 0-direction by an angle y, where 

I, 1 dlog¢ 


tan y = =— 


a (1126) 





and where w, is the angular velocity of rotation. In the neighbor- 
hood of the sun w, ~ 10~'S radians per second; and with the value 
(1125) for ¢/@ we have 


tan y ~ 0.03 ; yo 2°, (1127) 


an amount which appears to be beyond the range of our present 
observational resources. 

55. Lhe case B = Ww). -It is of interest to consider whether, 
within the scope of our present theory, it is possible to satisfy all the 
conditions of the problem with a time-independent, circularly sym- 
metrical potential function and still have the coefficients of the 
velocity ellipse and the motions of the local centroids depend on 
time. Such a possibility has been considered by Heckmann* and 
Lindblad” in somewhat different connections. 

From (1114) it follows that, to obtain the most general form of the 
force function which is independent of time, we should require 


a, aR eee ee , 
$e — — constant = gj (say) , (1128) 


and 


F, (<) = function of » only. (1129) 
9?” ? 


Krom (1129) it readily follows that 


_ (@ os 
F, (<) — qo =; ; (1130) 


1" Gottingen Verdffentlichungen, No. 41, 1934; No. 43, 1035. 


42 M.N.., 97; 10, 1930. 
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where g, is a constant. Thus, the most general form of the force 
function independent of time is 


—— = ga + - . (1131) 
Ww 


in other words, the sum of a quasi-elastic field of force and an inverse 
cube law of force. Further equation (1128) can be solved for ¢. This 
equation is verified to be equivalent to’ 

7 da, 


+ 49; me (1132) 


Ba, 
dt? 


where 
d,= ¢'. (1133) 


Equation (1132) is readily integrated. We have 
dy = do + do: Sin 29g,(t — ty) , (1134) 


where do, d;, and ¢, are constants of integration. Thus, the solutions 
for a, b, h, A,, and A, for the case under condition are 


ad = do + do Sin 29,(t — to) , 


b = do + do, Sin 2g,(t — to) + bs oe? , (1135) 
h= 6. 
and 
Ar = doigiw Cos 2g,(t — to) | A, = pw. (1136) 


Thus, a and 6 vary periodically with time with a frequency q,, 7. 
Since a and # are essentially positive quantities, we should require 


Qo > dou - 3237) 


We have thus shown that with a force function of the form (1131) 
we have a stellar system the kinematical parameters describing 
which have an oscillatory character. 

3 Equation (1128) is equivalent to the equation (1040) with C = gj = constant. 
But we obtained equation (1040) as the first integral of (1035). Hence, equation (1128) 
is equivalent to equation (1035) with C = a constant yi 
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It is remarkable that the force function (1131) should play this 
critical role in the general theory. However, this is probably con- 
nected with Newton’s theorem of revolving orbits‘4 and with the 
circumstance that the equations of motion of a particle in the central 
field of force (1131) can be integrated out explicitly in terms of ele- 
mentary functions. 

The equation of the orbit of a particle of unit mass in the field of 


force (1131) can be written down in the form* 


“e 2 ae. ; I 1/2 dg) 
= oe = é ( gia — 1 da see Sad (1138) 
. Co. w? w* wr 


where c, and c, are constants of integration.“° After some minor 


reductions we obtain 


R ] 
I a\ u-) 
a= = / rye, (1139) 
a ( \ : : : 2 
(! tr \ut + Cw — = 
\ ( / C2 
e 
where u 1 w. From (1129) we obtain 
fy \2 | 
ee ee a 24 ah: >) cosh 2k(0 + €), 
dy ” P 
where k? = =~ — 1 when gq, > ¢3, 
t 
2 , {any ; . 
—2k*w +c = NE — 4k ( ! cos 2k(0 + e), (1140) 
( 
here #2 = 1 — < whe rate 3 
where k? = 1 - when go < ¢3, 


C2 


Gi ' 
(ae = io SC ae €)* when doi Gy 


where in each case € is a constant of integration. The foregoing solu- 
tions for the orbit of a particle in the tield of force (1131) have a cer- 
tain resemblance with Cotes’s spirals, which represent the possible 


Cf. E. T. Whittaker, Analytical Dynamics, p. 83, Cambridge, Eng., 1936. 


Tbid., p. 8o. °c, is the “constant of areas.” 
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orbits in a purely inverse cube field. It would be of interest to study 
further the equations of motion in the central field (1131) in order 
to find explicitly the first integrals and approach the problem of 
specifying the distribution function VW from the point of view of the 
Jeans-Poincaré theorem. 

56. The soiulion for x. -We shall now complete our discussion 
of the compatibility relations by obtaining explicitly the solutions 
for x appropriate to the different cases. 

(i) The general case. As we have already shown in § 55, the most 
general form for the potential function consistent with the integra- 


bility conditions is given (cf. Eq. [r112]) by 


I ( re) — I w j ’ 
Y= (4 - a + BW, ( )+ Bw. (1141) 


— = : - = ors, , (1142) 
OW @ ot a0) ; t 


non aap 
OY, oe Os, @ sor, 
if 


where YW denotes the derivative of ¥&, with respect to the argu- 
ment @/@. Further, the solutions for a, 6, /, A,, and A, appropriate 


to this case are (cf. Eqs. [1115] and [1116]) 
a= ¢’; b= ¢@ + baw; k= 0, (1143) 


and 


A, = wo¢ ; A. = po. (1144) 


Substituting for B, a, 6, 4, A,, and A, according to the foregoing 


relations in the equations (982), we obtain 








I Ox , gq o.. 23 ahd 4 | : 
see ey) ane w + Met + wlio)? + od), (1145) 
2 0W QD QD (78) 
I Ox 
— ry, a 2 (1140) 
2B € 
I Ox ( o prey 
+- — = whd ( J )e + Ys (1147) 
2 al o o o 
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Equations (1145) and (1147) can be simplified further to take the 
forms 


-. Ox — + [oP?)oa+ . YY’ 
200 (2 ol we sc eee 
I Ax = q i EY => - > gr’ ‘ 
2 Ot G . $3) ‘ "eo? (1149) 


on the other hand, equation (1146) simply states that x is inde- 
pendent of 6. Using the relations (1142), we can re-write the fore- 


going equations as 





eg ( qs tap) sg 4 9%: ; 
I Ox ae (4 ay => OB, se 
he 06) i at (1151) 


From the equations (1150) and (1151) we readily find the solution 
for x. We have 


—3x = (4 + (ol) a? + B, (“) + constant . (1152) 
2\o ob 
Since (cf. Eq. [935]) 
“x= te, (1153) 


where Q, is defined according to equation (934), we have for the 
case under consideration 


—x = all?+ 00? +4; (1154) 


or, substituting for II, and 0, according to (1117), we have 


—x = wo) + = a +o. (1155) 


Combining the relations (1152) and (1155), we find 


a |. p* er MN w)\ e 
_—s e ¢? + sl willl Mis (=) 9 


we shall have occasion to use this relation later. 
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(ii) The case h, # o.-As we have already seen, the force func- 
tion assumes an explicit form for this case. We have (cf. Eq. [1052]) 
I 


ow eg ped 


Ow ro) @ w 


Ay 


5 (1157) 
Further, the appropriate solutions for a, b, h, A,, and A, are given 
in equations (1053) and (1054). Substituting these relations in the 
equations (982), we find 


I Ox J ‘ JoP 

——- == = Wer + — 
2 Ow Ww 
I Ox ; 

—= = = qolhyo cos 8 + My sin 6) , (1158) 
2 ob mary 
I OX Balin wi God 

+ a = —a’od + I ‘ 
2 «4 Ww 


It is readily verified that the appropriate solution for x is given by 


aol . QO 
— x = 3[G]? @ + go | (hy sin 0 — hy cos 6) — =}. (1159) 
= 
(iii) The case 8 = Wo@).—The solution for this case is obtained 
by setting 
‘ I gy@ 
y= -- = (1160) 
2 Ww : 
and (cf. Eqs. [1133] and [1134] 
@? = dy + do: Sin 29,(t — to) (1161) 


in equation (1152) 

57. The case of a quasi-elastic field of force- “Yo complete our pres- 
ent discussion of the two-dimensional problem, we should finally 
consider the case of the quasi-elastic field of force which we have so 


far explicitly excluded. For this case we can write 


ra] 8 : 


— = Citja, (1162) 
OW 
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where C(f) is a function of time only. We have now to discuss the 
integrability conditions (983)~(985) when the force function as- 
sumes the form (1162). 

Now, equation (983) has been shown to reduce to (988). Sub- 
stituting for dB/d@ from (1162) in this equation, we obtain 





., [Ph, : . dp = 
3W (oF + ( hs + 2W dt = 0. (1163) 
Hence, 
Oh, ; 
= —Ch, ; p = constant . (1164) 
YE 


Using the explicit form for /, (Iq. [966]), we find that the first of 
the foregoing equations splits into two differential equations: 

dh dh 

eos ats (1165) 
Considering, next, equation (984), we find that for the force func- 
tion (1162) this equation reduces to 


((B, cos 6+ B, sin 8) + 2 (8, cos 6+ B, sin @) | 
” | 
66 
ind C Oa r dC 4 I 03a 7 (12 6) 
tal x ot . dt 2 OL ies 


Since a is independent of w, the foregoing equation is seen to be 
equivalent to the three equations 


dp, d’p, _ 


ee eee (1907) 
and 
Oa dC 1 a 
2C — ( en 8 
( Ps +a . + = ao ae (1168) 


Substituting for a according to (965) in equation (1168), we find 
that a,, /;, and fi, all satisfy the differential equation 
dx, dC 1 dx, 


2€ . wh (42 = Ge, Re ed 6 
( dit 7 dt oe dis o Xx ad;, Hs, Or te) (11 9) 
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where x; stands for any one of the quantities a,, /4;, or 4c. Equation 
(1169) is of the same form as (1035). We can therefore write (cf. 
Eqs. [1043] and [1044]) 


E ( I d? 
C= = —VxX, (x: = a1, hs, or he), (1170) 


“ws Vx: dt? 
where g is an arbitrary constant. If in equation (1170) we regard C 
as a known function of ¢, then a,, /;, and / are determined in terms 
of C(t) as the solutions of this differential equation. Further, ac- 
cording to equations (1165) and (1167), /3, 4, 8:, and §, all satisfy 
the differential equation 
dx, _ 


a ty, enki: Ga 
dt? 


where x, stands for any of the quantities /,, 4,, 8;, or 8,. Thus, 


equation (1171) determines /;, /,, 8,, and 8, again in terms of Cf). 

Finally, considering equation (985), we find that this equation is 
identically true in virtue of the differential equations which a, etc., 
have been found to satisfy. 

We shall discuss the implications of the equations (1170) and 
(1171) in Part XII ($$ 62 and 63), where the corresponding three- 
dimensional problem is considered. However, we may notice, mean- 
time, the explicit form of the solutions for a,, etc., for the case when 
C is a constant. In that case, let 


( = gj = constant . (1172) 


According to the equations (1169) and (1171), we now have 
5 / 


dy = Ay + ay, Sin 2g, (t + t,) , 


hs = liso + hs: sin 29,(t + #2) , (1173) 


he = hoo + hey Sin 2g,(¢ + ¢;) , 


and 


h, = hz sing.(t + ty) , 
h, = hy sing, (t + ts) , 

(1174) 
6, = B,. sin g(t + to), 


sin gi(t + t, 
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In equations (1173) and (1174) Gio, Gir, M50, ts, H60, h6r, h30, Myo, Bro; 
Boot, ...., ¢, are all constants of integration—these, together with 
b.. and p, are the nineteen constants of integration which the gen- 
eral solution for the case (1172) involves. 

This completes our discussion of the two-dimensional problem 
with a circularly symmetrical potential function. 


XI. EXAMPLES OF THREE-DIMENSIONAL STELLAR SYSTEMS 
IN NONSTEADY STATES; SYSTEMS WITH SPHERI- 
CAL AND AXIAL SYMMETRIES 
58. Systems characterized by a spherically symmetrical potential 
function.—Let us choose a fundamental Cartesian frame of reference 
with the origin of the system of co-ordinates at the center of sym- 
metry of B. We can then write 


B(x, y, 3; 4) = Br, db, (1175) 


where 
r= 3(27 + y? + 2’). (1176) 


According to equation (1175), we have 
£ | he 


‘ Ay 
grad B= 7 4 (1177) 
OT 
where r stands for the position vector (4%, v, 5). Thus, when & is 
of the form (1175), the compatibility relations (III,,) can be re- 
written in the forms 


Ar — +-— = — 3 grad x (1178) 
OT Ot 
and 
YS J 
ie en (1179) 


The conditions for the integrability of the foregoing equations are 
readily obtained. We have (cf. Eqs. [958] and [960]) 


92 \ 


curl (ar =) + - (curl A) = 0 (1180) 
( ¢ 






















Ss 
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and 
AVS 0 ays OA 
bh 85 4 eee ee g 
grad ( Or . Ot OT i 0’ . (1181) 


Our central problem now is the enumeration of the various circum- 
stances under which the six simultaneous partial differential equa- 
tions for 8 which the equations (1180) and (1181) represent admit 
of a common solution of the form (1175). 

As in Part X, we shall begin by explicitly excluding the case of a 
quasi-elastic field of force.*7 When this is done, it is seen that the 
solution for the coefficients of the velocity ellipsoid are formally the 
same as those that occur in the steady-state problem for the case of 
an inverse-square law of force.** Thus, according to our results in 
Part VIII, § 38, we have (cf. Eqs. [923] and [924]) 


e 


ho fo; fo fe5 £0 hy, 
fro = £0 = In = fu = Qn = hn = 00, (1182) 
a@=b=t% = —Kx (say) 


The general solution for the coefficients of the velocity ellipsoid given 
in equation (941) now simplifies to 

@= K— 2h + hat)y — (2foo + £2)t — Ayoy’ , 

b= « — 2(foo + fat)Z — (2g20 + Ayox)x — fyo2’ , 


C= K— 2(g20 + g2y)X — (2h + foy)¥ — Snr’ ; 


: ; (1183) 
f = —hhax? + (foo + farx)y + (hoo + gax)e + foyz , 
g = —fuy? + (20 + gary)e + (fro + Mary)X + Syo2X , 
hh = — 812? + (hao + btars)x + (S20 + farz)¥ + Agory , 
where, according to equation (954), 
fory Bory Mary fagoy Bqo) Ngo are all constants . (1184) 


47 This case is considered in Part XIT, § 64. 
‘48 This corresponds to the result #, = o in the two-dimensional analysis (§ 50, 
Eq. [1005]). 
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The corresponding solutions for the A’s can now be written down. 
According to equations (1182) and (953), we have 


dgx Alt \ (dfn _—, 8 
4 (, dt dt (: “dt” di 


2. 
}- = s-+ae~ B.z + 61, 
2 dt 


_ (dh _ dfo\ _ (4820 _ , tha 
ams (: di > a) : (> _ a) 


1 dk 


= qt Biz — B3x + 62, 
2 at 


as : df 2 2 Ag. was: Fs dh ee df 20 
asaibiae (: > ae =) , (: dt > dt 


lk 
ca + Bax — Bry + 6. 
at 


A, 


II 


(1185) 





a 


NO [Re 


It is found that we are able to continue our discussion of the equa- 
tions (1180) and (1181) in vector notation if we introduce the follow- 


ing vectors: 
B = (B,, B,, B;) ; Y = (£205 hoo, f20) ; 6 = (61, b., 6;) ’ (1186) 


and 


p=yxXr. (1187) 


In terms of these vectors the solution (1185) for the A’s can be writ- 
ten as the single vector equation 


rt rX B+. (1188) 


re 
;— 
[- 


Further, we readily verify that 


Ar=«xr+rXop, 


ide . | (1189) 
eta ~ = ila 





} 
i 


sear 


ee saa et, 


Sano ON Seg EL PET 





aoe 


FRB 


ET I EAE BE EE Oe TE EB ERE EE IEE 


5 5 NSS ee 
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Equations (1178) and (1179) now take the forms 


oy OA 
vie en ~ ~heeks 
(er + 7X p) $+ 52 = —} grad x 


and 


dk \ ay Dey 
Dip ee ae Se, 
(« dt ) Or os ot 


We shall first consider the integrability condition (1180). We verify 


that 
dB ry ADD 
curl 1 tr ——} = ~a99 — — 15 —.. 
( oo pP OT 3P OT 
Op 
curl A = —3 — — 2B. 
3 5) B 


Hence, equation (1180) reduces to 


a7B Oy 7p 
2F ee 2 a 2 - 
P oT 3P OT ad 


dB 
AYE 4 dt ° 


Multiply the foregoing equation scalarly with r. Since 
¥-p=r-yXr=o, 
we obtain 


dB 
i . 


T . 
Thus B is a constant vector; in other words, 


B;, B., 8B; are all constants . 


Equation (1193) thus reduces to 





ry ay op 
> o_o “y ? mes = 


oS ; 
> Or 


si Or? 3P 


OT 








(1190) 


(11gI) 


(1192) 





(1193) 


(1194) 


(1195) 


(1196) 


(1197) 
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or, substituting for p according to (1187), we have 





AY ay ad? 
TX (277 a +395 +35) =o. (1198) 


Since ¥ is a vector independent of the spatial co-ordinates, equation 
(1198) implies that 





PB IB dy / 
wget ae ae ial 


Equation (1198’) can be re-written as 


a ( 9B , | 
Y =. (2 =) a 3 zi/2 ay =o, (1199) 


Or OT 


which can be integrated to give 


OV, day _ Yo 
—+-—-=—., 1200 
Y OT dt? 73 ( ) 
where Yo = (£0, 4, f.) is a vector depending on the time only. In 


order that the three equations for B, which the vector equation (1200) 
represents, be consistent, it is clearly necessary that 


1 dg 1 dh» 1 df 


go dd? hy db fm dP (1200’) 
and 

So == No _ fo as _ ' 

£20 io Bx a foo D(t) (s ay) ’ (1 200 ) 


where D(t) is an arbitrary function of time. Equation (1200) can 
now be expressed alternatively as 
ay I d? Dit 
— = —7— ¥°- Y i ; (1201) 
OT 1¥\? dt? 73/2 
The restriction on the form of 8 which (1200) or (1201) requires can 


be avoided if and only if y = o. 
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Consider next the second integrability equation (1181). Using the 
equations (1188), (1189), and (1196), we find 


AVNy ays 
s. ( ar 5.) = a flan + 3 x p) == 


ot Or @ 
dk ay 
- r-8 
(> dt -o = 





~ 








grad (a. r ) grad 
(1202) 
IQ 
a=r(rtr 5) "y +(r4 « +8) 
OT 
OA O3p 1 dk, ie’) 
oe Ag Sa ae 
Hence, equation (1181) reduces to 
ed ( 8B) de BW, de AW 1d 
| at \" ar "dt ar dt dr 2 dts 
(1203) 


07 ays ab 


Mm V2 
= *) + r(r-8) 57? +6—+-—— =o. 


0 
+1x5( = 





OT 0? Or dt 


Multiply the foregoing equation vectorially by r. We get 


7 Re oy . & 
7x2 (028 428)] rx (828 488) 2 ocean 
2 


T 
x Or at OT dt 





The first term in equation (1204) can be simplified by using the 
formula for the vector triple product. Thus, 


Oe arp 
rx [rx 5, (p+ 5%)| 
0 os ap me ( Os ap 
. E a (> ar | oF ) }r - tae a =a 
or, using equations (1187) and (1194), 


r ( NR 0? 6 Os a? 
rx [rx (Poe + oe) | = 2X Gy (Ge + Ge) - (1200) 


OT Ot? 
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Consequently, equation (1204) can be re-written as 


Oy d's 0 Os dy 
icin ‘ + Op + 2r a (v: ~ +5) solani (1207) 


Again, since § and y are two vectors independent of the spatial 
co-ordinates, equation (1207) implies that 


Ay ds d Ay d Y 
"7s te YG (1 or 7)" itis siti 


Remembering that we have explicitly excluded the case of a quasi- 
elastic field of force, we readily verify that, in order that the two 
equations (1200) and (1208) be consistent, it is necessary that 


S=o0. (1209) 


From equation (1208) it now follows that 


é IB d? 
: (v +3) =o. (1210) 


al OT dt? 


Equation (1210) can be obtained directly from (1203). For, if§ = 
this equation reduces to 


(: Ys dk 0% dk OY I =) 


T = pr rep 
Oldr dt 07? dt Or 2 dts 
> (1211) 
eT 0 ays ee. 0? ig 
as al : O.| 
at ar EYE J 
On multiplying this equation scalarly by r, we obtain 
ys dk PY dx OB , 1 dx ( ) 
K—— +7>-——-+27>>—-+-> =0. 1212 
Oldor dt Or? dt Or 2 dbs 


Inserting (1212) in equation (1211), we readily recover the result 
(1210). From equations (1200) and (1210) we now conclude that 
Y. is a constant vector; in other words, 


20, Mo, fo, are all constants . (1213) 
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Accordingly, we can express the relations (1200) alternatively in 
the forms 
ca = Loh ) hy = hop } fo = fod ; (1214) 


where ¢ is an arbitrary function of time; further, 
D(t) = zt 1215 
)=4 (1215) 


where q, is a constant. Equation (1201) now reduces to 


OB _ 


OT 


I 


eo : 
pi’ (1216) 


e 
$ 


Again, this restriction on the form of ¥ can be avoided only if y = o. 

Consider next equation (1212). This equation is identical in form 
with the equation in a, and 8 which we have encountered in Part X 
($ 54, Eq. [1c95]). Consequently, we can immediately write down 
the most general solution of this equation. We have (cf. Eqs. [1108] 


and [1109]) 
dB q GY Bem fe 
a ~(B-a) tH” (s). ai 


where g is an arbitrary constant, 
c= ?. (1218) 


and F, is an arbitrary function of the argument specified. Equation 
(1217) can be integrated to give 


2 q oY I 5] T y 
Y -_ ogee = Ys pape Ys, , 2 
’ (¢ = toe (=) nee (1219) 
where 
t 
Bi(g) = f F,(&)dé (1220) 


and %, a function of time only; further, in (1219) we can regard &, 
as an arbitrary function of the argument specified. 
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On the other hand, if y 4 0, d¥/dr must have the form (1216). 
This case therefore corresponds to putting 


q=0; F,(é) = Ps (1221) 


in (1217); in (1221), g is a constant. We then have 


Ay & = 
oe in a Yo 


oe Tet en ey 


To be in agreement with the equations (1215) and (1216) we should 
have 
P’=¢; x = ¢’. (1223) 


We can now summarize the results of our present discussion in the 
following terms: 

The most general form of a spherically symmetrical potential 
function consistent with the compatibility relations (1178) and 
(1179) is given by 

¥ = (4 - 3) r+= & (3) + B(d) (1224) 
p+ © ? ? — 
where g is a constant, ® an arbitrary function of time, and %, and 
¥, arbitrary functions of the arguments specified. For this form of B 
the appropriate solutions for a, 6, c, f, g, h, and A are 


a= @ — hoy? — gp2? — 2hunyz, 


b = BD — fyz? — hyx? — 2futx, 


c= B — gor’? — fry? — 2guty, 
(1225) 
f = —hyx? + faxy + guxz + fey, 
a = —fuy + Rar VS + hy yx + Lyo2X , | 
h = —gn2? + hyzx + fusy + hpty, 
and 
A = oor +rx B 7 (1226) 


where fo1, £21, Hor; f4oy £40) Ayo, and the vector B are all constants. 
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A special case arises when 

gq=0; B.(é) = 5, (1227) 

where g, is a constant. Under these circumstances the solutions for 


the coefficients of the velocity ellipsoid are more general and are 
given by (1183), where 


£20 — LoP ; ks — h,® 4 fo = foP , (1228) 
Zo, ho, and f, being constants; further, the solution for 4 appropriate 
to this special case is 
A = o(r X Pp.) + bor + 7X B, (12209) 
where 
=X; Vo = (80, Mo, fo) - (1230) 
We shall complete our discussion of the spherically symmetrical 
case by deriving explicitly the solutions for x: 
(i) The general case.-The most general form of the spherically 


symmetrical potential function consistent with the integrability con- 
ditions is given in equation (1224). For this form of 8 we have 


Ay q > I 

ba tae + ee Nr’ > 
Or ( a + 4 ~r (1231) 
where a prime denotes differentiation with respect to the argument 
7/®? of B,. Further, for this case we have (cf. Eqs. [1189] and [1226]) 
A = ¢¢r+r7rxB (1232) 


and 
Ar = 7 ; A-r= 2b¢7. (1233) 


Substituting from equations (1231) (1233) in the compatibility re- 
lations (1178) and (1179), we find, after some minor reductions, that 


( : I oy 
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and 
q w s br oe I Ox 
y | i — br of 2 rs) o, = y at * (1235) 
According to equation (1234), 
r X grad x = 0; (1236) 


in other words, x is a spherically symmetrical function. Hence, 


0 
grad xy = 7 — (1237) 
OT 
I;quation (1234) can now be re-written as 
I Ox q ‘ Oy, 
ms: -_= cd? —. 1238 
2 OT Pp T 7 OT (1238) 
Also, since 
0 7 br 
ae |S = anc, ee > 
Ot = (=) ps a's (1239) 
equation (1235) can be expressed alternatively as 
I Ox a. ie ays 
—-— = = 2 — 1 pb + pp r+ —. (1240) 
2 dl ps Ot 


I'rom equations (1238) and (1240) we conclude that 


—1ly = (2 + ) 7+ QM, (=) + constant . (1241) 


(ii) The special case.-—We now have (cf. Eq. [1222]) 


ab mb qo 1 ; 

— = —- —.. 1242 

or &! & 7 (1240) 
Further, according to equations (1187), (1189), (1229), and (1230), 
we have 


Ar 


or + (1X p,)®, 
(1243) 
A-r= arb. 
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Substituting from (1243) in equations (1178) and (1179), we find 
(after some rearranging of the terms) that’ 


; JoP 0 
$7 + - r+ i (r X p.) = —3 grad x (1244) 
and 
be _) 
—2bbr + 29,6 : = ; es ; (1245) 
- dla 2 € i 


From equation (1245) it readily follows that 


i I 
aX = —¢'7 + 29,” — $x:(%, ¥, 2); (1246) 


where x; is a function of the spatial co-ordinates only. According to 
equation (1246), 


P do ‘ 
> grad y = —@*r — 2 br + 3 grad y,. (1247) 


Substituting from (1247) in equation (1244), we find 


Yo 
—} grad x, = le (r X p,) - (1248) 

Now, according to equation (1230), 
rxp,= -'rxX(rxy,); (1249) 


or, using the formula for the vector triple product, we have 
‘X= -—V +a + oy. (1250) 
Hence, equation (1248) becomes 


Z I 


—3% grad x1 = Go |—> Yo — (r+ y,)r (1251) 
Sle 7" 
From equation (1251) it readily follows that 
24o 
— sy, = a (Yo ° 7) + constant . LI252) 
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Finally, combining equations (1246) and (1252), we have 
—3x = #7 + == [(y, - 7) — &] + constant . (1253) 
T 


In concluding this discussion we may note that, just as in the two- 
dimensional problem, the case in which & arises from the superposi- 
tion of constant quasi-elastic and inverse cube fields of forces has 
some interesting features. For this case there exist solutions for a, b, 
and c which depend explicitly on the time. Since the discussion of 
this case can be carried out exactly on the lines of § 55, we shall not 
go into the details here; we may, however, note that, as before, the 
solution for ®? is found to take the form (cf. Eq. [1135]) 


P? = dy + doy Sin 2q:(t — to) . (1254) 


This completes our discussion of the spherically symmetrical case. 

59. Lxamples of stellar systems having axial symmetries and in non- 
steady states.~We have already seen, in Part VII, § 33, that under 
steady-state circumstances the integrability conditions (780)—(782) 
are ‘“‘trivially”’ satisfied in the following two cases: 

(i) With no restriction on B{@, s), equations (780)-(782) are 
satisfied if 


f=g=h=0; @=ec. (1255) 
Under these circumstances we can write (cf. Eq. [784]) 
a@=k:; b = ki + Ka’ ; C=k, (1256) 


where x, and x, are constants. Also, the solutions appropriate for 
the A’s are (cf. Eq. [777]) 


A, =0; A, = po; A; =0, (1257) 


where p is a constant. The motions of the local centroids which cor- 


respond to (1257) are 


II, = 0; 0. = Zo = 0. (1258) 
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(ii) If we assume that 
a7B 


A002 
then we have the more general solution 
G=k:; b= Kk, + Kw’ ; C = «3, (1260) 


where x,, K,, and x; are constants. The solutions for the A’s are the 
same as in case (i) above. 

The two cases enumerated above, as already stated, are valid 
under steady-state conditions. We shall now consider the analogues 
of these two cases under nonsteady-state conditions. 

(A) Corresponding to case (i) above, we have (in a Cartesian 
system of co-ordinates*’) 

a=«K,+ xy’; b = Kk, + K,X’, 

(1261) 

C= kK; h = —x,xry, 
where x, is an arbitrary function of the time and x, is a constant. In 
writing down the solution appropriate for the A’s, we shall be guided 
by the results we have obtained for the corresponding two-dimen- 
sional problem: In Part X we have shown that for the most general 
potential function B(@, ¢) (in the plane) which is consistent with 
the integrability conditions the motions of the local centroids corre- 
spond to the superposition of a A-term proportional to the distance 
and a differential rotation term according to (1258) (cf. § 54, Eq. 
{1116]). We shall therefore assume that 


1 dky | 
Be at ees 
1k, { 
aie a y- Sr, | (1262) 
1 dk; 
A,=-—2 
; 2d’ 


where @ is a constant.*” 


49 The solution for the cases (i) and (ii) have been given in a cylindrical system of 
co-ordinates. 

5° The constancy of 8, here assumed, is equivalent to the constancy of p, which we 
proved in Part X (cf. Eq. [995]}) when considering the corresponding two-dimensional 
problem. 
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(B) If, as in case (ii), 


% 
07Y 





=O, (1263) 


OWO2Z 


then we shall assume that 


f (1264) 


c= K3 > h = —K2XY ’ 


where x, and x, are two arbitrary functions of time and x, is a con- 
stant. Further, 


Bd 


= : di x + By ’ 


| 
ad = ki + ky ; b = ky + Kx, | 
i 


1 dk, 
A, = . at oes Bx | (1265) 
4 dk; K 
ay 2a°’ 


We shall now proceed to the consideration of the compatibility 
relations for the two cases enumerated above: 
Case (A).-The equations we have to consider are 











ay ay d’x I Ox 

(x, + x.y’) — — waxy — + 3x — = -- + 

sg Ox _ * Oy T 2 dt? 2 0%’ 

ays Ars d’k, I Ox 

(x, + x.x?) — — kxy — + 4y— = -- =, 

’ ay ” Of 7 2 Oy 

‘at (1266) 

BS og py ee tx 

a ie 2 02’ 
E Oe, 4 gy \ ee de yg) 8 a ee 
2 dt” “} @% 2 di- “} dy 2dt° ds 2 a’ 





where, according to our assumption, 


+) 
se 


B= Vo, z, 2). (1267) 
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In terms of these variables equations (1266) take the simpler forms 


% 44.0%. .2& 


Kix = 3X = (1 26¢ 
a + 2 dt? 2 Ox ) 
AY d’K I Ox 
~ 1 I 
KxVv = av zy eet =e a (1270 
Or + wT 2 OV ' ) 
Ay 2 dk, I 0x 
i sae — “aa 9 L271 
‘ O¢ 2 & 2 0o¢ i) 
and 
dk; ods — Ad I Ox 
— [— + fj} = -—. (1272) 
dt OT 06 2 dt 
From equations (1269) and (1270) we infer that 
Ox Ox 
P= a (1273) 
OX OV j 
Hence, 
MSS VF, CAE) (1274) 


Thus, the two equations (1269) and (1270) are equivalent to the 
single equation 
Oy Pe. dk; x. Ox . 


Ki —— - = . 
; i? 2 OT 


~ 
Q 
a 
No 
n 


The integrability condition resulting from equations (1271) and 
(1275) is clearly satistied. On the other hand, from equations (1272) 
and (1275) we have 


0 ays 1 d’k;, dk, O Oy Oy 

=“, —— + -}-+ . rT — +f&—])]=0; (1276) 

a ' Or 2 dt dt Or Or 3 : 
or, after performing the differentiations, we have 


=o. (I 


to 





*t Oar "dt or * dt 0r0e ~ dt Or 2 dts 


7B dk, 0?% _ dk, 0% dk, OY 4 1 dK, 
= > 


I 
~I 
~~ 
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Similarly, from equations (1271) and (1272) we obtain 


PY . dk, PY dx, 07% dx, 0B 1 dk, ’ 8) 
OX) aun g eae T ke Tel Glee oe Tee ee Se I2 
' Ot0¢ , dt 0° dt drd¢ dt o0¢ 2 dis 7 


I:quations (1277) and (1278) can be written alternatively in the 


forms 
0 (dk: , ays dx, 08 — dk, OY 1 dk, 
— 3 Kr = T - ¢— —+--—rT]=090,| 
Or (5 v Ms al dt Or * dt o¢ 2 db a ( 
1279 
Oo [dk, ays dx, OY . dx, 0B I d3x,; . f 
= S+ae—+t+tr— + —-—-——fj=o0.| 
o¢ \ dt dl dt Or * dt o0¢ 2 dis } 


I'rom the foregoing equations it readily follows that 


ays dk Ay _ OY a 1 d3k, i , 

kK +t (7 — +°—-4+8)=- -(r+¢)+ F*(t), (1280) 
Jl dt OT O¢ 2 db 

where /*(t) is a function of ¢ only. Equation (1280) is readily seen 

to be a nonhomogeneous linear partial differential equation for x,B, 

for we can re-write this equation as 


0 1 dk 0 are ee 

F (Ki) + [sie (x, Y) a lh ae z (x,¥3) 

Jl K, dl OT ar 
(1281) 

+ F*(t) .| 


ask, 


dts 


“Mr +3) 


To solve this equation, differentiate it partially with respect to 7 
and ¢. We obtain 


a I dk; Os \ 0s N 
——— (x8) + r —— (x3) + ¢ —— («:B) 
JLd0TOE K, dt 07706 ~ Orde? 
a > (1282) 
> eee PF» |. — | 
an a (KiXS) saa Gaia 
OT OG | 
Let 
0 Ys 
y = (x, 3) = Weel = ° (1283) 
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(1284) 





In terms of y equation (1282) can be re-written as 
_ Ow 
- 2+) Ds 


‘ 


/ 





512 
0 1 dk 0 
Ca 
ot k, dt OT rar 
or alternatively as 
Oy 1 dx,| O 0 
—+——* — Wr) += WS)} =0 (1285 
ot en dt | Or v7) 0¢ vs) 5) 
Multiplying the foregoing equation by 7¢, we have 
0 I dk; ra] 0 
a, WTS) ooo Wer) Ag (yro), =o (1286 
ay 78 x, dt | Or vr Te vr | ?; ) 
which is a homogeneous partial differential equation of the Lagran- 
gian type for Yr¢. The appropriate subsidiary equations are 
di dé 
dt = ne ene (1287 
tr dk, ¢ dk, i) 
K, dt Kr, dl 
The foregoing equations are equivalent to 
dk, dt dc , 
= = — (1288) 
Ay a 4 
= constant (1289) 


(1290) 


= constant 


Two independent integrals of (1288) are 
c 


Ky 
PY ? ‘ ; 
Ki7¢ ~~ = Function 
OT OK ew 
(1291) | 


Consequently, 





OY =. 


or, alternatively, 
draco 
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where F is an arbitrary function of the arguments specified. Inte- 
grating equation (1291) with respect to ¢ and 7, we obtain, respec- 


ay , iff? §%, 
— = — ¥,(r, )+- Fi(-, x d¢ , | 
OT OT ie kK 


(1292) 
ays ae I . LF c 

— = — B(¢,/) +- F\—,=—)dr,| 

Og OT fs Ky Ky ) 


where %, and %, are (as indicated) independent of ¢ and 1, respec- 
tively. Substituting for 0B, d7 and dW, d¢ according to (1292) in the 


tively, 


equations (1277) and (1278), we obtain, respectively, 





OX’, dx, 07%, dx, OB, 1 dK, 
spetra a tia ee Ti 
* OlOr ' dt @r dt Or 2 dts ( 93) 
and 
VB, , dx, FB, , — de, OB. , 1 De (1294) 
Ks pee ee a ae” ae Fie = == SS 12 
* altace ’ dt 0? dt o¢ 2 dts 94 


The foregoing equations are identical in forms with the equation 
(1095) we have already encountered in Part X, § 54. We can there- 
fore write (cf. Eqs. [1108] and [1109]) 


OX, qi ; . ft 
(6-3 e5n(G) 
OT 9 Q Q" p 
Os, 2 @ I (5) 
= — — Ff, 7 
a (Gia) ta 6 


Ki, = ¢? (1296) 


(1295) 
where 


and where /’, and F, are arbitrary functions of the arguments speci- 
fied and g, and g, are constants. Combining the equations (1292) 
and (1295), we obtain 


Oy qi ‘) be ( T ) 4s o. ( . + a | 
as ~ +— F,{(—)]+-— Fi—, =—]}—,| 
Or (f d r p+ ~ p+ g go /¢d | 


apt 2 I hig r ove t ¢\dr [| (297) 
ON q2 ; ¢ aie ¢ 
— = -_— r(S)+5f I (=, £)\e. 
o¢ G ) Ls ¢* o p*. g g/d’ | 


ae aE ee eR 


| 
| 
4 
i 
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From (1297) we readily have 


ga (% -$) (% - ‘) ‘ of oR (<) dt 
. ¢ oe a” ee No) ¢ | 
EL pt 2. ; I fy ee 
+a & re | J ¢' o¢]) ¢ ¢ 


Since F, F,, and F, are all arbitrary functions of the arguments 


(12098) 


indicated, equation (1298) is clearly equivalent to 


— eo ) vies ‘e 7 2 lial r: - ie =.) + Bolt), (4299) 


where %* and &, are arbitrary functions of the arguments specified.*' 

Thus, the necessary and sufficient condition that the equations 
(1271), (1272), and (1275) be compatible is that B be of the form 
given by (1299). Substituting now this expression for Bin the equa- 
tions (1271), (1272), and (1275) and remembering that x, = ¢’, we 


obtain 


~ f qt g I am”) 

Plo | $! A(7/¢") 
can) I OUS* I Ox 
cu) p* O(C/ 9°) 2 


ay (# 
+ et = = 
od} 





ot 
7” (1200) 
(4: o I Os I OX 
~ hee e So Oe a Oe 
oe 2) d+ O(7/¢") 2 OT 
{a ¢ r oy* 1 OX 
oS = ee a eS ep oe = 
o | $ A(¢/¢?) 2 i 
On the other hand, 
AB * o ( As * 4:5 OUs* 
See ee niece ee oe - ler Aare , 
at &\ a(r/d?) | > A(c/¢?), 
(1301) 
OY * I OY * OYS* I Os * 
OT my gd? J(7T/¢’) rare o Ag db’) 
' [3q. (1299) therefore represents the most general solution of the nonhomogeneous 


xq. (1281). We shall consider later (§ 60) the mathematical aspects of this situation. 
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Using (1301), equations (1300) can be reduced to 





ee oo oe nh ee Iay* 
- 1 Be ar 1 + ob) + 2 ( f+ 6) +, 
_- Ox _~ Ao IB* 
20r ? a it Or’ r (1302) 
= I ox _ # 2 AB* 
2 0¢ i ome ee 0g . 





From the foregoing equations it readily follows that 


ina (E4e)++(G40)r49°(5,2) 
- ie - a ed $$ (1303) 


+ constant. 


This completes our discussion of the equations (1271), (1272), and 
(1275). 

We shall now examine the physical characteristics of the stellar 
system under consideration somewhat more closely. The solutions 
for the coefticients of the velocity ellipsoid and the A’s are 


a=@¢?+rky ; b= @ + «,x’; c= ¢’, 
. (1304) 
f=g=0; h = —kxy, 
and 
A, = aU, + hV, = box + By, | 
A, = hU, + bV. = doy — Bx, } (1305) 
oe = oo. 
From the equations (1304) and (1305) we readily obtain 
U.=fx+ a . — » | 
@ d? + K(x? + y’) | | 
5 ™ | 
a ae oe ’ (1306) 


oF Fae ty’ 
¢ 
o 
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Let II, 8., and Z, denote the components of motion of the local 
centroid along the radial, transverse, and z-directions, respectively. 
Then 


MI, = =(yV, + xU,) = - 


w ” ? 
I ‘ sie Ba 
O. oS Xx > f 0 a. eee - : g 3 7 
= (vl yU,) oe eet | (1307) 
a ee 
49) 


Thus, the field of differential motions consists of a uniform expansion 
(or contraction depending on the sign of ¢) and a simple rotation 
about the z-axis. Further, it is seen that the solution (1304) for the 
coefficients of the velocity ellipsoid predicts no deviation of the ver- 
tex (cf. $9). 

Finally, let us consider the solution for the density function o. By 
definition (Eq. [935]) we have 


—-x=Q+0¢, (1308) 


where 


Oo. = AU. + A.V. + A;,W.,. (1209) 


According to equations (1305) and (1306), we have for the case 
under consideration 


- Bp? Rin icol ne pene 


Combining equations (1303), (1308), and (1310), we find that 


oY ae o2 _ Bo 
a+ ¢7(@ BS aa 9 rE,” 
(EAE) 


Pe 


— eee 7 
a? + 2? + $7(w? + 2?) + 245* + constant . 
ge g* 
































THE DYNAMICS OF STELLAR SYSTEMS 517 


Hence, 


a I ‘( sini _ bo’ ny 2\ 
1" Oe gear | 
i } (1312) 
+ 23° (z. 5) + constant | 


If we now assume that 
Mo +e) = ete (1313) 
then the number Yt of stars per unit volume is given by 


o 


3 2¢ 


XY = —, (131 
v5 314) 
where D stands for the determinant 
ah g 
D=|h 6b f|. (1315) 
gf; ¢ 
For the case under consideration 
D = c(ab — hh’) = 4(¢? + x’) . (1316) 


Hence, according to equations (1312), (1314), and (1316), we have 


I Peed 
constant = (a: —— 5) +420" —293* 
i= a (1317) 
PV dp + KW 
This completes our discussion of case (A). 
Case (B). According to (1263), we can now write 
Bio, zs, f) = Bia, t) + Biz, t), (1318) 


where %, and %, are arbitrary functions of the arguments specified. 
Further, with the coefficients of the velocity ellipsoid and the A’s 
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given according to equations (1264) and (1265), the compatibility 
conditions we have to consider are 





, OB, Od, +. Wk I Ox | 
Ki + Ky?) —— —mey —— +59x 55> = -- =, | 
( om = ) Ox - @ = ae 2 0x 
Od, Od, ad’, I Ox 
(k K.x?) —— — oxy — +3y— = -- =, 
a ) Oy GN T 2 dt? 2 Oy 
Os, d?k, I Ox , 
ge = Ss ee 
OZ df? 2 C2 
1 dk; Od, (2 dk; Oy, 
<2 fe) —— + ( — —— 9 — 
(: dt By) Ox 2 dt ° Oy 
43 dx; OB, _ 1 dx 
2dt° dg 2a 


The foregoing equations can be further simplified to take the forms 


(cf. Eqs. [1271], [1272], and [1275]) 


Os, 1 dk, I Ox 
Ki =—— +- SS = see (1320) 
‘ Or 2 dl? 2 OT . 
Os, I d?k ; I Ox 
Rae ake ts Seen SS ae (1321) 
ale 2 a 2 0 -— 
dx, 0%, Po dx, OY, I Ox ' 
‘T—_— = - ¢ — = eae [322 
dt Or ~ dt O¢ 2 dl 322) 


The integrability condition resulting from equations (1320) and 
(1321) is clearly satisfied. On the other hand, from equations (1320) 
and (1322) we obtain 

PY, 4 dk, PR, ee dk, Os, t I d3k, ) 


= 7 3 r 2 : 4 =O. (1 
" Otdr dt Or dt Or 2 dts 


w 
to 
os) 


Similarly, from equations (1321) and (1322) we find that 


SY, , . dk; eS, dx, OW, , 1 dk; 
ig mere pe Ee men — fe = a MEO, (¥: 
* Otdg dt 0° dt o¢ 2 db 


wn 
No 

> 

ae 
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Equations (1323) and (1324) are identical in forms with the equa- 
tions (1293) and (1294). We can therefore write (cf. Eqs. [1295]) 


Od, ( od, —_— ( T 
ates || oi teem — F,(—}], 
OT Q; of ” g} dp; 


f 1325 
ays, Min (£ ws e) r I F (5) ( ~ 5) 
as gt be} ot * \e3/" 


where 


5 i o; ; ie p; (1326) 


and where F, and F, are arbitrary functions of the arguments speci- 
fied and gq, and q, are constants. According to equations (1318) and 


(1325), we can now write 


: + (1327) 
I * § X 
+ B ( a) + B,(t) , | 


where B*, B*, and &, are arbitrary functions of the arguments speci- 
tied. The solutions for x and o are obtained by methods similar to 
those used in our discussion of case (A) above. We find (cf. Eqs. 


[1.303] and [1312}) 


( , q. i “ i yy. * T 
tx =(2 + ¢; r+(% 4 o:) i + 2s; ( 
or QD; QD; 


+ 


(1328) 


& 


and 


(1329) 
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Further, we have (cf. Eqs. [1306] and [1307]) 


; 3 y 
By sale ogo = — 
do: OF ale + ¥*) 
y= o y- cede (1330) 
"gi GT + w(x? + yy’)? or 
. do: 
W, = Z, 
?: 
and 
“ = Bw F D> 
1 ee oe = = = 3 Com €. (1331) 
dr di + Kw" ~. 


Finally, for a distribution function of the form (1313) we have 


constant 


\ Oi +Kn2@?) ra) : >? 
VC —_— ae | " , . (i222) 


P:92% ot + K»@)" 


The discussion of the further consequences of the foregoing rela 
tions are postponed to a future occasion. 

60. Some remarks on nonhomogeneous linear partial differential 
equations. In § 59 we encountered the nonhomogeneous equation 
(Eq. [1281]) 


2 oe) +2 S| 2 em@+c lew 
Ot K, at Ore BE huss 
= hip 2) + J**(t) a 
= F dts — 


and found that the most general solution of this equation is 


% = (4-2)7+(£-8)¢ +2 4*(2 f)4 au, (338) 
Q" ? Qe @, P \p" 


where x, = ¢? and ¥B* and &, are arbitrary functions of the argu- 


ments specified. Since 
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can be absorbed into B*/¢’, we can express the solution (1334) also 
in the form 


yy = < G+H+— 9 (=, | + B(#) . (1336) 


We shall now make some general remarks on this solution of the 
nonhomogeneous equation (1333). 

First, we may notice that there is no loss of generality if we set 
F* = o in (1333). For, if we let 


where 
N I ‘ ” . 
Ys,,(2) = } I *(t)dt Pe (1338) 
Ky. 


then the substitution of (1337) in (1333) leads to the differential 
equation 


0 ‘ 1 dk, 0 ‘ a. : 
> (x: ¥,) : 5 (a (x, ¥,) + Cas (Ki) 
at Kk, dl OT OG 
. ( 
7 = dx, 339 
os 4% sae 4 
a °* dbs 
for U,. 
Now, the homogeneous equation associated with (1339) is 
pa » il dk, ra] on ra) on ( ) 
— (Kx) rT — (KOs) FC — (eee) =O. 1340 
ol kK, dl OT ” ee its 34 
The equations for the characteristics of (1340) are 
it dr dc ( ) 
( = P I341 
T dk; c dk, 341, 
Kk, al K, dl 


The foregoing equations are the same as (1287). Two independent 
integrals of (1341) are (cf. Eq. [1 289]) 


> 


¢ 
= constant ; = constant . (1342) 


Ky Ky 
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wn 
nN 
No 





Hence, 
a es C 
K,B3, = B* ( ; (1343) 


where %* is an arbitrary function of the arguments specified. To 
find the general solution of (1339), we must add to the solution 
(1343) of the homogeneous equation the most general particular 
integral. However, physical considerations might often suggest 
particular integrals of certain special forms though they may not 
correspond to the most general particular integral. We shall later 
encounter such circumstances (cf. $73), but meantime we may 
notice how we can discover particular integrals of differential equa- 

tions like (1339): 

Try a particular integral of the form 


9, = €,(¢t)r + ( ie (13244) 


where C, and C, are functions of time only. Substituting (1344) in 


(1339), we find that 


d C , C dk, I sk, 
T (kK eat i ; 
dt sit dt 2 abs 
: 1345) 
ad aK; l GK, 
—— € K, »} + : r O 
dt dl é di 
or, equating the coefficients of 7 and ¢, we obtain 
a¢ ( dk, I @x 
¥ + 2 + C 
dt dt [ } 
I2 $0) 
d¢ dk 1 dh 
r 2 + O 
. dt dt dl 


We have already encountered in Part X an equation identical in 
form with the foregoing equations (cf. Eq. [1035]). We can there 


] 


fore write (cf. Eq. [1045| 


‘ rt re) i Qs © \ 
C. = ( fz ( al Ge ). 1347) 

@* (68) gd" © 
where x, = ¢? and g, and g, are constants. Adding the particular 
integral thus obtained to the general solution of the homogeneous 


equation given by (1343), we see that we have recovered the gen 
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eral solution (1334). However, this “straightforward”? method has 
the disadvantage that we do not know if the solution obtained in 


this manner is, in fact, the most general solution.*? 


XU. THE EVOLUTION OF ELLIPSOIDAL SYSTEMS 

61. The statement of the problem. \n Part VIII we considered the 
dynamics of ellipsoidal stellar systems under steady-state conditions. 
We shall now consider the analogous problem under nonsteady-state 
conditions. More particularly, we shall be concerned with the mo- 
tions inside a homogeneous ellipsoidal distribution of mass. In dis- 
cussing this problem under nonsteady-state circumstances we natu- 
rally regard the density and the ratio of the axes of the homogeneous 
ellipsoid as functions of the time, arbitrary in the first instance. In 
other words, the gravitational potential, B, is assumed to have the 


WB = dfa.(f)x? + a.(t)y? + a;(t)27] + Bd, (1348) 


form where a,, a., a;, and &, are functions of time only. 

The analysis of this problem, which now follows, is divided into 
five main sections: 

In § 62 we obtain the fundamental equations of the problem: it 
is found that we are led to consider a system of seventy equations. 
In § 63 we prove certain theorems relating to the solutions of a cer- 
tain type of differential equation which plays a fundamental role in 
the further developments of the theory. In § 64 spherical systems 
are considered; § 65 is devoted to spheroidal systems; $$ 66 and 67, 
to a further consideration of these systems and certain applications 
to the evolution of elliptical nebulae; and, tinally, $ 68 contains a 
preliminary discussion of general ellipsoidal systems. 

62. The equations of the problem._The mathematical problem 
hinges on the relations (cf. Eqs. [956] and [957]) 


1 
A grad & + = —§ grad x, 


(1349) 
I OX 


A . oracd NN — 
grad X ; 
2 OF 


These remarks, while they may appear irrelevant in the present connection, have 
considerable importance when we come to discuss certain other types of nonhomogene- 
ous linear differential equations which are more complicated than the one we have been 


specifically dealing with in § 60 (cf. Part XIII, § 73) 
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where the elements of the matrix A and the components of the vec- 
tor A are given by equations (941) and (g53).°° 
For the case under consideration 


grad B = (a:x, a2, a;2). (1350) 


Combining equations (1349) and (1350), we have 


ON I ra) 
a,ax + ashy + aygs + —* = — < a (1351) 
: ol 2 GX aH 
’ OA, 1 OX 
a,hx + a.by + a;fz + —— = -- =, (1352) 
. al 2 dy ™ 
. , OA, I Ox 
mse Sass + ese tS Se (1353) 
= ol 2 OZ ; 
and 
: I OX 
a,A.x + a,A,7 + a;4;25 = : (1354) 


2 dl 


The foregoing equations lead to six integrability conditions. Thus, 
from equations (1351) and (1352) we obtain (cf. Eq. [877]) 


Oh oh ( Of og 
( 


Zax — 3a,y— + a,Z -- +(a,—a;)h 


ax ** a Ix Oy 
5 i [= OA, ) 
ere : psa =a 
OL \ OX ov 


The two further integrability conditions which arise from the equa- 

tions (1351) (1353) can be obtained from the foregoing equation by 

cyclically permuting (x, y, 3), (a;, a.,a;), (A,, A, A;), and (f, g, A). 
Similarly, from equations (1351) and (1354) we find (after some 


reductions) that 


OA, , ( @A, . A:\., 0A; , OA;) 
Set ay, 2 Ba a:242-—— + ) 


Ox Ox oy Ox O2 
F Ei, 
da, da, da, 07A, 
+ ax + hy + gs —-+-— 4+-@,4,=0. 
dt sleet i 6 dt Ov’ — 


53 Some relations between the coefficients introduced in these solutions are given in 


Eqs. (942) and (949). 
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There are two similar equations which can be obtained from (1356) 
by appropriately permuting cyclically the various quantities in this 
equation. 

Substituting for the coefficients of the velocity ellipsoid and for 
the A’s according to equations (941) and (953) in (1355) and (1356), 
we obtain 


3a:X(M2 + Anz + Apy) — Z3a2y(hyo + fare + hyx) ) 
+ a;2(fir =e Zhax + afar) + (a, aa a.) [Aro oF hy12 
— 2212" + (Ito + Ny) Xx + (hyo + fuz)y + hyo xy] ) (1357) 


| 


fa) a dh a) dh, 


re 
+ al ag Og ge ee 
and 
dis, AZ x0 dd, 
gxy(as — as) — + 32x(a; — a;:) — $a.x 7 + a.y(B; + 24;) 
df i dg11 dhy, 
— @ oY. — 2B;) oa Va (a; 4 a,) di a 2a, dt. 2a; “dt 
da, ’ 
“= (2haxy + 2huxys + Ixy? + aoX + 26342 + Sy2"X) 
d 
~ : (hoy + huys — gu2?y + hoxy + haxyt + hyy? + fay’? + hypxy’) 
( 
; (1358) 
+ 25 (2105 + Buys — farv?S + B23? + gays? + g3XZ + Auxys + 227X) 
( 
At. It, d3g,, _ , dx af, 1 day ; 
+ — xy — x3 - z -— y3——-—-——xX4 
, dts - dts dts dts dts 2 dts 
dB, . ay, d*6, ( — dhy dh dg 50 
r+ Z A ¥ — xy —— — x3 —= 
Poel ge at Oe a FR di | 
dg, ais I day y 
zg — yo — - x B.y 2+6,) =o. 
Te a a ae te 


Equating, now, the coefficients of the different powers and the dif- 
ferent combinations of powers of #, y, and g in the two foregoing 
| equations and combining them with the equations which result from 
the two other pairs of equations (similar to the Eqs. [1357] and 
[1.358]), we obtain a set of sixty-six equations. These sixty-six equa- 
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tions, when appropriately grouped together, give rise to the follow- 
ing fourteen systems of equations :54 


frrla; = a,) = 0; flay = a.) is hn(az — a;)=0, 
d d d 
21 dl (a, ha a;) =O £21 dt (a; = a;) = 0, Re dl (a, =o a.) =. 
d d 
fu S (0 —@:) = 0; Bar 7 (as — a2) = 0; hin 7 (a1 — a3) = 0, 


far(ax ae 4a, + 3a;) = 0; £(a, as 4a, + 3a1) =0,;j h(a, ‘aia 4a, + 3a2) = ¢, 











fu(4a, ag 3a:) = 0, £2(4a, er 3a) =0,;j h.: (4a, — @, — 3a;) = ©. 
d d d 
far G (ax — 2a, + a;) = ©, £2 qt \%? — 2a; + a;) =O; Bs di (a; — 2a, + a.) =0 
fao(as a a;) =O" Sola; — a1) = 0; hy(a,— a.) = 0, 
d d * 
foo G (as — a2) =O; 80 a (a, — a;) = 0; Inyo 7 (a2 — a) =O, 7 
d d d : 
foo = dt (a, = a;) =O 5 Leo dt (a; —a,)=0; Ries di (a: — @2) = 0, 
fu + Sir + hy, a iO6 (i) 
a . 
= (fir a £11) + a3( fis = £11) + (a; — a,)hy, a 2 a 
d? P Se 
de (Lu: _ hy) + ar( £11 a hy) + (a; ba a;)fis Rg (11) 
Sh Pi deadly, «tat alc 
dt? tit Ji Q2\Aiy Ju) T \@3 Q:)£811 =O, III 
“ is che dg dh,, da, da; _ 
4 + (a; +a 2ta ;) Ay + 2 aa? wes oe his a ae? = 2 
a3 dg 1 dgir oe a, Ue 7 da, Z da; _ oa 
“db + (a, + * o> a;) dt. 2a; =, + . oe tu dl hy, dt =O, (111) 
hy, oe ae dg: da, - da, _ 
db + (a, +a:+ a;) = + 2a: + 24: dt = ees dl ited Ju dt =O 


54 The fourteen systems of equations which now follow include the sixty-six relations 
already mentioned and the four other relations given by Eqs. (942) and (949). We have 
thus to deal with a system of seventy equations. 








df, 


dbs 


BL 


db 


ds hy, 
db 


III 
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d*f 20 ie i) 
335 + (4a. — a;)fo = 0, ” 
Ofo , , Yn oe ‘ 
dB + « a; dt + fro =o; (ii) | IV 
| —s 
+ (3a; — 4a) 2 + fy £ (a; — 2a.) =0, (iit) | 
: a? £20 + ( = (i) ) 
Pe de? 4a; a; £20 —, O, l 
B26 “es 0 _, aes _ om ; 
“db + a; + £ “dt = Oh; (ii) ( \ 
: 1£ 2 d | eee] 
+ (3a: — 43) 7" + gu 7 (a: — 203) = 0, (ii) 
dh, a) 
3 Gp (4a — s)he =O, (i) | 
Bh dhs da, _ a . 
eC € + hav _ (ii) ba 
dh d | | 
+ (3a: — 4a) “at + ha 3, (m= 2a,)=0, (ant) | 


d?f 5. 
3 op + (4a; — a2)f;. = 0 (i) 
dfn, 4 dw 4 5 das _ 
> + a, . + fro es (ii) | VII 
df so OF cc teiae 
+ (3a 4a,) — + fio a (a 2a;)=0, (itt) | 
yim . 
34, T (4a: — G3)£ = 0, (i) | 
dt? | 
DE 0 dg so da, a “4 ‘ 
dts 3 at T 830 dt ie (ii) van 


( ja y30 5, (@; — 2a,;) = ’ iil | 
; + Ges — 4m) “GT beg es — ta) ee (an) | 
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ah, 
3 aig oa a (4a, — a) M5 = 0 9 
dts 
Bh, dhy da; 
ae Ss atta h. las. ae oO, 
dts + &: dt + Ms dt 
Bhi. dhy d 
—- ( 3 | ee 2 = its, si ae 2 = 0O ’ 
pe a ea ae ge OR 
rh fam ee j 
— = Pity 1) 
dt oe 
1 : a 
5, (Bi — 11) = (a2 — a3)fro, (11) 
d’B, : m da coe 
- I .( sf + at 1) + I x0 — = ©. (111) 
dpe 1 Pr 1 ask aM ba” 
d*y;  , es ; 
— vy, t+ aly; + 2B,) + fro = 0... “() 
dp TH ey oe” : 
dg. B,-4 ) 
—~ ,>rT VY, ( 
dt ee ?; 
d (8 ef 
B,—-—% = ( — a,)f, (i1) 
dt Y ) a, a,)% 1] 
7B; la, sy 
sa + a8, + ai(B. + 272) + £10 = =o, (1) 
dy, da, 
eS v2 + (y. + 2B, + vy =O (1 
de TUT ah a , 
th, ; 
= B,+ a5 (1) 
dt 
1 2 
= (8; — y3) = (a: — | (11) 
as, , ' da sen 
a2 + a,B; + a.(B; + 273) + Mo qi =o, (in) 
Ly, la : 
~ a + ary; + a:(y; + 28;) + ie. -=0, (iv) 
dt? dt 


(11) 


IX 


X 1 


XII 
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a+ EGE mo 
bo Gt aa +E GE =e, | XIII 
See 
and 
F Pe eR F + ad, = 0; + a6, =0. XIV 


The discussion of the foregoing systems of equations are undertaken 
in $$ 64-68. 

63. Theorems concerning the solutions of a certain type of differential 
equation. Consider the differential equations 


qi 
= i (125¢ 
rae 359) 
and 
qi © 
a=—— : (1360 
u_¢ 1360) 


where a, ¢:, and ¢; are functions of ¢ and g; and g; are two arbitrary 

real constants. We shall show that any solution of (1359) can be ex- 

pressed in terms of any solution of (1360), and conversely: 
According to the equations (1359) and (1360), we can write 


6.6, — 8:6: = a0; (% .) (1361) 
P = ®; 
or differently as 
© tag — o)¢;) = oid (#2 (1362) 
dt Q: ] Q, i a) oe ? ? ° \*zgVe 


Let 
oi = Uijd;. (1363) 
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gid; = o)>i = $) ti; ’ (1364) 


and equation (1362) can be re-written as 
Ui; [ Qi 
=. NOR) = (# aia ui) : (1365) 


The foregoing equation admits of an immediate first integral. For, 
multiplying both sides of (1365) by $?u:;, we obtain 


1d (p20 2 (4 : ( 66) 
mS bs) EH | TO Pia | hi (1300 
oO U3; ! on 
or, integrating, we have 
ee qi ; 
(@5 ij)? = qij — a Qju;; , (1307) 
ij 


where gj; is a constant of integration. Equation (1367) can be writ- 
ten alternatively as 


I Mt; : 
= s (1365) 


?; qi ; 
fi a 
u? 


Integrating the foregoing equation, we have 


‘dt uj) du, 
es ea (1369) 
oJ Vag t git; — aut, 
Similarly, if 
gd; = Ujidi, (1370) 
we have 
‘dt ™ 4 uj idUj; 
SS ee (1371) 
; JV ~— GF QM GMT 


where, as may be readily verified, gi; = q,i. 
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The integrals occurring in the equations (1369) and (1371) are 
readily evaluated. We have 





‘dt I , Gi; — 2q;2? 
t2) —==—— sah (g;< 03; 49:9; > 9), 
J ¢) V4 V49i9) — Wi : aie i 
I ij — 2qg;ue 
= —— cosh! SAE (GS 05 gh > 499i) + $ (1372) 
V~—qGi Vii — 494i 
I ij — 29;%i; : 
= = cost ht (q, > 0; gi; > 49:9;) - 
Vv qi V dij — 4919; 


Similarly, from (1371) we obtain 





‘dt = 29M; | 

a f = sat: ngs ‘ghaihi SR eaceal ma (Gi < 03 49:9) > Qi)» 
Q; Vv — qi V 49:9; a qi 

I i — 2q; 17, , 
= —— cosh! #4 — 74 (gi <0; 4g}; > 49:9;) 5} (1373) 

V 4: V Gi — 49:9; 

os Ns cos” I Gii bai 3 (q; > O° A qi > 49:9; ) ss | 

V 4; Vg — 49:9; ) 


From the foregoing equations it follows that either of the two quan- 
tities @, or o; can be determined in terms of the other through the solu- 
tion of a certain transcendental equation. 

The theorem we have just proved has an immediate application 
to the theory of the differential equation 


da dy ay _ 
Fa eae 


¥ i (1374) 


tN | a 


where a and y are functions of ¢. Equation (1374) can be regarded 
either as a first-order differential equation for a or as a third-order 
differential equation for y; it is from this latter point of view that we 
shall now consider this equation. From equation (1374) we derive 
the integral (cf. Eqs. [1037] [1043]) 


2. =f @ ae 
ee Vy dt Vy, (1375) 
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oat 


where g is an arbitrary constant. If we let Y = ¢’, we obtain 


q_¢ 
a= d —=, (1376) 
ge @ 
Consequently, if any particular integral p(t) = * of equation (1375) 


is known for some value of q, then the general solution of equation (1374) 
can be obtained in terms of the particular integral through a certain 


27 2) 


transcendental relation of the form (1372) or (1373). 
We shall finally consider some special cases: 
(i) gi = o. According to (1371), we now have 


f dt _ q mdz (3 
J 9%; V —@j + Gist; 


or, more explicitly, 


t dt a 
f ef a et, (1378) 
9; q, 


On the other hand, according to (1369), we have 


; dt ; f du;; ( ) 
42°C ; 1379 
a ?; V qi; 7 qjuj, 
or, after evaluating the integral on the right-hand side, we have 
t dt I : q 
- = +—=— sin uj (qj >0; Gi > 0), 
Q; Vg qi) 


I , ay 
= +— sinh a l U, (qj; <0; qij > 0), ) (1380) 
V =F qi 


I g 
= +— cosh"! Ui; G¢5< 0; Giz <0). 
Vv max! qi 


= g; = o.We then have 


“t dt I t dt I 
= F ei: = 4 ae (1381) 
Q; V i; 9; V ii 


w 
~~ 
~ 
— 


(11) q 
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(ill) 49:9; = 9?; = 93;.-As may be readily verified, we now have 


t ‘ 
f we oe log (: _ aw. us) ’ 
?; Vv ds qi 
t 
of . — log ( ~./2 wi) 
JF V —@i qi - 


64. Spherical systems. We shall begin our discussion of the four- 


the relations 


(1382) 


II 


teen systems of equations obtained in $ 62 by considering first the 
case of spherical symmetry, i.e., when 


a; = a,=a;=a(t) (say). (1383) 
The systems I and II are identically satisfied. Hence, 
Iss Ss has Ses os ha OO (1384) 
and are arbitrary constants. 


Consider next the system III. Of the three equations ITI (ii), only 
two are independent, and these can be written as (using |i]) 


f°... ; 
Par Res) Q( fi — £u) =O, 
dt? : 5 7 if 
" (1385) 
(2211 + fis) + al2eu + fis) =— CFs 
dt? ; , 7 
From the foregoing equations it readily follows that 
df, , d? 81 
—— - fr = O75 + agn =O. 1386 
dt? Li dt? 6 (13 ) 


On the other hand, according to the first of the equations III (iii), 
we have 
d sf, : df, . d da 


a 2 2 ( yay it.) sani (he. * a) =0,j 1287 
dts r 3a dt T * a et T 8 dt (1387) 
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or, using (i), we have 


df, dfs rc da —_ ne) 
ae OO ey Wy es (1388) 
or, alternatively, 
d fd". , 
aa cee 1 wn : 28 
dt ( dt? re : (1389) 


but this equation is satisfied identically in virtue of equation (1386). 
Similarly, the other two equations of III (iii) are also satisfied in 
virtue of equation (1386). Hence, fis, gi, A, all satisfy the differential 
equation 

do 


it? + ap = (@ = Suas ity ae (1390) 
dt? 


and are further restricted to satisfy the condition III (1). 

When all the a’s are equal, equations (ii) and (iil) of all of the 
systems IV-IX are identically the same and are satisfied in virtue 
of the equations (i) of these systems. Consequently, f.., £20, Hoo, fo 
£3, and h,, all satisfy the equation (1390). 

Consider now the system X. According to equations (i) and (ii), 
we have 


B, = y: + constant (1391) 


and 
I Af 


as oe 
SS + 10 3 (= ae Bi aivs ( 3 2) 
B 2 dl B Y a ak . 139 


where @,, is a constant. Equations (iii) and (iv) now take the forms 


d’B, e da 

ar 5 Peis = im 2 (( I n fy = ( 3 2) 

dt’ me at ahr rx) F ds 
and 

Ly, _ a 

<1 + fig = + 20(Bi + 71) = 0. (1304) 

dt? dt 
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Subtracting equation (1394) from (1393), we obtain 


a 


Tr (A: — V1) = 0; (1395) 


but this equation is satisfied in virtue of equation (1391). Adding 
next the two equations (1393) and (1394), we have 


2 4 
7 (Bi + ¥:) a 2} 10 = + 4a(B, — 1) ey (1396) 


or, using equation X (i), we have 


. da df io 1 df, - 
gta ae (1397) 
Consequently, 
er 
q = q ee ag i Jio » (1398) 


fe <i, 


where g is an arbitrary constant. We obtain similar results from the 
systems XI and XII. Finally, we have the systems XIII and XIV. 

Summarizing the results obtained, we have: (1) do, bo, Co, fros £10, 
and h,, all satisfy the differential equation 


da d 1d . 
Y di + 2a x + ; “ =o (YW = do, do, Coy fros Lr05M10) ’ (1399) 
or 
iis ais q pea I a (1400) 


y’ \ y dt» v > 


where g is an arbitrary constant; (li) fir, 8iy Mu, fro, 820) M20, f30, 
230, Ayo, 6, 62, and 6; all satisfy the differential equation 


5 


? , : , 

a= — (ge = fisy Gary Birs foes Sai Movs Joos Ens Hes On Gy ds 
ceo) 

’ The constant g will, in general, have different values when y stands successively 


for the quantities do, bo, Co, froy S10, ANA Myo. 
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(iii) 
B. = - Ee + By Y= 5 ae — (1402) 


where £8;o, B.., and 8;, are constants; and, finally, (iv) 
fry S21) Mary fos Sans hyo FO (1403) 


are further constants. We thus see that all the functions of time 
which are introduced in our general solutions for the coefficients of 
the velocity ellipsoid and for the A’s are (under the conditions of 
our present problem) now determined in terms of the single func- 
tion a(t). Further, according to the theorem proved in § 63, if any 
one of the eighteen quantities (a, ...., 6;) is known as a function 
of time, then all the others can be determined in terms of this one 
function through certain transcendental relations of the forms (1372) 
OF E37 3). 

If a is a constant, then the solutions for the various quantities 


can be explicitly written down. We have*® 


¥; = A;sin 2Va(t+7;) + B, to eee 6), 
o; = C;sin Va(t+1¢,) (2 Pere ie 
B; = VaA;cos 2Val(t+t;) + Bio ‘(ie i ie, Ae aN) (1404) 
Yi = VadA;cos 2Va(t+t;) — B [AOR Gas a5, 
Susy Gary Bry feos Bees Bae = &i CE pera 6), 


where A,;, B;, Ci, ti, t;, Bio, and x; are all constants. The general solu- 


tion thus contains 6 X 3+ 11 XK 2+ 3 +6, or forty-nine, con- 
stants of integration.*’ 


I 


6 We have used yx, ...., yo to represent fio, £10, Aro, do, bo, and Co, respectively; simi- 
lath yin oc 2s 4 gx represent fix, £11, foo) - - - - » 53, respectively. 


57 This is true also when a is not a constant. 
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65. Spheroidal systems.--For spheroidal systems two of the a’s 
are equal, and we shall assume that 


jij = a * a. (1405) 


We proceed now to a consideration of the fourteen systems of equa- 
tions obtained in § 62. 
rom the systems I and II it readily follows that 


fa Se an = hy = fo = Pag. 2 Os (1406) 


Further, 


hin #0 (1407) 


and is an arbitrary constant. 

Consider next the system III quite generally, i.e., without using 
the fact that under our present conditions of the problem a, = a,. 
Of the three equations (ii), only two are clearly independent. Choos- 
ing the first and the second of the equations (ii) as the independent 
ones, we can re-write them, using equation (i) in the forms 


d . t 4 | 
IL? (fis £11) + (Q2. fT a, — Qr)fis RS Re Oe a2) =O, 
. (1408) 
2 
Kas, h,:) rT (fF @~—« bre > Cdr Ge a;)hy, a, 2 
dt 
On the other hand, from equations (iil) we readily obtain 
ds f ) ‘i ss ) Afi ( F ) agus 
(fis met ba} a, Q@; — @; 3 Pea Rs Gy = Ser 
di ™ 61 dt ' dt 
d da, 
+ hy, — (a, — a.) + (fn — gu) = = 0,7 
a cae 
(1409) 
ds dg, dhy,, 
aT a h 1) + (a; + Q; — Q) ° — \@y + a: a;) ; 
dis *° , , dt dt 
is ae da 
panit (@2:— G,) + (ey = hy;) = OQ. 


Gee 7 dt 
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Using (i), and after some further reductions, we find that the fore- 
going equations can be re-written as 


iw... ‘ 
dt Tr (fiz — 211) + (a. + a; — ar)frr — (a; + a: — a2) gun) =O, | 
> (1410) 
a \ 2d" 
ea) Se (ir aa h,:) + (a; oa a2) £11 — (a: + a. — a;)hy, = 0; 
dt | dt? 


but these equations are identically satisfied in virtue of the equations 
(1408). Consequently, only one of the three equations (iii) is inde- 
pendent of the equations (ii). The single independent equation to 
which the equations (iii) are equivalent can be most conveniently 
expressed by adding the three equations (ili); we then find (using 


li]) that 
df dg dhy, . da, da, da; _ 
«a: 4, te Gy tae tin Gy Pee Ge Ge eae 


Let us now put a, = a, in equations (1408) and (1411). We find 
(on some further reductions, using [i]) that 


oc : 
a (fir — Bur) + a3( fir — 811) os (1412) 
dt? 
d? : ; 
dt (221 + fr) + 20:21:11 tT (2a, — a;)fir =O, (1413) 
dt? 
and 
thy, l 
4(ay — a1) SY + In 5 (as — a1) = 0. (1414) 


Multiplying equation (1413) by 2 and adding equation (1412) to the 
result, we find that 
ahy, 


2 + (4a, — a;)4y =O. (1415) 
dt? 


Now, equation (1414) can be integrated to give 


hi,(a; — a,) = constant , (1416) 


5 
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or 


constant 
hi = — Tt (1417) 


a, eo a;| 





Equation (1417) enables the elimination of /,, from (1415). As the 
eliminant, we have the differential equation 


. ; oon... nn. ees (1418) 


3 an 
dt? a, = Gi 1/4 a; —— ae 1/4 





The foregoing is an important differential equation, since it provides 
a relation between a, and a, -quantities which were originally in- 
troduced as two independent functions of time. We shall return to 
this equation later, but meantime we shall continue with the dis- 
cussion of the systems IV XIV. 

For a, = a,, the systems IV and VIII provide equations identical 
in forms for f,. and g,. It would therefore be sufficient to consider 
one of the two systems. Let us consider the system IV. Subtracting 
equation (iii) from twice equation (ii), we find that 


df, df x d “ 
3 dB + (4a, a;) dt + f di (4a, a;) = 0, (1419) 
or 
d df20 : eee 
di\ > de + (4a: — a;)fo) = 0; (1420) 


but this equation is identically satisfied in virtue of equation (i). 
On the other hand, adding the equations (ii) and (iii), we have 
hs ae 


4(a,; — a:) alt + fr Tt (a; —a,)=0. (1421) 


I;quation (1421) is readily integrated, and we have 


P constant 
fo = mare (1422) 


@,—~ @, 
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Similarly, from the system VIII we find that 


constant 
x, = a (1423) 


a, — a,|'/4 


5 


yr 


Substituting (1422) (or!1423]) in equation (1) of system IV (or VIII), 
we again find that a, and a, are related according to the differential 
equation (1418). 

Consider next the systems V and VII. These systems provide 
equations of identical forms for g,, and f;,. Further, these equations 
can be treated exactly as those for f.. and g,,. We thus find that 

constant : constant 
2 = > —; fo= — (1424) 
@ say |" , a, — a2"? 
The elimination of g,. and f,, from the equations (1), V and (1), VII 
leads, however, to the differential equation 
d? I 4a; — a, 


ar ee = Fas nO (1425) 
dt? |a,; — a,|'/4 a, — a,|'*/4 


which is different from, and inconsistent with, equation (1418). Con- 
sequently, either fs, gio, and /,, are nonzero, g,, and f,, vanish identi- 


iu 


cally, and equation (1418) is valid or g., and fy are nonzero, fro, g 
and /,, vanish identically, and equation (1425) is valid.> 

Turning next to the svstems VI and IX, we see that the equations 
(ii) and (iii) of these systems are the same (since a, a,) and are 
further satisfied identically in virtue of the equations (1) of these 
systems. Thus, /,. and /,, both satisfy the differential equation 


io 


dt 


+ao=0 (d = fy, hy). (1426) 


Consider now the system X. Subtracting equation (iv) from (il 


we obtain 


d? ; 
ee Sap oP aa (a, ~ a) + (a; — O28: TF) O; (1427) 


dt? 


>We notice here the correspondence between our present nonstead) state treat 


ment of the problem and the steady-state treatment of the same problem given in 
Part VIII (see particularly the discussion of the cases I]p and I+ in § 37) 
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or, using equation (i), we have 


d? - d Af ro re 
de (B, — 1:1) + fro dt (a, ie a;) + (a; — a1) “dt == Gg (1428) 


or, alternatively, 


d [ d . ) 

= 4 = (B: — ¥1) + (a; — ar)fmo? =O. (1429) 
dt | dt 

But the foregoing equation is satisfied identically in virtue of equa- 
tion (i). Again, adding equations (iii) and (iv), we have 


d? a 

dp (Bi + ¥1) + fro di (ar + a;) + a;(Bi + 37:1) (1430) 
+ a(7: + 36:) = 0.) 

Since 


a;(B, + 3Yy1) + a,(y: + 3B,) = 2(a; + a;)(p, + Y1) 


- (1431) 
+T a= a;)(P; tie’ V1) ) iit 
we can re-write equation (1430) as 
d3f +o 2 df, ) 
+ I xc ( I ,) 2( ;) : ' 
dts ; dt He Ee =e dt - (1432) 


+ (a: — a;)(Bi — ¥1) = 0.) 


Multiplying the foregoing equation by f,, and using (11), we have 


d Pi: *,". : 

] rae di = I (2 . d fF 2(q, re «)i ) 

di\’" de 2\ ade dt '- dean 
a va = 433 
2dt ’ » | 


Integrating equation (1433), we have 


dt 


ba iee fio \? Pr 
Jiro =e ov (“ ) + f?,(a: + a;) + 3(B: — y:)? = constant. (1434) 
al’ 2 
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Using (i), we can re-write (1434) more conveniently in the form 


df 1 


ae + f2,(a: + a;) = 2Br,y: + constant . (1435) 
de 


fro 
Equation (1435), together with the equations (i) and (ii), are our 
three independent equations for fio, 8,, and y,. In the same way, the 
system XI provides us with a similar set of equations for gio, 8,, 
and y>. 

Consider next the system XII. Since a, = a., this system is for- 
mally the same as when we have spherical symmetry. Consequent- 
lv, we have (cf. Eq. [1392]) 

1 dh, 


Lhy 
B; = + Bp; H=55" 


2 dt 2 dt Byo , (1436) 


where 6, is a constant. Further, the differential equation for h,, is 


dhyo da, 1 hyp a > 
dt F Mo dt . 2 db rs (1437, 


2a; 


And, finally, we have the systems XIII and XIV. 
Collecting the results of our discussion so far, we have shown 
that (i) 
far = Bx = ha = foo = Bo = 0; Re 2 O |; (1438) 


(ii) Jt, Ayo, 6:, and 6, all satisfy the differential equation 


a,=>— (d = ho, hy, 6;,6:) ; (1439) 
40) 


(iii) (fi; — gi) and 6, satisfy the differential equation 


7 


a, = wees ie = fix si 211), 63} ) (1440) 


(iv) either 


; constant constant constant 
Jou = 7— rr Ae fe Fast h,, = —— TT 1441) 
ie ie a al mm at ia a; — a, 





fy = £0 =O, (1442) 
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and 
d I re 4a, — a, ( ; 
2 —— —— - = On, I 
» dt? ja; — a,|*’4 a, — a,;|'/4 443 
or 
constant constant 
§0 = 7 3 In™ egg tre (1444) 
a; =— Gs a; ee 
fo = S30 = hn =O, (1445) 
and 
rk I a@; — @;, 
3=- 7 ‘3 = 0; (1446) 
dt? |a; — a,|'/4 jo a" 


(v) do, b, and h,, all satisfy the differential equation 


da, dy 1dy | _ 2 
y , + 2a, rT + oa (W = do, bo, Mw), (1447) 
or 
qi b « , 
= = 8 
me Pe ae ™ 346) 


where g, is an arbitrary constant (which will be different when wy 
stands successively for a,, &, and /,,); (vi) cy satisties the differential 


equation 
da, ™ dc, 1 1 dc, ts ( 
” dt tic dt 2 dt i 1449) 
or 
q: I d \ ; ( ) 
= — ie 14s 
45 Gz Vv | dt? , 45° 


where g, is an arbitrary constant; (vil) 


1 dh, —_ 1 dhy a 
Bog et he (1451) 
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here 6, is a constant; (vill) 


d F df io 
Os 1) = (a; — 3) / 10 7 = I ea (LAG2 
ai Pr — 7 + ae a eer? 452) 
Oke. - ' 
Jiro qe + fi,(a: + a;) = 28:7: + constant ; (1453) 
de: 


and, finally, (ix) 


~ (8 ) dB 3, 4 
— ¥2) = (a; — ar) 810 = ~.+ 7 (1454) 
T I 1 
dt Bt dl 454 
Q°Li0 : ' 
G1 = + g7,(a; + a;) = 28.72 + constant. (1455) 


We shall now show how the various quantities can all be expressed 
in terms of one single arbitrary function of time. Consider first the 
case when f.o, £30, and /,, do not all vanish identicaily. We then have 
as our fundamental differential equation (cf. Eq. |1443]): 

d I 


Sea sag | ee + 40; — 8, =.0.. (1450) 
dt? |a, — a,|"/4 


Now, equation (1456) can be re-written in either of the forms 


d? I 
a, = #(a a,) a a, 
dt a a 
(1457) 
1 d I 
a, = h(a, a.) — \a a,|'/4— 
dl a a 
Let us now introduce the variable ® detined by 
di u (14590) 
a, a, 
From equation (1457) we now obtain the relations 
, I a0) 4 ad 
a;= +———; a,=+t+—-—-—, (1450) 
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where the plus or the minus sign should be taken according as a, 
is greater or less than a,. Comparing (1459) with the equations 
(1439), (1440), (1448), and (1450), we see that we can immediately 
apply the theorems of § 63 to express the various quantities do, bo, 
etc., all in terms of the single function ®(¢), which is left unspecified. 
Thus, according to equations (1439) and (1459), we have 


od = I dp ; 
“ sie (1460) 
Hence, using the results of § 62, we have (cf. Eqs. |1380]) 
t dt ; 
© «+g = (a; > ax), 
; C6 oe g? ; 
(1401) 
" re) @ 
= + sinh“ - or + cosh! (aa < aa) 
gq? g? ; 


where g is some arbitrary constant. Equation (1461) can be written 


alternatively in the form 


sin aT Gi > ay 
; t qd 

od = q®? sinh | pe 1, Ge Ger 3 (1462) 
cosh } * GQ. < Gi; 


or, using our definition for ®, we have 


sin = 
constant : I t 
o = — « sinh V |a; a,| dl = 
a; — @:\""* V2 » (1463) 
cosh | Je 


(od I a Le Ox 0) . 


Similarly, from equations (1440) and (1459) we obtain 


sin . 
constant F 2 . 
¢ sinh Via a, dl 
a; a, ’ | , (1404) 
cosh u 


(yo hy re 


Again, combining the equations (1445), (1450), and (1459) appro- 
priately, we can express d,, b,, co, and /7,, in terms of ® by relations 
of the forms (1372). Finally, it is clear that equations (1452) (1455) 
will enable us to determine 8,, y,, 8.. y.. fio, and g,, in terms of ®. 
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The case when f,, and g,. do not vanish identically can be treated 
similarly. Under these circumstances our fundamental differential 
equation is (1446). From this equation we readily obtain 
— p _ & ~ 

——; = — — — 6s 
a3 + 4 dp’ \1405) 


a ps p? 
where ® is defined as before; further, in (1465) we have the plus or 
the minus sign according as a, is greater or less than a;.°’ Again, by 
combining the equations (1439), (1440), (1448), (1450), and (1465) 
appropriately, we can express all the quantities in terms of the single 
function ®. 

This completes the proof of the statement made at the outset, 
namely, that the general solution involves only one arbitrary func 
tion of time. Apart from this single arbitrariness, the solution is 
determinate. 

66. Spheroidal systems characterized by constant values of a, and a;. 

If a, and a, are constants, the solutions for the various quantities 
can be explicitly written down. According to the equations (1438) 


(1451), we now have 


(1) fa = On = hn = foo = So = 0; hy = constant ; (1466) 
(ii) o; = A; sin Va, (¢ — é,) SE Peenares 4), (1467) 


where the ¢;’s stand for the quantities /.,, 440, 6,, and 6,; 
(iil) gi = Aj sin Vq, (t — l; ) (¢ = 1,2), (1468) 


where ¢, and ¢, stand for (fi, — gu) and 4;; 


ee! ee eee ee ee 
(iv) froy 30) Mir FO | Lu = fi =O (4a, = a;) ,7 (1469) 
/ = a = i, = Oo gv / ~ (a, ja ) 
(Vv) yi = By sin 2Va,(t — 0) + C, (¢ = 1, 2,3), (1470) 


59 It will be noticed that this is contrary to the situation we encountered when con- 


sidering Eq. (1443). 
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where y,, v2, and y, stand, respectively, for do, b,, and hyo; 
(vi) c = B,sin 2Va,; (t — t/) + C,; (1471) 


: B; = Va, B, sin 2Va, (t — £4’) + Bw, 
(vill) (1472) 
¥; = Va, B, sin 2Va, (¢ — #3’) — By. 


/ 


In the foregoing equations the quantities A;, A‘, Bi, Ci, ti, t,t, 
and 8, are all arbitrary constants. Finally, we have to consider the 
equations (1452)-(1455) for B,, ¥1, fro, B2, Y2, 41. However, these 
equations are best considered in their original forms (systems X and 
XI, $ 62). Consider the system X. Since a, and a, are assumed to 
be constants, these equations take the forms 


d : Af io my , aad 
dt (B, — ¥1) = (ar — a;)fro ; dl = B, + Yr 5 (1473) 
oe + (a, + a;)B; + 2a3;y; =O, 
dt 


(1474) 


| 
fe) 


oy oa 2a:f; + (a, a a;)¥1 = 
dt? 


The equations (1474) represent a pair of simultaneous linear differ- 
ential equations with constant coefficients and can be solved by 
standard methods. We find 


B, = Va,[D, sin (Va; + Va,)t + D, sin (Va, — Va, )é], | 
> (1475)” 
vy, = Va,[D, sin (Va; + Va, )t — D, sin (Va; — Va, )é], 
6» The quantities — (Wa, + Va,)? and — (Va, — Va,)? are the characteristic 
roots of the matrix 
a; + a; 2a; 


(1475’) 


2a; a, + a; 


which is associated with the linear system (1474). 
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where D, and D, are constants. From the foregoing solutions for 
8, and y, we obtain 


Bi + y:1 = DV a; + Vaz) sin (Va; + Vaz) 
+ D(Va; — Va:) sin (Va, — Vat, | 


> (1476) 
BB. — ¥1 = D,(Va; — Va,) sin (Va, + Vaz,)e 
+ D(Va, + Va;) sin (Va, — Vardt. | 
From equations (1473) and (1476) we readily find that 
fio = —[D, cos (Va; + Va,)t + D; cos (Va; — Vas)é]. (1477) 
Similarly from the system XI (§ 62) we find 
B; = Va,[Di sin (Va; + Va,)t — D5 sin (Va, — Va,)t], 
Y= Vv a,|D' sin (Va, + Va,)t+ Di sin (Va, — ¥V a,)t] , (1478) 
£0 = — [D‘ cos (Va, + Va,)t+ Dicos (Va; — Vv a,)t|, 


where D{ and D! are two further constants of integration. Thus, 
when a, and a, are constants and a, + 4a, or }a,, the general solu- 
tion involves thirty constants of integration. If a, = 4a, or a, = 
4a;, then, according to equation (1469), we have three, respectively 
two, additional constants of integration. 

67. The evolution of spheroidal systems._—As is well known, the 
potential inside a homogeneous spheroidal distribution of mass is 


expressible in the form 
=} a,(x? + vy?) + a,2?] + UY, (2) . (1470) 
P a 47 


The quantities a, and a, are related to the density, p, of the sphe- 


roid by 


a, = vpG ;s a; = upt, (1480) 
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where G is the constant of gravitation and v and yp are two positive 
numbers depending only on the ratio « of the major to the minor 


axis of the homogeneous spheroid :™ 


2v + M = 47 r { 
: 4m kK? a (1481) 
27 + = _—. =—= tan’ Ver—1.| 
Ve — 1 


For very flat systems x > 1, and we can write 
2av+u= 47; 2vn? + pb ™& 20° ; (1482) 
or, in the limit k > ©, we have 
y = ax? + Olu) ;x w= 47 + O(n"). (1483) 
Correspondingly, for a, and a, we have 
a; = ax "9G ; a, ™~4mrpG. (1484) 


Consequently, for very flat systems 
=~ -K = 1.2732. (1485)° 
T 


Now, our discussion of the evolution of spheroidal systems hinges 
on the differential equation 


+ 4a,—a,=0 (a; > a1). (1486) 


We have thus only one relation between the two quantities a, and a, 
which, within the framework of our fundamental postulates, should 
be regarded as independent. Consequently, to draw unambiguous 
conclusions concerning the evolution of the system, we should supple- 


ment equation (1486) by some other ‘“‘extraneous”’ relation between 
6t See, e.g., E. J. Routh, Analytical Statics, 2, 106-116, Cambridge, England, 1922. 
62 It is thus seen that the ratio of the axes of the potential spheroid is proportional] 
to the square root of the ratio of the axes of the density-spheroid. 
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a, and a,;; but within the framework of our present theory we cannot 
do this uniquely. However, in spite of this circumstance, equation 
(1486) still enables us to draw certain conclusions which have deti- 
nite evolutionary significance. 

i) The stability of stellar systems, 7.07, along the line a, = 4a, 
mm the (a,,a;) plane.-We have already seen in Part VII, § 34, and 
in Part VIII, $37, case Il, that under steady-state circumstances 


a critical case arises when a, = 4a,. This is, of course, in agreement 





inns 














Fic. 5.—Lissajous’ curves 


with equation (1486), since, when a, and a, are constants, a, = 4a,. 
Consequently, these critical stationary spheroids are represented by 
points along the line 4a, — a, = o in the (a,, a;) plane (see Fig. 6). 
We shall now examine the stability with respect to oscillations of 
these stationary spheroids. To do this, we shall assume that 


a,= a,+a,,sinyv,(t — ¢t,), 
( 1457) 


a, = 4a, + a; sin v,(t — ¢;) , 


where Qo, Qi, @31, ¥1, ¥3, 4, and ¢f; are constants arbitrary in the 


first instance. It is further assumed that 


lx : Ou (1488) 


N 
R 
\ 


Solutions of the form (1487) correspond to stable oscillations about 
the equilibrium configuration (a, 4a,) if vy, and v, are both real. 
On the other hand, if v, and/or v, are/is imaginary, then the con- 


figurations are unstable against small oscillations. 
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According to equations (1487), we have (neglecting quantities 
of the second order of smallness) 
ss e ; 
(a; — a,) 1/4 = (3a,) 7411 — —— ja; sin p;(¢ — é;) 


si (1489) 


| 
— ay sin v(t — ty) } |. | 
Introducing equation (1489) in (1486), we have (again only to the 


tirst order of smallness) 


I f , 
}y2a3, Sin v3(¢ — ¢t,) — vay sin v(t — t,)} 
4a, (1490) 
+ 4a,, sin v,(¢ — t,) — az, sin v;,(¢ — t;) =o. | 


We have now to distinguish between the two following cases: 
Cause (a), »; # v,. From equation (1490) we now infer that 


vi = 16a, ; vy, = 4a. (1491) 


Thus, v, and v, are both real; further, a;, and a,, are arbitrary except 
for the condition that they are to be quantities of the first order of 
smallness, compared to a,. Combining equations (1487) and (1491), 


we have 
a,= a +as,sin4Va(t — t), 
(1492) 
a; = 4a) + a; Sin 2Va,(t — ¢;). 
We can re-write the foregoing as 
% —- G@ = @4 SID Avast = te), 
(1493) 
a, — 405:— ay Sin 2 ¥ att — 2). 


Phus, 7 the (a,, a;) plane the motion of the representative point about 
the equilibrium stale (ay, 4a,) 1s expressible as the superposition of two 
simple harmonic vibrations in directions at right angles; further, the 
frequency of vibration along the a,-axts ts twice that along the a;-axis. 
Consequently, the curves detining the motion in the (a,, a;) plane 
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are Lissajous’ curves (see Fig. 5).°° It is also clear that during such 
oscillations the system does not, in general, pass through the equi- 
librium state (a, 4a,). In this respect the stellar system behaves 
more like a spherical, than like a simple, pendulum. 














Fic. 6.—The stability of spheroidal systems represented on the line a ja;. If 


the straight line representing the oscillations of a; and a uency and 


(with the same free 
phase) has a slope falling inside the shaded region, the oscillations are unstable; othe: 


of vibration The other possible 


mut P,) is alway stabl 


wise such oscillations re present a stable moc mode of 


vibration (represented by the Lissajous’ curve ali 
now conclude 


From equation (1490) we 





Vo\ A2; COS Vol, 3; COS Moly) 1Q,(a,; COS Vf $a,, COS ) 
(1494) 

Vo(a31 SIN Vol a1; SIN Yyl,) 4a,(a,, sin vf ja,, sin vf 
See, e.g., H. Lamb, The Dynamical The f Sound pp. 4 Cambridg 
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mn 
ios) 


The foregoing equations can be re-written alternatively in the form 


: 4Q,(a31 COS Vol; — 4411 COS Ml;) 
Vo = Bs , ‘ ‘ ko 
(a3; COS Vol; — Ay: COS Vol;) 
| (1495) 
4Q,(a3; SIN Volz — 4Q11 SIN Voly) 
(a3; SIN vol; — air SIN Mol) 
Irom the foregoing equations it readily follows that 
COS Vol; SIN Vol, ( 6) 
-=- , 1496 
COS Vol, SIn Vol, 49 
or, alternatively, 
sin y(t; — 4) =o. (1497) 


;quation (1497) implies that the oscillations of a, and a, are in phase. 
There is therefore no loss of generality if we set 4, = t; = 4. We can 


then write 


a, = a, + az; sin %(t — bo), 
(1498) 
Q, = 44 + Gy SIN H(t — bo) , 
where, according to equations (1495) (1497), 
4a,\a;; 4a;,) 
ee Res ; (1499) 
Qs, Cis 
According to equations (1498), we have 
a ja A, 
(1500) 
a a a ‘ 


which implies that (/e representative point in the (a,, a;) plane moves 
along a straight line through the equilibrium state (ao, 4a.) with a slope 


a., a,,. On the other hand, according to (1499), 


s a + Ax; 

yw <=. 6 il <4 and > 
Qit Qi; 

otherwise (1501) 
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Consequently, the solution (1498) corresponds to unstable oscillations 
if the straight line (1500) defining the motion of the representative point 
has a slope greater than 1 and less than 4. This situation is made 
explicit in Figure 6, where the directions of instability are indicated. 

We can now summarize the results of our discussion so far, as 
follows: 

For small oscillations about (a,, 4a,), a, and a, oscillate with fre- 
quencies which are in the ratio 2: 1 or 1:1; in the former case, 
the frequencies are real and the motion of the representative point 
in the (a,, a;) plane is a Lissajous’ curve; in the latter case, a; and a, 
must oscillate in phase, and the frequency of oscillation becomes 
imaginary if, and only if, the straight line through the equilibrium 
state (a,, 4a,) defining the motion of the representative point has a 
slope greater than 1 and less than 4. We thus see that stellar systems, 
the equilibrium states of which are represented by points on the line 
a; = 4a,, are characterized by both stable and unstable modes of 
vibration. 

Finally, we may notice that, since the systems represented on the 
line a, = 4a, are further characterized by a value of x 3.410 
(cf. Eq. [827]), we may denote them by the symbol I°7.07.°' 

ii) The evolution of very flat spheroidal systems. Let us first con- 
sider the case of “infinitely flat” spheroidal systems. Then, accord- 
ing to equation (1485 

a 
e, (1502) 
a, 


and we can neglect a,, compared to a,. Under these circumstances 


our fundamental differential equation (1486) reduces to 


d Oy I 


2 : i TSO?) 
t . ’ hey i, & 
dt 0) 


where 
(Oe =<a,* . (1504) 


6: The number attached to the symbol “2” is ten times the ellipticity (cf. I. Hubble, 
The Realm of the Nebulae, p. 41, New Haven, Yale University Press, 1936). In our case, 


therefore, the number to be attached to “EF” is 10 XK (3.410 — 1.000/3.410) = 7.07. 
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A first integral of equation (1503) is readily obtained by multiplying 
this equation by dQ,/dt and integrating. We find in this manner 


that 


d0.\?7 _ 
3 (4) ia 


QO?’ 


vO 


(1505) 


where C is a constant of integration. The foregoing equation can 


be expressed alternatively in the form 


(1506) 


in which form the equation admits of immediate integration. We 


have 


(1507) 


where /, is a second constant of integration. From (1507) we derive 


Fy 


According to (1509), 
a: = Gta) —— 6: 
Equation (1509) now takes the form 


a;(O) 
a;,(O) 


i 


> 


an 


I aes 
O:= 7 |1+ = | 


A 


f 5) 


(1508) 


509) 


(1510) 


(1511) 
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Let us now introduce the new variable 7 defined by 


V a;(O) ; 
a 2 (tf — t,); (1512) 


ee 
> 


J 


in other words, 7 measures the time from the epoch ¢ = ¢, in units 


of V 3/a,;(0). From equation (1484) it follows that the explicit ex- 


pression for the unit of time adopted is 


ri 3 a 
N a;(0) AT poG ’ i 


where p, is the density at / = ¢,. Numerically, the unit of time (1513) 
is found to be 


years ‘ ( 1514) 


where p; is the density expressed in units of solar masses per cubic 
parsec. In terms of the variable 7 equation (1511) takes the simple 
form 


= aS 65-3) 


= ‘ 1510) 
This law for the variation of density with time corresponds to a 
rather rapid rate of evolution of the svstem, for 
p = 0.OIp at T= 3, LES127) 
and this, according to equation (1514), implies that in a time 


2.53: X 10! 
= vears (1515) 
V Po 


the density decreases by a factor of roo (see also Fig. 7). If p* = 
0.01, (1518) provides a time scale of the order of 2 X 10° years. 
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However, in applying the formula (1516) it should be remembered 
that this law for the variation of density with time has been derived 
under circumstances which are valid, strictly speaking, only for “in- 


*’ and consequently the values 


finitely”’ (.e., extremely!) flat systems, 
of p* appropriate for our present considerations should probably 
be of the order of 10-4, in which case (1518) provides a time scale 


of the order of 3 X 10° years. 


1.4} 


v 





a;(o) 1 \ 


\ 
0.0} \ | 


Fic. 7.—The evolution of spheroidal systems. Curve 7 illustrates the variation of 
density with time of an “infinitely”’ flat system, and curve 2 refers to the homologous 
evolution of a system with a, a, o.8 = constant. 


Passing on to a consideration of ‘‘moderately” flat svstems, we 
first remark that the results obtained for “‘infinitely”’ flat systems 
cannot be extended uniquely to include the less extreme cases. This 
can be seen as follows: Expanding the various quantities occurring 
in equation (1486) in powers of a,/a, and retaining only terms up to 
the first order of smallness, we obtain 

- +i (34 St) = 0, (1519) 


9 dt = =03 '4\" de * Of 


t 

6s It should be noted in this connection that in deriving Eq. (1503) from Eq. (1486) 
we have neglected 4a,, as compared to a,. For our own galactic system a/c is probably 
of the order of 15, and, according to (1485), a, a; ~ 20; thus,in this case the neglect of 


4a,, as compared to aj, is quite unsatisfactory 
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where 


I a; I a; 


QO. = tvs ; O: ero ai/4 =-— Ov : (1520) 


Consequently, Q; is a quantity of the first order of smallness, as 
compared to Q,. If we neglect Q, altogether, equation (1519) re- 
duces to (1503), which is the differential equation for an “infinitely” 
flat system. On the other hand, if Q, is a quantity of the first order 
of smallness, Q,, strictly speaking, deviates from the solution (1508) 


0.8 Fo 7 / N \ 
\ \ \ \ 
\ \ ‘ 
| \ \ \ 
c.0 / \ \ \ 
\ \ \ 
| ‘am 
a:a;(0) \ ’ \ 
aude (c cos vy O.4+ | \ \ \ 
a3a;(0) \2 \ 3 \4 
\ \ \ 
\ \ \ 
0.2 | \ \ \ 
\ \ 
\/ \ \ 
ry Renae eee See =" J Dee 
0.2 0.4 co 0.5 1.0 


Fic. 8.—A special case of the evolution of flat spheroidal systems (see Eq. {1534)). 
Curves 1, 2, 3, and 4 correspond to values of 3. = 0, —0.5, —1.0, and —1.5, respec- 


tively. 


of the equation (1503) also by an amount of the same order of small- 
ness. Equation (1519) cannot, therefore, be treated in any unique 
manner. However, we shall assume, as most likely, that to deter- 
mine the variation of Q, with time, it would be sufficient to use for 
Q, the expression derived in the ‘‘zeroth” approximation. In other 
words, we shall assume that (Q), still satisfies the differential equation 
(1503). Under these circumstances (Q), satisfies the differential equa- 


tion 


VO, 
5 t 


9 dt T rs 
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where, according to equations (1508) and (1510), 


a 
V a;(0) 


a;(o 


>) (t — A)"| ' (1522) 





r+ 





3 
Introducing equation (1522) in (1521), we have 


_ FO: 
9 dt 


15a;(0) 


| I+ aso) t— 1)" | 


3 





+ 7-Q:=0. (1523) 


In terms of the variable 7 (cf. Eq. [1512|) the foregoing equation 
reduces to 
ae cae (1524) 
Instead of 7, introduce the new variable #, defined by 
r=tand. (1525) 


Iquation (1524) now transforms to 


PO, 10, 
mh -— 2tan d “ 


50: = ; 526 
dv? dé F IK ’ (152 ) 


this equation is readily seen to be equivalent to 


i (QO, cos 3) + 160; cos B= 0. (1527) 
( 


Hence, 


QO, cos 3} = Oy cos (40 + dQ), (1528) 


where Q,, and #, are two constants of integration. Returning to 
the variable 7, we have 





0, = On cos (4 tan 7 + _o) : 
: cos (tan 7) 


(1529) 


Since 


cos (tan r) = ————- (1530) 
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we can re-write (1529) more conveniently as 
0: = Ow’ 1 + 7? cos (4 tan*+r+ 0,). (1531) 


Combining equations (1515), (1520), and (1531), we have 


= Q,.la;(0)]'/4 cos (4 tant tr + W,) . (1532) 
a 


3 


According to this equation, 


- 
(*:) = (,.[a;(0)]'/4 cos J . (1533) 
a3;/r=0 
Consequently, we can re-write equation (1532) in the form 
a a 
— = () sec J, cos (4 tan r + vo). (1534) 
a; Qa;/r=0 
From (1534) it follows that 
T 
a,=0 when 4tantr+ods=+-. (1535) 
2] 
Hence, for a, to be positive 
4 
_—- 4tantr+ a ey (1536) 


In Figure 8 we have illustrated the nature of the dependence of 
a,/a, on time. It should be emphasized, however, in this connection 
that in considering equation (1534) (and Fig. 8) we should remember 
that the variation of a,/a, according to (1534) is not uniquely pre- 
dicted by our theory. For, in deriving (1534) we have assumed that, 
as far as the variation of a,/a, is concerned, it would be sufficient 
to use for a, the expression found valid in the limit a,/a, = 0; but 
clearly this is not strictly true. On the other hand, the present dis- 
cussion does confirm our earlier result (cf. Eqs. [1516] and [1517]) 
that within the framework of our fundamental postulates the evolu- 
tion of very flat spheroidal systems is quite rapid. We shall later 
return to the cosmological significance of this result (cf. [iv], below). 
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ili) The homologous evolution of spheroidal systems.—We shall say 
that a spheroidal system evolves homologously if the ratio of the 
axes, x, of the spheroid remains constant. According to the equa- 
tions (1481), the constancy of x implies the constancy of a,/a;. Let 


a 
— = k = constant. (1537) 
ay 


Iquation (1486) now takes the form 
dO = 4\ 1 s, 
me de — (: t) (3 ’ (1538) 


Qt =a;". (1539) 


where 
The differential equation (1538) is of the same form as (1503) and 
can be solved by similar methods. We find (cf. Eq. [1511]) 

a;(o) a,(O) 


as = pe = (1540) 
Cesc) aa ec 


where (as in Eq. [1512]) 


o Me nr (1543) 
3 


and a,(o) and a,(o) are the values of a, and a, at time ¢ = 4. 





From (1540) it immediately follows that k = 4 plays a critical 
role. Thus, for k < 4 the solution for a, has a singularity at 


k 
T= mE. : (1542) 


but for k > 4 the solution has no singularity and is a monotonic 
decreasing function for 7 > o. The case k = 4 itself is a singular 
one. The solution (1540) now shows that, consistent with the bound- 
ary condition a; = o at t = o, there can be no evolution along the 
66 


line a, = 4a,.© This is, of course, consistent with our results in (i) 


If k = 4, Eq. (1538) reduces to Q = o. Hence, 


, x(t — t)-4 (k = 4). (1540’) 
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above, since, according to (1499), v% = o and equation (1498) now 
require that a, and a, are constants. 

iv) General remarks on the evolution of elliptical nebulae-—From 
our discussion of the differential equation (1486) the following facts 
have emerged: (1) Spheroidal systems E7.07 (i.e., systems the equi- 
librium states of which are represented by points on the line a, = 
4a,) are characterized by stable, as well as unstable, modes of vi- 
bration. Further, these systems are stationary for homologous evo- 
lution. (2) “Infinitely flat” systems evolve very rapidly. (3) Sys- 
tems with ellipticities less than 0.707 are unstable against homolo- 
gous evolution. 

Now, it has been suggested (Part VII, § 37) that the existence of 
the critical case a; = 4a, may in some way be connected with the 
known upper limit, £7, to the sequence of elliptical nebulae. Before 
we examine this suggestion more closely from the point of view of 
the conclusions we have now reached, we shall first briefly state the 
position currently adopted.” 

It is believed that the sequence of the elliptical nebulae stops at 
‘7 and that at this point a “branching” occurs, the two branches 
being the sequence of the normal spirals, S, and the sequence of the 
barred spirals, SB, respectively. It is further generally supposed that 
the junction between the three sequences of nebulae is represented 
by a “more or less hypothetical class SO.” According to Hubble, 
“the suggestion of a cataclysmic action at this critical point in the 
evolutional development of nebulae is rather pronounced.” 

In discussions such as those outlined above, the relative fre- 
quencies of the different types of nebulae are generally overlooked, 
and in the opinion of the writer this is particularly serious in con- 
siderations relating to the evolution of elliptical nebulae. Thus, it 
is known that “globular nebulae are relatively rare, as compared to 
lenticular systems [£7], and that numbers increase along the se- 
quence with increasing ellipticity.”’ This last-mentioned fact appears 
to be particularly curious, as it indicates a considerable abundance 
of the objects F7, i.e., precisely those which are believed to break up 

67 The writer’s source of information on these and related matters has been Hubble’s 


The Realm of the Nebulae (cf. n. 64, above). The quotations in the following paragraphs 
are from this book (chap. ii; see particularly pp. 45-46 and 55-56). 
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“cataclysmically.”’ It appears that this relatively high abundance of 
the E7’s is possible only if the intrinsic rate of evolution® of the ellip- 
tical nebulae decreases with increasing ellipticity. Now, this is exact- 
ly what our theory indicates. Indeed, for homologous evolution the 
I:7’s are stationary. Further, according to our stability considera- 
tions, the E7’s are characterized by stable, as well as unstable, modes 
of vibration. It should be noticed in this connection that the un- 
stable modes occur only in the case when a, and a, oscillate in phase 
and with the same frequency. It is therefore probable that the more 
likely mode of vibration is that described by Lissajous’ curves (Fig. 
6). We may thus expect that the instability which exists in the other 
“synchronized” mode of vibration may be only ‘“‘mildly”’ operative. 
This would then mean that the systems E7 have a relatively slower 
rate of evolution than either the more or the less flattened systems. 
The point of view suggested here seems to be in general agreement 
with the facts of observations. 

It may seem somewhat surprising that the case a, = 4a, should 
play this critical role. But this is probably connected with the fol- 
lowing circumstance: Consider the equations of motion in the po- 
tential field 

YW = $[a,(a? + vy?) + 4a,27] + constant , (1543) 


where a, is assumed to be a constant. We have 


d?x d’y , d?z ( , ) 
- = — GX ; —— = —ay; —— = —4a2. 5 
dt? 7 dt ~ dt? 4 544 


The solutions of these equations are 


x = X% cos Va, (¢ — é), 
y= y cos Va. (t—t), } (1545) 


= Z COS 2V a, (t — é;), 


w 


where 2%, Vo, Zo, 41, ¢2, and ¢, are the six constants of integration. Ac- 
cording to the solution (1545), the frequency of oscillation in the 
z-direction is twice that in the x- or the y-direction. In other words, 
when a, = 4a,, we have a case of resonance. It is to this resonance 


68 |.e., apart from the effects of disturbances. 
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that we are to attribute a “stabilizing” effect responsible for the 
relatively high abundance of the E7’s. It is difficult to be more defi- 
nite on this point without further investigation. But the suggestion 
is that the effects of a given disturbance are more rapidly dissipated 
when there is resonance than when there is not. This is clearly a 
matter of importance and will be examined on a future occasion. 

In addition to the effects we have considered, there are, of course, 
other factors which are present. Thus, according to Lindblad’s well- 
known work,” circular orbits at the periphery of a homogeneous 
spheroid with an eccentricity greater than 0.834 are unstable. But 
the important thing to which we wish to draw attention here is that, 
in addition to disrupting forces which undoubtedly exist in systems 
of high eccentricities, we may also expect certain stabilizing effects 
at some ellipticity near that of the E7’s. 

68. Ellipsoidal systems._-For general ellipsoidal systems we have 


a Fa, #a;. (1546) 


We now proceed to a consideration of the fourteen systems of equa- 
tions obtained in § 62. 
From the systems I and II it readily follows that 


fax = oe eS hy = to = oe Ny = 0. (1547) 


Consider next the system III. As we have already shown (see 
Ppp. 537-538), only three of the six equations (ii) and (iii) are inde- 
pendent, and we can choose the first two equations of (ii) and (1411) 
as our three independent equations. On some further reductions in- 
volving the use of (i) these three equations become 


P i , ‘ 
3 — + fu(3a: ieee) + a;) + 221(a, = a;) ae aS 

dt? 

dgy, . 
3 dP + £u(3a, “= G2 + a;) + 2fir(ar = a;) = Diy 

r (1548) 
. dh -, wil dg 

; ze i) a5" = ae ; ae 3 — 
4(ax — a5) “Gr + fur Gy (ar — as) + 4Car — a) —F 


d 
+ 2i1 dt (a, — a;) =O. 


6 See, e.g., Ap. J., 92, I, 1940. 
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The foregoing equations have to be further supplemented by the 
relation 

fur + gu + hy, hs (1549) 

The six systems IV-IX can be treated by methods similar to those 


we have used in our discussion of the systems IV, V, VII, and VIII 
in the spheroidal case (see pp. 539-540). We now find 








constant ; a? I a—a 
p= )6 OU 8 ooo tt Oe o_:=SCO 
a -— a, aL dt? Ga. Qa, 4 es a, s4 
constant : a? I 4a; — a, 
» =r ——-, ¥3 3 3 — ——__—_—__- + ———"——_ = 0 V, 
e a; — a, sa 3 dt? a; — a, ma a; — Qy, 1/4 ? 
constant : ad? I 4a; — a, 
ho = ———— » va; 3 —— -—— - + ——— =o VI, 
‘ a, — a,|'/4 ; ~ dt? \a, — a,\"/4 a; — a,|"/4 f 
constant ‘ a’ I 4a; — a, , 
fo = 7 Vii; ; 3 — ————— + —— — =o, VII, 
: a,— a, 4 ~ dt? |a; — a,|'/4 a, — a,\'/4 
constant , ad? I 4a; — a, : 
Lp = , Ween: 3 = tm — = 0,7 VIII, 
a, — a, ‘4 dt? \a,; — a,|"/4 a; — a,|'/4 
constant : d? I 4a, — a, . 
hy = —. IX; ; 350 ot — = 0. IX, 
a, — a,|'/4 d? \a;— a,\*/4 a; — a,|'/4 


It should be noted that the differential equations IV,-IX, are 
obtained as eliminants and are valid only if the corresponding quan- 
tities fro, £20, 20, fy) Z3o, ANd 4. do not vanish identically. Thus, if 
foo = 0, the differential equation IV, no longer follows, and simi- 
larly for the others. Comparing the differential equations IV, and 
VII, we at once see that these two equations cannot simulta- 
neously be valid, since they are mutually inconsistent. Hence, 


either fu 0 or fe =O. (1550) 
Similarly, 


either £20 =O or £3 =O, 


(1551) 


ll 
° 


either Ito =O or les 


5 
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Correspondingly, 


— 
VI 
wat 

to 

— 


IV, VIL, 
either (v. or (vitt} 
VI./ IX, 


is valid. From the foregoing it would follow that, consistent with 
equations (1550) and (1551), only three of the six quantities f.», 
sone eed h,, can be nonvanishing. We shall now show that, at most, 
only two of these six quantities can be nonvanishing and that, 
further, only two of the six differential equations IV.,...., IX, 
can simultaneously be valid: 

Introduce the quantities ®,, ®,, and ®,, defined by 


sa 
ll 
g | 
| 
| ju 
e | 
lI 
Bl 
| [ww 
ll 
R 
| jw 
R 
SN 
an 
a 
~— 
— 


a; ; 
In writing down the foregoing equations, we have assumed that 
Gee 18a. SUN: (1554) 


We notice that the quantities ®,, &,, and ®, satisfy identically the 
relation 
I I I 


: T i: 


— = - (1555) 
$ 4 m Be Fe 
4 p: 


Consider now the differential equation IV,. Since we can re-write 
it in either of the forms 














THE DYNAMICS OF STELLAR SYSTEMS 


567 


We can derive similar relations from the other equations, V.- 
we have (cf. Eqs. [1550]-[1552]) 


IX,. Collecting all such relations, 


I , 
lie er i 
. , I I 
either (1) f fu # 
| + 4 ®P, 
m= T 6: ®, , 
| ee 
or (1’)-; 
a; 
I ®, 
“> pd in p,’ 
either (2) Se #7 
4 ?, 
™™ pt in ®, ? 
a; 
or (2’) 
a; 
I p, 
~~ By @.’ 
either (3) > hy» F 
4 _ ®; 
a, = — 
T ?, 
G; 
or (3’) 
a, 


ing to these equations, we have 


I ?, 








p} ?, 


4 4, 


4 ss ®?, 


fo x ° , | 


> (1558) 


We shall now show that any permissible set of three from the fore- 
going six systems cannot be simultaneously valid. For, if not, sup- 
pose that (1), (2), and (3) are simultaneously valid. Then, accord- 


(1559) 
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a ee ee ee (1560) 


We can now apply to the foregoing equations the theorems of § 63. 
From equations (1559) and (1560) we obtain (cf. Eq. [1367]) 


(itt2;)? = go; + £. — 2. 
U3 


3 


, (1561) 
es I 
(3013)? = Giusy — — — 413, 
is : 
where g.; and g,; are constants and 
P, P, 
i>; , 13 D (1562) 
Hence, 
4 
at ~~ ey, 
(% 2 / u?, ' 
—) = —__+___ 1563) 
tt, I one 
913 — — — 4}, 
1: u?, 4u; 


On the other hand, according to equations (1555) and (1562), we 
have the identity 
I I 
i+—=-—. (15604) 
us, ut 
The equations (1563) and (1564) are clearly incompatible, and we 
are thus led to a contradiction. This proves our statement that 


only two of the six differential equations IV,,...., IX, can be 
simultaneously valid. This, in turn, implies that only two of the 
six quantities fr,...., h,, can be simultaneously nonvanishing. 


Depending on which two we choose (consistent with Eqs. [1550] and 
{1551]), we have the following twelve possible combinations from 


the systems (1), (2), (3), (1), (2’), and (3’) (Eq. [1558]): 


(15065) 


We shall later return to these possible combinations. 
Consider next the systems X XII. These can be treated by meth- 
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ods similar to those used in our discussion of the systems X and XI 
in the spheroidal case (see pp. 540-542). We find 


df so d 
ik (B, — V1) a (a, = as) fs 


5 Nee | 
” + (1566) 
2 | 

(a. + as)fio + fro < = constant + 26,7: , 


AL so Sey , d Ds, _ _ | 
dt = B, + ¥2 5 dt (B, 2) —_ (a; a1) £10 ; | 
i ¢ (1567) 
(a; + a:)gio + f10 — = constant + 2B,72, | 
E } 
and 
dhy, is are d Ca = 
dt a B; + V3.3 dt (6; 13) = (a, a2) hyo » | 
" > (1568) 
(a, + az)hi, + Mo — = constant + 28;7;. | 
dt? 


/ 


And finally we have the systems XIII and XIV. According to 
these equations, we have 


< \ 
6 ( 1 € i 
|) a ie — = It a eee ae V do , | 
65 a Va, dl | 
| 
6. q> [ ¢ = | 
eo F* > = . a ee V b, ; 4 156 
02 be Vb dt? ; ( 9 9) 
6; q; r * 4 
Qe ee ee ey | 
0; 6a VC, dt? } 


where g:, 72, and q, are constants. We can now apply the results of 
$ 63 to express do, bo, and c, in terms of 6,, 6,, and 6,, respectively. 
However, it would be more convenient to express all the quantities 
in terms of the ®’s according to equation (1558), but this would de- 
pend upon which of the combinations (1565) we choose. 

a) The case when a,, a,, and a, are constants.—As in the spheroidal 
case ($ 66) the explicit expressions for the various quantities can 
be written down when a,, a,, and a; are constants. Thus, we have: 


(1) 
fa =. hey == hy = lin = ia hyo = Ors (1570) 
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(ii) From the equations (1548) it readily follows that fir, gu, and 
h,, are independent of time. The further discussion of these equa- 
tions, together with the equations IV, IX., leads to the same 
situation as has already been encountered in the steady-state prob- 
lem (Part VIII, § 37, pp. 147-150). In particular we have to dis- 
tinguish between the four cases (888). It will be noticed that for 
the critical cases which now arise (e.g., a; :a,:a; = 1:4: 16 
and 1 : 4: g) the frequencies of oscillations of the individual stars 
(cf. Eqs. [1545]) along the x, y, and z directions are in simple ratios 
(e.g., 1: 2:4 and 1: 2: 3). Thus these critical cases again corre- 
spond to cases of resonance. 

(iii) The solutions for 6,, y,, etc., according to the systems XXII 
($62) are readily obtained. We find (cf. Eqs. [1475], [1477], and 
[1478]) that 


B: = Va,[Diu: sin (¥ a, + Va,)t+ Dy sin (Va; — Va.)é], 
y: = Va[Du sin (Wa; + Va.)t — Dy sin (Va; — Va,)i}, 
fo = — [Du cos (Va; + Va,)t + Di cos(Wa; — Va,)l], 
6B, = Va,[D. sin (Va; + Va;)t + D,,. sin (V i a;)l] , 


£0 = — [Dz cos (Var+ Va;)t + D,,cos (Va, — Va;)tl, 
B; = Va,[D;: sin (Wa, + Va,)t + D; sin (Va, — Va,)t], 
7; = Va,[D;. sin (Va, + V a;)E — D,, sin (* a, — Va,)t|, 
hy = — [D,, cos (Va, + Va;)t + D;,cos (Va, — Va,)é], 
where D,,,.... , D,;, are constants of integration. 


(iv) And, finally, according to equations (1569), we have 


5 , 


do = doo + dor Sin 2Va,(t — ts); 6 = 5 Sin Va,(t — ti), 


« 


bo = boo + box sin 2Va,(t — #2) ; 5, = 6. sin Va.(t — #3) , ) (1572) 


Co = Co + Cox Sin 2V a;(¢ — é;) ; 5; = 63 sin Va,(t — #3), J 
/ . 
ne eo. f, are all arbitrary constants. 
Thus, in general, the solution for the coefficients of the velocity 
ellipsoid and the motions of the local centroids involves twenty-one 
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constants of integration, and in the special cases (Eq. [888]) we 
have one or two additional constants. 

b) The general case.-We have already seen how a consideration 
of the equations (1558) leads us to distinguish between the twelve 
cases (1565). We shall now show that in each of these twelve cases 
we have a relation which enables us to express one of the ®’s in 
terms of another. Thus, let us consider the systems (1) and (2) of 
equation (1558). According to these equations, 


(1573) 


We can now apply to the foregoing equation the results of § 63. We 
have (cf. Eqs. [1372] and [1373]) 


) 
12/5 = $cos™ bs a | 
Pp? Vg+ 16° | 
(1574) 
” dt 9 + 28, 
+2 | — = cosh —-; = 
?; V¢eF+16 | 
where 
®, ®, 
ta = ; by = ry (1575) 


and gis an arbitrary constant. The relations (1574) can be re-written 


as (cf. Eq. [1553]) 


a. — @ .. fo : 
gq-& [2 i 2 = Vg + 16 cos Va; — ad, 
Na; — a, \ 


> 
3 3S 


» (1576) 
_— - 2 t / | 
q+ ft atm Vq? + 16 cosh = f "Vay = a; dt. | 
a ¥g } 


Since a,, a,, and a, are all determined in terms of ®, and ®, and since 
we now have the relation (1574) between them, it follows that in 
the specification of a,, a., and a, there is the arbitrariness of only a 
single unknown function, namely, ®, or ®,. In terms of this one 
arbitrary function all the other quantities can be expressed. 

The consideration of the other combinations (1565) leads to rela- 
tions similar to (1574). Collecting all such relations, we have 








oot oe 
V4-¢ 


sinh 


cos™ fa aee 
Vg —4 
2 
cosh oS ’ 
V¢+4 











1577 
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Again, combining the expressions for the a’s in terms of the ®’s with 
the equations (1569), we can express each of the quantities 6,, 52, 5;, 
do, bo, and c, in terms of the appropriate ®’s by transcendental rela- 
tions of the forms (1380) or (1372). 

Finally, it should be noticed that the elimination of fi; and gu: 
from the equations (1548) will lead to a further relation between the 
’s. We should therefore determine whether this new eliminant re- 
lation is consistent with (1577): if these two relations are not con- 
sistent, we should ignore one or the other by making the appropriate 
quantities vanish identically; if they are consistent, we may be able 
to solve for a,, a,, and a, uniquely. We shall not continue further 
with this inquiry here but shall postpone it to a further occasion. 


XIII. SPIRAL STRUCTURE 

69. The formulation of a problem——In our discussion of stellar 
systems in nonsteady states (Parts X-XII) we have restricted our- 
selves to a consideration of such systems as have analogues in the 
steady-state theory. The problem now presents itself whether within 
the framework of the nonsteady-state theory we are not allowed 
types of stellar systems which have no strict counterparts in the 
steady-state theory. That such systems probably exist is indicated 
by the following consideration: Under steady-state circumstances 
the gravitational potential, &, satisfies the equation (cf. Part IV, Eq. 


[206]) 
A-gradS=o, (1578) 


and the solution of this linear homogeneous partial differential equa- 
tion shows that ¥8 must be characterized by a helical symmetry 
(Part IV). In practice, however, we are restricted to consider only 
systems with axial symmetries.” On the other hand, in the non- 
steady-state theory B is not required to satisfy an equation of the 
form (1578); instead, we have three further integrability conditions 
(Eq. [960]). Consequently, with the greater freedom which this 
provides we may be able to discover types of stellar systems which 
have no strict analogues under steady-state circumstances. If such 
systems exist, it is, of course, important to isolate them. From a 


7° See Part XV (now under preparation). 
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practical point of view, the search for systems beyond the range of 
the steady-state theory insists itself, since our discussions of stellar 
systems in steady states and their analogues in nonsteady states 
have not so far disclosed any place in our theory where we may hope 
to find solutions for the more difficult problems of stellar dynamics, 
such as, for instance, the structure and the development of a spiral 
nebula. It is, of course, possible that we may not find solutions for 
these problems of “higher’’ stellar dynamics within the framework 
of our fundamental kinematical postulates I, II, and III (Part IX, 
pp. 445-440). However, the writer does not see any obvious reason 
why any of the three postulates should break down for the extra- 
galactic nebulae. In any case, the problem of specifying the most 
general type of stellar system which is consistent with our kine- 
matical postulates becomes a matter of some urgency. 

At the outset we are faced with some ambiguity in interpreting the 
phrase ‘“‘the most general type of stellar system.’’ We can take this 
to mean one of two things: Either we may require flexibility in the 
specification of the coefficients of the velocity ellipsoid, or we may 
require flexibility in the specification of the potential and the density 
distributions. Because of the integrability conditions (Eqs. [958] 
and [960]), the two requirements are, to a certain extent, ‘‘comple- 
mentary’’” in character. Or, in other words, the greater the degree 
of arbitrariness we wish to have in the specification of the velocity 
ellipsoid, the less, in general, is the arbitrariness we are left with in 
the specification of the potential B, and conversely.” From the 
point of view of the considerations outlined in the preceding para- 
graph, we are primarily interested in the potential and the density 
distributions. Consequently, it would appear that we should impose 
the maximum restrictions on the form of the velocity ellipsoid. 
Since we cannot restrict the form of the velocity ellipsoid to a greater 
extent than to suppose that it is a sphere, the problem which sug- 
gests itself is the following: 

What are the characteristics of a stellar system which is described by 
a spherical distribution of the residual velocities? 

71““Complementary”’ in the sense of Bohr. 


72 This is clearly illustrated in our discussion of the two-dimensional problem under 
steady-state conditions (Part II, § 9; see particularly the remarks following Eq. [85]). 
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It is to the solution of this problem that this part is devoted. As 
we shall see, the analysis discloses a class of stellar systems which is 
strongly suggestive of the spiral and other nebulae. 

70. The equations for a stellar system having a spherical distribution 
of the residual velocities—A spherical distribution of the residual 
velocities implies that the distribution function V has the form 


Vv = ¥[a{(U — U.)? + (V — Vo)? + (W — W.)?7} +], (1579) 


where a, U,, Vo, Wo, and a are, in the first instance, arbitrary func- 
tions of x, y, s, and ¢. In equation (1579), a~"? is proportional to the 
dispersion of the residual velocities, 0, Vo, and W, are the com- 
ponents of the motion of the local centroid in a fixed Cartesian frame 
of reference, and o is the density function. 

Now, according to our general solution for the coefficients of the 
velocity ellipsoid (Eqs. [941]), it follows that 


a= k(t), (1580) 


where, as the notation implies, « is a function of time only. Further, 
according to equations (933), (949), and (953), we have 


A, = xU, = . “ Xx + By a B22 + 6 ’ 
2. ¢ 
: 1 dk * 
A, = «Vo = a y + Bt — Bye + é;, (1581) 
‘ I dk : 
A, = «kW, = 2+ 6.x — By + 4;, 
2dl 


where £,, 8., 8;, 6,, 6,, and 6, are all functions of time only. We 
can write (1581) in the form of a single vector equation, as 


ie 


ieee 


r+rxBp+6, (1582) 


where A, B, and 6 denote the vectors (A,, A., A;), (8:, 82, 8;), and 
(5, 6,, 6,), respectively. It may be further noted that A is propor- 
tional to the vector (U,, V., W.) detining the motion of the local 
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centroid. Finally, our compatibility relations are (Eqs. [956] and 


L957) 


: OA ‘ 
x grad B + aco 5 grad x (1583) 
C 
and 
' I Ox 
A: grad YB = - ka ; (1584) 
2 .0t : 


where x stands for (cf. Eqs. [934] and [935]) 
—x=KUet+VitwWw)t+eo=Qte. (1585) 


Taking the curl of equation (1583), we obtain 


) 
— (curl A) = o. (1586) 
ol : 


But, according to equation (1582), 


curl A = —2B. (1587) 


Hence, 


dB 


~— <8 
dt mA (1588) 


in other words, B is a constant vector. 

The three terms which occur in the expression for 4 have now 
simple interpretations. The first term corresponds to a radial ex- 
pansion (or contraction) of amount 


1 dk r t dk 
xP = 


= 5 aie tal a ag (158 
2 dt r 2dt 5°9) 


the second term corresponds to a rotation 0, about an axis through 
the origin and parallel to the B-direction given by 
KO, = —|Bla, (1590) 


where @ is the distance measured from the axis of rotation; and, 
finally, the third term corresponds to a general translation. We have 
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thus shown that for a stellar system with a spherical distribution of 
velocities the motions of the local centroids can be expressed as the super- 
position of an expansion (or contraction) about a fixed origin and pro- 
portional to the distance from the origin, a rotation about a fixed axis 
through the same origin and proportional to the distance from the axis of 
rotation and a general translation. 

Consider next the integrability condition resulting from the equa- 
tions (1583) and (1584). We have 


J ra _ 
grad (A - grad %) + M (x grad BY) + = -= 0, (1591) 
€ 


Substituting for 4 according to (1582) in the foregoing equation 
and remembering that B is a constant vector, we have 


9 1 1° 
grad (A - grad B) + a x grad BY) + : fF r+ 7 =o. (1592) 
c 2 , 


It is readily verified that the equation (1592) is equivalent to 


7 1 d3x fia) 
ar ; - grad V8 a VS cgpeshesy? Brel fe fees e 
grad | A+ grad B+ 5 (xB) + 1 a6" " a si aie (1593) 
Hence, 
d I dK ia) 
. ore LN aly KY r ne e =_ o = 
A+ grad B + 5 (KR) + 5 dB yas eR (1594) 


where /*(¢) is an arbitrary function of time only. 
n considering the equation ( (159 1ere is no loss of generality 
I lering the equati ), tl i | f generality 
if we set F(t) = o (cf. Part XI, § 60). For, if we write 


ia 
WY = Y(x, y, 2, 2) + | F(t)dt , (1595) 
kK 


it readily follows from (1594) that %, satisfies the differential equa- 


tion 


ceil a QR 1 dx 72 d’b = , 
A - grad UB + ry (ks) + - 4a i Ja es (1596) 
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Since the addition of an arbitrary function of time to the gravita- 
tional potential has no physical significance, we can simply ignore 
the additive term in (1595). Substituting for A according to (1582), 
equation (1596) takes explicitly the form 


1 dk ra) 1 dK 

—_-- - - grad 8 - V8 - TT i 

(2 Sr 4 rx B+ 6) grad ba, (x pt. | | 
a6 > (1597) 
—-+T=0. 
dt? 


Equation (1597) is a linear nonhomogeneous partial differential 
equation for ¥, and it is on this equation that the solution to our 
problem hinges. 

Equation (1597) will be considered in $$ 71-74, but meantime 
we shall find the solutions for x and o, supposing that the general 
solution of equation (1597) Is known. 

Explicitly, equation (1583) takes the form 


1 d’K fk) 
—} grad x = «x grad B+ r+ ; (1598) 
> ? 4 y fant c ~ > ' b] )« 4 
— x 2 dt dl - 
or, solving directly for x, we have 
: 1 d’K dé 
—3x = «B+ r? 4 -r— }yx(t), (1599) 


4 dt ae 


where x, Is an arbitrary function of time only. We can suppose, 
without any loss of generality, that in (1599) 8 denotes the general 
solution of (1597). For, since the general solution of equation (1597) 
differs from the general solution of equation (1594) only through an 
arbitrary function of time, we can allow for this by redetining x,; or, 
in other words, we can absorb the additive function of time in 
equation (1595) in our definition of xo. 

From equation (1599) it follows that 


I Ox 0 1 dk iia’) 1 dy 
—— = — (x) r+ -r— — , (1600) 
2 of dl T 4 dts dt? 2 al 
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Combining equations (1584) and (1600), we have 


’) 13x 1° 
= A- grad B+ = (kB) + a ee Gh came aa (1601) 
Cc 


I dXo ‘ 
4 dts dt? 


2 dl 


Since ¥% satisfies the differential equation (1597), the right-hand side 
of the foregoing equation vanishes identically, and we conclude that 
xX» is a constant. Hence, our solution for x is 


I d’k dé 


—ly = «B+ a r? + — -r-+ constant. (1602) 
4 dt 


As we shall see later (§ 71), it is convenient to introduce a variable 
¢ detined by 
k= ¢’. (1603) 


In terms of ¢ the solution for x takes the form 
—!y = $B + 3g? + o4)7 +6-71+4+ constant. (1604) 


The solution for ¢ is now readily obtained, since 


Q. = «(U2 + V2+ W) = S| (1605) 
we have (cf. Eq. [1582]) 
I § |? 
O. = or+lirx p+? (1606) 


Expanding the right-hand side of the foregoing equation, we find 
that 
ee ? 
Oo. = or? + eX B+ 8 +20 


“7. 160 
3 (1607) 


According to equations (1585), (1604), and (1607), we now have 


rx B+8\7+6-r7 
} (1608) 
a - | 
8 - r+ constant. | 
60) 


Le = g'B + Iodr - 


29” 
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Simplifying the last two terms in the foregoing expression, we finally 
have 


; A = ‘ 
Lo = ¢B + 3¢¢6r — me ir X B + 8)? 
7” > (1609) 


d [8 
+ a (*) - r+ constant. 


We have now obtained all the general relations that characterize a 
stellar system described by a spherical distribution of velocities. 

71. Stellar systems with a spherical distribution of the residual veloci- 
ties and with no translational motions (the case 6 = 0).—We have 
already seen in § 70 that for stellar systems with a spherical distribu- 
tion of the residual velocities the motions of the local centroids arise 
from the superposition of an expansion (or contraction), a rotation, 
and a translation. The simplest case is, therefore, one for which 
there exist no translational motions. Accordingly, we shall first 
examine the case 


S8=o0. (1610) 
Then (cf. Eq. [1582]) 


a = rt rXB, (1611) 
( 


N |e 


and our fundamental differential equation is 


0 1 d3x 


é —~rre=0. 612 
a ) re fe) (1612) 


1 dk 
-—r+rxX B) - grad B+ 
2 dt 
Since B is a constant vector, we can choose our z-direction to be along 
the B-direction. With this choice of the orientation of our co-ordi- 
nate system equation (1612) takes the form 





0 1 dk Os As Oy 
— hie) = - (« ee we Aer ode ae oe 
ot j 2 dl Ox “ oy Oz 
(1612) 
Oy Ay 1 dx 
+ yo —-ax—)4+-—Pr=o, 
O\ 9s ay)" 4 db | 
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where (0, 0, 8) has been used to denote B. Introduce the new vari- 


ables 


y 
rt = 3(x? + y?’) ; ¢ = 42’; 6 = tan" =. (1614) 
Then 
OY ay ay 
fi eek ae eee a: BE weer 
Ox * oy OT 
ay oy Oy 
eS a ae ee, (161 
OX Oy 06 | 5) 
Oy Ay 
2 =2 
OZ OC 


Equation (1613) now takes the simpler form 


a) dk Ay ays ay ax 
(kB) + -(7 —+52—-)-8a +} ()--=0. (1616 
a MS) + Fy (= art =) Bag tart) a (1626) 


To solve the foregoing linear nonhomogeneous partial differential 
equation for B8 we proceed as follows: 
Differentiating equation (1616) partially with respect to 0, we 





obtain 
oO? ' dk PY 7y PB 
cee tae ae eats ae) Re = 
Otoo (xB) + dt (: a700 | * 7 OP o. (2617) 
Let 
0 - 
Y = — (xd). (1618) 
Oo 
Equation (1617) now becomes 
Oy . 1 dk Oy _ ow B dv 
- —- — - — —_- —_— = ‘ 6 
Ot *; dt (: Or + § 0g k 06 . (1619) 


which is a linear homogeneous partial differential equation for y. 
The appropriate subsidiary equations are 
dt dr d¢ dé 


= = —. ane = (1620) 
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Three independent integrals of equation (1620) are readily found. 
We have 


- 
= constant ; = 
K K 


“dt 
oft 
= F(Z, 5 e+ ef), (1622) 

Kk’ kK J k 


where F is an arbitrary function of the arguments specified. Inte- 


constant ; | 


, (1621) 


constant . 


Hence, 


« 
| 
~ 
2 
I 


grating equation (1622), we have 
: Pe ie: ne dt 
B= Bi(r, f, n+tA(E, . e+ ef), (1623 
K K kK 


where &%, is independent of # and 


0 
F,= fra , (1624) 


In equation (1623) we can therefore regard F, as an arbitrary func- 
tion of the arguments specified. Introducing equation (1623) into 
the original differential equation (1616), we find 


0 Oy, Ay, , 3K, 
— (xB, = c— s(7 + ¢) =0O, (16025 
Ot * (xB) - dt (> Or v8 0g ) T 2 *! ap 25) 


an equation which we have already encountered in Part XI ($$ 590 
and 60; see particularly Eq. {1339]). We can therefore immediately 
write down the general solution of equation (1625). We have (cf. 


Eqs. [1299] and [1334]) 


. io), (E-$)s = F (2 a (162 
C ow ae se ear OF 
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where ¢’ is defined as in equation (1603), /, is an arbitrary function 
of the arguments specified, and g, and q, are arbitrary constants. 
Combining equations (1623) and (1626), we can clearly write 


i u _¢) (-$); Ege (2 ¢ f%) 
v4 (e ? 7 * g)i tar gig PTB ¢? , (1627) 


where ¥* is an arbitrary function of the arguments specified. Equa- 
tion (1627) represents, therefore, the most general solution of the 
nonhomogeneous equation (1616). 

It is seen that the solution (1627) can be obtained by adding to a 
particular integral of the nonhomogeneous equation (1616) the gen- 
eral solution of the associated homogeneous equation 


i) dk ay ay ay 
— (KB — ‘Word Doel or ee 1628 
a .? dt (: Or : ) R 06 ( ) 


For, since (1628) is a linear homogeneous partial differential equa- 
tion for cB and since, further, the appropriate subsidiary equations 
are the same as for the equation (1619), it follows that the term in- 
volving B* in (1627) is the general solution of the homogeneous 
equation (1628). Further, the particular integral 


a ie es - 2 
(z 4 a i 5) (aha 


of the equation (1616) can be obtained by seeking a solution of the 
form 
Ci(t)r + CAE (1630) 


and showing that C, and C, have exactly the forms required by 
equation (1629)." 

Returning to the solution (1627), we see that, since we can absorb 
the terms g:7/ 4 and q¢.¢ ¢! into B* ¢?, we can re-write it in the 


simpler form 


1 ¢ I _{o 32 dt 
y= - r?7 + — Bi ( ; . O+ f ). (1631 
2¢ ~ o © B g? 1631) 


73 See § 60, particularly p. 522. 
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where &F is an arbirary function of the arguments specified. Final- 


ly, according to equations (1604) and (1609), we have 
—3x = 3¢’r? + BF (2 ; =| 6+ af 5) + constant (1632) 
o ¢ J 


and 


NO le 


Co, = 


Nie 


oo + BF (2 ; »9+ af ¢) + constant. (1633) 


Combining equations (1631) and (1633), we have the relation 


ig = * (8¢ a + 3¢¢2? + @B + constant. (1634) 


72. Further discussion of the case§ = 0: The spiral phenomenon. 
The solution of the mathematical problem for the case 6 = o has 
been obtained in § 71. We shall now examine in some detail the 
physical characteristics of this solution. 

(i) First, let us consider the motions of the local centroids. Ac- 


cording to equations (1581) and (1611), we have 


(Us, Vo, W.) = == : r+ (rx B). (2635) 


ge 


Remembering that, according to our choice of the orientation of the 
co-ordinate system, the s-axis is in the B-direction, we obtain from 


equation (1635) 


¢ 


U, = . B : Vo = ? Pp -: Wo =-—2. (1636) 


oe o”- ¢ 


6 


If 11,, Z,, and 0, denote the components of the motion of local cen- 
troid along the radial, the s-, and the transverse directions, respec- 


tively, then (as may readily be veritied) 
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(ii) Consider next the solution for o. We have (cf. Eq. [1633]) 
, er .. it * dt 
79 = —- — a? + BF -, re 6+ 8 re + constant; (1638) 


or, since we can absorb the term — B’w?/2¢? in B*, 


o=o (, 2 , 0+ 6 f 5) . (1639) 


(iii) The explicit form of the distribution function may be noted. 


We have 
=W(Q+<0), (1640) 


where, according to equations (1637) and (1638), 


| ¢.\? oo. “¥ 5a) 
=e@iin— fs o- Sy Rab ee 
Qte  ( fa) +( $2) +/ arr | 


(iv) If we now specialize our general spherical distribution (Eq. 
[1579]) to a Maxwellian distribution, then 


VW(O+ ca) = ete), (1642) 


According to (1641), in our present case we have 


-#{ (u-$a)"+ (2-$2) "+ (ors) } Hie 


W =e 


On integration the foregoing equation yields an expression for the 
number of stars, Jt, per unit volume. We find that 


ys 73/2 


v= - elPigwi—201 = ——e-¢ , (1644) 


According to equation (1639), we can express 9{ in the form 


N= —N, (3, a 6+ a { <). . (1645) 
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(v) The physical meaning of ¢ is that its reciprocal is a measure 
of the dispersion of the residual velocities. For a Maxwellian dis- 
tribution the mean residual speed in any given direction is given by 


m-"'*o-". Thus, 





ia —f,| = (§—- Z| = e~ ol = ——. (1646) 
Vio 


We shall now consider an important characteristic of the function 
a.74 According to equation (1639), o involves the time only im- 
plicitly through the function ¢. The nature of the dependence of ¢ 
on ¢ is best understood by considering the locus of points at which 
takes some preassigned value as the time varies. Let us first con- 
sider this locus in the (x, y) plane (i.e., s = Z, = 0). Since o now 
depends only on 


: and 6+ af (1647) 


it follows that for prescribed values for these two quantities o will 
always take the same constant value.”> Thus, let o = o, when 


ae otf gaa. (1648) 


The trajectory described by the point at which o takes this prescribed 
value go, is, therefore, defined parametrically by the relations 


: It 
w = ¢,O(t) ; 6=>6- af : (1049) 


in other words, the required trajectory is obtained by eliminating ¢ 
between the relations (1649), keeping c, and c, fixed. We shall now 
show that the locus (1649) is a general spiral: 


74 The remarks which follow apply equally well also for the function Yt; (Eq. [1645]). 


75 We are assuming that o is a one-valued continuous function of the arguments. 
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According to equations (1649), the increments d® and dé@ in @ 
and @ which result from an increment dé in ¢ are 


da = c.odt ; d@ = — oe ; (1650) 


Let us assume that the rotation is in the positive counterclockwise 
direction. Then, according to (1637), 8 is negative. It now follows 
from (1650) that 


da>o, dd>o, d>0, B <o,) 
(1651) 


/ 


da <o, d@>o, o<o, B<o. 


Hence, the locus (1649) is a general spiral described outward in the 
direction of rotation if $ 1s positive and described inward if } is nega- 
tive. (See also Figs. ga and gb.) 





FIG. oa FIG. ob 


We may first notice how the two cases ¢ > 0 and @ < o are 
physically distinguished. If ¢ > 0, II, and Z, are both positive and 
correspond to a general expansion of the system; further, according 
to (1646), the mean residual speed decreases with time. If ¢ < 0, 
then the converse is true. 

Equations (1650) enable us to derive one further result of con- 
siderable importance in the interpretation of our present solution 
(§ 75). Using the first of the equations (1649), we can re-write equa- 
tions (1650) as 


dw = io at ; ad? = -£ wdt ; (1652) 
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or, according to equations (1637), we have 

dw = II,dt ; add = Ocdt . (1653) 
In other words, the motion of points of constant o are governed directly 
by the motions of the appropriate local centroids. 


The angle of the spiral (1649) is readily found. Let us denote the 
angle by a. By definition (see Fig. 9) 


tana = =; (1654) 


or, according to (1653) and (1637), 


IT, = _o¢ eS dg? (1655 
== ~ va 


tana = —= 
. B 2B dt 


The equations of the trajectories can be explicitly given if @ is 
known as a function of time; but within the framework of our pres- 
ent theory ¢ is left undetermined and can be any arbitrary function 
of time. However, a case of special interest arises when ¢’ varies 
linearly with the time. Then 


¢? = A (t ai to) ’ (1656) 


where A and f/f, are constants. According to equation (1649), we 
now have 


o= VA(t omit) : 6=¢,-—-— F log(t — t,) . (1657 

The elimination of ¢ between the equations (1657) is readily effected. 
We find 

&@ = 6, VA e~AO- 220/28 (1658) 


Further, when ¢? has the form (1656) (cf. Eq. [1655]), 


RI; A 
—— = constant. (1659) 


0, wd 268 














THE DYNAMICS OF STELLAR SYSTEMS 589 
Hence, we can re-write (1658) in the form 
B = dige(Mo/O0)# , (1660) 


which is the equation of a logarithmic spiral.” 

So far, we have considered the trajectories of points of constant ¢ 
only in the (x, y) plane. The general case, however, presents no 
essentially new features. If o = o, when 


= C1; : Ge: 5 6 + aft = Cz; (1661) 


then the locus of points at which o = g, is obtained by eliminating 
t between the relations (1661), keeping ¢,, c., and c, fixed. If da, 
dz, and d@ are the increments in @, 3, and 6, owing to an increment 
dt in t, then 

dt 


da = c,odt ; dz = c,odt ; dé = -—8 $, : (1662) 
Hence, 
1a 1 1) . 
<i ae a constant. (1663) 
ds t 3 


Thus, the point moves radially”? from the center, while the projec- 
tion of the trajectory in the (x, y) plane is a general spiral. 

The bearing of the spiral phenomenon which we have now en- 
countered on the interpretation of the spiral nebulae is considered in 


A 


75: 
73. More general spiral systems——In §$§ 71 and 72 we restricted 
ourselves to the case 6 = o. The discussion of this case disclosed 
an essentially new feature of our theory, namely, the occurrence of 
a spiral phenomenon within the framework of our fundamental 
kinematical postulates. We shall now show that the spiral phenome- 
non encountered in $$ 71 and 72 is only a very special example of a 
much more general characteristic of stellar systems described by a 
spherical distribution of the residual velocities. 

6 This is what we should have expected, since, according to Eqs. (1655) and (1656), 
the angle a is a constant. 


77 Outward if @ > o, and inward if @ < o. 
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As we have already seen ($ 70), the solution of the general problem 
hinges on the differential equation (cf. Eq. [1597]) 


4) 
(ESr+rx B+ 8) - gad B+ 5 (4d 
idk , db 


; —-r=o. 
4 db dt? ¥ 


> (1664) 


Since B is a constant vector (Eq. [1588]), we can choose the s-axis of 
our co-ordinate system to lie along the B-direction. With this 
choice of the orientation, the vector B has the form (0, 0, 8), and 
equation (1664) reduces to 


Oy 1 Oy 
(ES + By +5.) + (Ey — Bs +6 5 
2 OX 2 dt ay 
1 dk as A dK (166s) 
+(-—:s+ 6; J—+— (xB 1(x? + y? + 2?) - 3 
(: dt \e + ot Oe Tr 


+ x6, + vd. + 26, = 0 


Now, equation (1665) is a nonhomogeneous partial differential 
equation for 8. To solve this equation, we shall first obtain the gen- 
eral solution of the associated homogeneous equation and then seek 
a particular integral of the nonhomogeneous equation. 

I. The solution of the homogeneous equation —The homogeneous 
equation associated with equation (1665) can be written as 


Ik A dk hn ; 
= + fy +48.) — 68) 4+ (- Sy - oe + i.) (x) 
2 dt . v 2 dt’ ( 

(1000) 


I ¢ 1 K e 0 » a N 
y Te + 8s) 5 0B) + 05 0B) = 0, 
? ¢ ¢ Z 


where it will be recalled that 6,, 6,, and 6, are functions of time. 
Equation (1666) is seen to be a linear homogeneous partial differen- 


tial equation for cB. To solve this equation, we first write down the 
appropriate subsidiary equations, which are 


dx | .- dy ee dz Ss dt 
I a or heey 1 dk no ee 1 dk bs, xk (1667) 
2 dt - 2 dt 
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These equations can be expressed alternatively as 


dx Idk tl 

eo 5a eee 
dy _1 dk | 

K dt = _ di y Bx of 62 ; | (1668) 
dz 1 dk q 

so *3a°° | 


To obtain three independent integrals of the foregoing equations 
we proceed as follows: 
First, we notice that equations (1668) can be re-written more 


simply in the forms 


3/2 d x = Av 5 
kK 4 (=) By + 6, 


fa 4 ». ee es 
kK 7 (~ - —— Bx + 62, (1669) 


a A (+ = 6 
: dt S| = as. 


The following change of variables now suggests itself: 


x Vv ; Z 
= —-; n= ——; (=—. (1670) 
VK VK VK 


In terms of these new variables equations (1669) reduce to 


dé 6, 

K dt e" Bn + \ a ’ 
dn a 6. | 

a * BE + ei (1671) 
d¢ 6; 


“4 
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We shall now introduce a new independent variable ¢, defined ac- 


cording to the relations 


ad@=—; t= (1672 


where /, corresponds to some appropriately chosen origin of time. 
Equations (1671) now take the simplified forms 


dé 6 dn : 62 
— = Bn + —; — = —f$§ + —-, (1673) 
dt Vk di VK 
and 
d¢ 6; 
se (1674) 
dt V x 


Equations (1673) can be solved by the method of the variation 
of parameters: The solution of the associated homogeneous system 


dé dn 
Ss = | ° a = ( 67% 
dt Bn ’ dt BE 1075) 
is 
g= A cos Bi + B sin Bi, 
(1070) 
n= — Asin B.+ Bocos B., 


where A and B are constants. For solving the nonhomogeneous 
system (1673), we assume that the solution is of the form (1676), 
where A and B are now no longer regarded as constants but as func- 
tions of c. Introducing equations (1676) in equations (1673), we ob- 


tain 

dA . 6 
— cos Bi + sin Bt = —, 
dt dt VK 
1A i an 
aA; dB 02 

——— gin 6: + — cos ft = —>; 
dt dt V K 
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or, solving for dA /dt and dB/dt, we have 


1A ui eae 
on aah (6, cos Bc — 6, sin Br), | 
dt V K 
| 
(1678) 
dB I aa - | 
—— = —- (6, sin Bi + 6: cos fr). 
de V x } 
Integrating the foregoing equations, we have 
A=A,+J:; B= B+ J:, (1679) 
where A, and B, are arbitrary constants and 
J, = fz (6, cos Be — 6, sin Bi)d , 
VK 
f (1680) 


= : . 
J,= f (6, sin Be + 6, cos Br)de . 
V K } 


In equations (1680) the integrals on the right-hand sides are indefi- 
nite integrals. Combining equations (1676) and (1679), we obtain 
the required solutions for & and n. We have 


é-—& = <A,cos i + B, sin Br, 
(1681) 
n— m = —A, sin Be + B, cos fr, 
where 
& = J,cosfi+J, sin Bf, 
(1682) 


nm = —J, sin Bi + J; cos Be. | 


From equations (1681) we readily derive two first-integrals of the 
subsidiary equations (1667). According to (1681), we clearly have 
(€ — &)? + (n — m)? = AZ + BB = constant , (1683) 
which is one first-integral. Again, according to equations (1681), we 
have 
— m _—A, sin & + B, cos Be 


- mo COS | 
— § A, cos Be + By sin Br (1684) 


n 
ra 
S 
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or, alternatively, as 


— Mo tan > — tan Br 
7 





n y , 
= - = tan (2 — Bu 16085 
é—& 1+tan tan fr \ Bt) , (2685) 
where 
,. B 
tan > = ie constant . (1686) 


From equation (1685) it now readily follows that 


v + Pc = constant , (1687) 
where 
} = tan™ Toe (1688) 
so Se 


Equation (1687) is another first-integral of the subsidiary equations. 
Consider next equation (1674). This equation admits of immedi- 
1 / 1 
ate integration, and we can write 


¢ — ¢> = constant , (1680) 


n ” 6; 
6o= —- ad. (1090) 
Mik 


In equation (1690) the integral on the right-hand side is an in- 


where 


definite integral. 

We have now obtained three independent first-integrals of the 
subsidiary equations, and consequently we can immediately write 
down the general solution of the homogeneous equation (1606). We 


have 
IT ngs se Na , ¢ " ‘ 
B= MB*(E — &)? + (yn — mn)’ -o+ Bo; f — bof , (1691) 
K 


where &* is an arbitrary function of the arguments specified. 
We first notice that when 6 = o, 


& = tw =f =O; dj = @ (6=0), (1692) 
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and the solution (1691) reduces to 


I 


B= - B*! + 7; O+ Me; $); (1693) 
this is in agreement with the results of § 71 (cf. Eq. [1627]), as it 
should be. 

Returning to the general solution (1691), consider the function 
W* in the (&, n, ¢) space. The character of this function is best 
studied by considering the locus of points at which B* takes some 
specified constant value. Such loci will be defined parametrically by 
relations of the form 


(E-b)+(n-—mP =a; P+ h=c, — (1694) 


and 
f— fo = 63, (1695) 


where c¢,, C2, and c, are constants. 


Consider, first, the projection of the locus in the (&, 7) plane. This 
is a curve defined parametrically by the relations (1694). This locus, 
(1694), has a simple geometrical interpretation (see Fig. 10): 

According to equations (1680) and (1682), the point (&, 7.) will 
describe some locus (as ¢ varies) in the (£, 7) plane. The explicit 
form which this locus will take will depend on 6, and 62; but when 
6, and 6, are known, the (&, 7.) locus will be uniquely determined 
(see below). We can regard this (&, .) locus as being described by a 
moving representative point, P,. The locus (1694) can be derived 
now from the (&, mo) locus by attaching to the representative point 
P, an “arm” P,P, of length c, and allowing it to rotate about P, 
with a constant angular velocity — 6. The curve described by P in 
this manner is the required locus.’* (In $$ 74 and 75 we consider 
these loci more fully.) 

From our discussion in the preceding paragraph it follows that the 

78 It is seen that the curves described in this manner give rise to a new class of 
transcendental curves. These belong, however, to the same family of curves as cycloids, 
epicycloids, cardioids, etc. An important contribution to the theory of rolling curves, 


which is of interest in our present connection, is that due to Clerk Maxwell (see his 
Collected Papers, 1, 4-29, 1890, Cambridge England). 
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locus of points in the (£, 7) plane at which B* takes some prescribed 
constant value is a transcendental curve of the same general nature 
as an epitrochoid or a hypotrochoid. To transform these loci in 
the (&, 7) plane to loci in the (x, y) plane we should apply the trans- 
formation (cf. Eq. [1670]) 


[25 y= V«n, (1696) 


where x is itself a function of « (see Eq. [1672]). The result of the 
transformation (1696) will be that the loci in the (x, y) plane will be 


Fic. 10.—The geometrical construction for deriving the trajectories of points of 
constant o in the (£, 7) plane from a basic (£, mo) locus. While Py describes the (£5, 70) 
locus (the full line curve) the ‘‘arm” P, P rotates about P, at a constant rate and 


traces a possible trajectory (the dotted curve). 


spirals which may have kinks or may even interpenetrate them- 
selves.”? We shall postpone to $75 the further consideration of 
these and related matters. 

I]. A particular integral of the nonhomogeneous equation._In the 
two previous cases ($§ 59, 60, and 71) where we have succeeded in 
solving for the most general solutions of nonhomogeneous partial 
differential equations, we have seen that the general solution con- 


» This becomes evident when we realize that the ‘‘smooth” spirals considered in 


§ 72 are derived from circles in the (, ) plane 


/ 
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sists of the solution of the homogeneous equation and a particular 
integral of the form 


1C,(t)(x? + y’) + 3C,()2?, (1697) 


where C, and C, are functions of time only. Hence, in order to com- 
plete our solution of the nonhomogeneous equation (1665), we shall 
seek a particular integral of this equation, again of the form (1697). 
We realize, of course, that we may not obtain in this manner the 
most general particular integral (cf. § 60). (The most general par- 
ticular integral is obtained in § 76.) 

Introducing (1697) into the differential equation (1665), we find 
(Ct + Gy + Caz) * + (Coie + Cy + Cabs) | 
I dx » (1698) 


’) 
+= = (elC,2" + Cry + C.2)]) + (8 + ¥ + 2) = 
2 dt dts | 


+ (x6, + yb. + 2;) = 0.) 


Equating the coefficients of 27, y’, 3’, x, y, and 3, we obtain 


ke. > ag; 1 dx 
2 C, i a te 
dt Vie Sa bai iveui 
1699 
dk C, + aes I a m 
a. ae ee a 
and 
C6, +6, =0; C,6. +6. =0; C,6,; +6; =o. (1700) 
| 
From equations (1699) it follows that 
C=4+8-2: c= 48-£, (1701) 
gd: oo o 
where 
= « (1702) 


and g, and g, are two arbitrary real numbers. 
Combining equations (1700) and (1701), we can express the 6’s 
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in terms of ¢, using the results of § 63. Thus, considering the equa- 
tions for 6,, we have 
5 _. - 
ee a a (1703) 


i Gt 


According to equation (1380), we now have 


t 
f : = eo sin”! (# | (1704) 
Dae qi qo 
or 


: 
J . = +— sinh (# =| or ++ cosh (f 4 , (1705) 
¢° qi qo qi qo . 


depending on whether we have the plus or the minus sign in equa- 
tion (1703). In equations (1704) and (1705) g is an arbitrary real 
constant. We can express the foregoing equations alternatively in 
the form 


(sin | red 
6, = 6065 sinh > g,} —, (1700) 
cosh} 7 % 


where 6,, is an arbitrary constant. Introducing, now, the variable ¢ 
(Eq. [1672]), we can re-write (1706) more conveniently as 


sin 
6: = bo 5 sinh ; (qu + u), (1707) 
cosh 


where ¢, is an arbitrary constant. Similarly, from the equations for 
6, and 6, we obtain 
“sin 
5, = bx» sinh } (que + ¢:) (1708) 


cosh 


and 
( sin 
6; = 6,04 sinh > (qu + 63), (1709) 
cosh 


where 6,4, 630, ¢2, and ¢; are all constants of integration. 
We now see that the assumption of the existence of a particular 
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integral of the form (1697) restricts the functions 6,, 6,, and 4. 
Consequently, it appears that the particular integral 


ee _ & 
t(428-S\e@+ +i (48-S)7 Gro) 
is not the most general particular integral of the equation (1665).*° 
However, since (1710) is identical in form with the most general 
particular integral for the case § = o, we shall use the particular 
integral (1710) and its consequences (Eqs. [1707]-[1709]) in our 
further discussions. 

74. Further discussion of the solution of the nonhomogeneous equa- 
tion (1665).-We shall first summarize the results of our discussion 
so far: 

(i) The complementary function* can be expressed in the form (cf. 
Eqs. [1670], [1691], and [1702]) 


AY 5 BE — &)? + (n— me)? 5 FA Bes; F — Sof, (4711) 


where 
x=i; y=; z= fo. (1712) 


Further, according to equations (1680), (1682), and (1688)—(16g0), 


we have 


ti, = fc cos Bi — 2 sin Bu ja > cos Be 
)\¢o @ J | 
6 6 ) f (1713) 
+ f(E sin Be + 3 cos Be) sin Bu, | 
Mm = - IG cos Bu — = sin Bu Ja sin Be 
Pe 9? } 
' | (1714) 
+ f(§ sin Be + q cos Bs) f cos Bu | 
i= (2 de, (1715) 


‘» We now appreciate the relevance of the comments made in § 60 (see n. 52). For 
the most general particular integral of equation (1665) see § 76. 
“The complementary function is defined as the most general solution of the as 


sociated homogeneous equation. 
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and 
; = bt 
i-e 2 (1716) 
e "Se 


Finally, the variable ¢ is related to ¢ according to the relations (cf. 
Eqs. [1672] and [1702]) 


t 
dt = @d ; l= f .- (1717) 


(ii) Equation (1665) admits of a particular integral 


N Bs Lg @ im y2 ae en ~2 ~ 
Sp = lta (zs? + 7) 4 2\ toi 9)?” (1718) 


where g; and g, are arbitrary real numbers. 
(iii) The existence of the integral (1718) implies that 6,, 6., and 6, 
have the forms (cf. Eqs. [1707] [1709]) 


5 sin 

I e . | 
= 6; sinh > (gu + 4), 
9 cosh 

5 sin 

— = §,,; sinh ; (gq. + ¢:2) , ? (1719) 

? cosh 

5 sin | 

— = §,.; sinh >} (qu +4) , 

? cosh 





where 6,0, 520, 30, t1, ¢2, and ¢; are constants of integration. The ques- 
tion as to whether we should use the circular or the hyperbolic func- 
tions in (1719) depends on the sign with which the terms g;, ¢* and 
g:/* occur in (1718). Thus, if gij/@* occurs with a positive sign in 
(1718), then the circular functions should be used in the expressions 
for 6,/@ and 6,/¢; otherwise, the hyperbolic functions should be 
used. A similar rule applies also for 6,/¢. 

(iv) The restrictions on the 6’s required by equation (1719) arise 
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from the assumption of the existence of a particular integral of the 
form 
3C,(t)(x? + y?) + 3C.(0)2? (1720) 


and hence do not correspond to the most general particular integral 
of equation (1665). If, however, we restrict ourselves to the case 
(1718),*? the solution of nonhomogeneous equation (1665) can be 
written as 


B= BY. + B,. (1721) 


As we have already indicated, we shall base our further discussion 
on the solution (1721) for B: 

I. The (&, no) locus.From our discussion in § 73 (pp. 595-596) 
it follows that the most important features of the solution are deriv- 
able from the (&,, 7.) locus in the (£, 7) plane. This locus, defined 
parametrically by the relations (1713) and (1714), depends on 
5, @and 6,/¢. Since, however, we now know 6,/ ¢ and 6,/¢ explicitly 
as functions of ce (cf. Eq. [1719]), the required integrations in (1713) 
and (1714) can be effected and the nature of the locus (&, 7.) de- 
termined. 

We first notice that, according to (1719), we have to distinguish 


between the two cases 


6 Pee 0» eee 
‘ = db sin (git + us) ; = = 6.) sin (qu + «2) (1722) 
g o 
and 
6, . | sinh a 6, . | sinh Gaiviid ( ) 
oe Ban l reo ieee = Gao git rm) Ie 6722 
rer) cosh % : 02) cosh I =e 


In either case, we can eliminate « between the equations for 6,/¢ 
and 6,/@ and obtain a 6-locus in the (£, 7) plane.*’ If equation (1722) 


‘2 The consequences of this restriction are further discussed in § 76 where the most 
general particular integral is obtained. 
83 According to the convention we have adopted, 8 is a vector with components 


6:, 6, and 6, along the three principal axes. 
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is valid, the 6-locus is readily seen to be an ellipse. On the other 
hand, if (1723) is valid, then, the 6-locus is a hyperbola.*! We shall 
therefore consider these two cases separately: 

Case (i): The 6-locus an ellipse, and \q,| # |8).—Substituting for 
6,/@ and 6./¢@ according to (1722) in equations (1713) and (1714) 
and carrying out the necessary integrations, we find that 





& = B ae [51091 cos (git +) + 68 sin (qu + e)], 


I ° “ / 
= ——,, [— 6B sin (que + 1) + bg: Cos (Qu + t2)]. 


Hence, the (&, no) locus is, in general, an ellipse. We shall therefore 
refer to this locus as the (£&, 7.) ellipse. 

Now, we have already seen that the 6-locus, detined parametrical- 
ly by the relations (1722), is also an ellipse. Since 6,, 6.0, &:, and ce, 
are constants of integration, the principal axes of the 6-ellipse are 
along fixed directions. Consequently, we can apply a rotation to the 
co-ordinate system about the z-direction such that the € and the 
n-directions are along the principal axes of the 6-ellipse. If the co- 
ordinate axes are oriented in this manner, the 6-locus will be detined 


by the relations 


I 


|o 


6 | 


= 6 COS (git + to) ; = bx Sin (gut + to) . (1725) 
@ 


The corresponding expressions for & and 7, can be readily derived 


from (1724) by putting 


— 
a 


“i =) by ae (1726) 


> 


—~= tqi = 4g 
and the equations 
: x aoe rp d. V at q db * 
x QD 68) y ?°* oD 


where ¢ is an arbitrary function of time. As is well known, equations (i) define Lissa- 
jous’ curves in the (x, y) plane, and it is seen that equations (ii) define the same 


Lissajous curves in the (£, 7) plane where é = x/@ and n = y/¢. 
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We then find that 


f, = _ Sot = SB sin (qit + to) , 

fr —G 
eet f (1727) 

No = Rs.» oP cos (qut -+- lo) . | 


f-¢ 


Comparing equations (1725) and (1727), we see that the principal 
axes of the (&, no) ellipse are along the same directions as those of the 
§-elli pse. 

We may notice the following special cases: (a) If 65 = 6.0, then 
both the 6-locus and the (&, 7.) locus are circles. (b) If 


620g: = 6108 or 6109: = 68 , (1728) 


then the (&, 7.) locus is a straight line along the € or the 7-axis, 
respectively.”> 
It is seen that, according to equations (1725) and (1727), the 
(£,, nm) locus is uniquely determined by the 6-locus and the value ot 8. 
Case (ii): The 5-locus an ellipse, and \q,\ = |8|.—The analysis 


of the preceding paragraphs does not apply to this case. When 








g:, = |B), equations (1722) take the form 
ee | ee 
= 6, sin (Be + «:) ; @ = om sin (Be + t) . (1729) 
Substituting the foregoing expressions for 6,/¢ and 6,/@ in equa- 
tions (1713) and (1714) and carrying out the necessary integrations, 
we find that 
‘ 
. - . I 
& = 36,0) ¢ sin (Be + «:) — - aoe (Be + “| 
: | 
P -— 
+ 36.) —e cos (Be + uw) + sin (8 + «| | 
: 
> (1730) 
: 1 ae 
No = F dro tcos (Bi + 4) — 3 sin (Be + | | 
bs | 





+ 46, sin (Be + 2) — - cos (Be + | , | 
2 





’s Since for a positive sense of the rotation ©, given by equation (1590), 8 is negative, 
the relations (1728) imply that in both the cases considered the 5-locus is described in a 


sense opposite to that of Oo. 
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As in the preceding case, the expressions for & and 7 take simpler 
forms when the £axis and the y-axis are so chosen that they are 
in the directions of the principal axes of the 6-ellipse. If this is 
achieved by an appropriate rotation about the s-axis, equations 
(1729) will take the forms 


‘ a ee 
= §,. cos (Bt + w) ; = 62 Sin (Bc + w) . (1731) 


g g 


I 


The corresponding expressions for & and y, are readily obtained (cf. 
Eq. [1726]). We find that 


_ 


- . ha 2s ‘ : 
= 1(§,, — 6)e cos (Bt + w) + 48 (6:0 + 82) sin (Be + tw) , 
4 


Str 


t 


~) 


rs 7, ae ee = - 
No = —3 (bio — Ja9)e Sin (Be + to) — — (br + bo) COS (Be + to) . 


48 


Nin 


Equations (1732) represent a general class of spirals. The simplest 


example of these spirals arises when 


bro = —O2. (1733) 


According to (1731), the 6-locus is now a circle; and, if 8 is positive, 
the 6-circle is described in the negative clockwise direction, i.e., in 
the same sense as the rotation 0, arising from the term r X B (cf. 
Eq. [1590]). 

From equations (1732) it now follows that 


£, = bot cos (Be + w) ; NM = —byt Sin (Be+ tw). (1734) 


Thus, in this case, the (&, .) locus reduces to the spiral of Archimedes, 
described in the positive or the negative sense according as 8 is 
negative or positive (see Fig. 11). 

Again, if 6,, = 6.., the (&, 7.) locus is a circle described in the 
positive or the negative sense according as £ is positive or negative. 

In general, equations (1732) represent loci belonging to the same 
general class as the frochoidal curves associated with the rolling of a 
straight line on a circle®® (see Fig. 12). 

86 A useful reference for information concerning these transcendental curves is 


H. Lamb, Infinitesimal Calculus, chaps. ix and x, pp. 284-367, Cambridge, England, 


1930. 
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Case (tit): The 6-locus a straight line (q, = 0).—If q; = 0, the 
solutions for the 6’s according to (1719) cease to be valid. Under 
these circumstances we have (Eqs. [1700], [1701], and [1703]) 


aa (1735) 
From the foregoing equations we readily conclude that (cf. Eq. 


{1381]) 
: Sro(t + tr) ) — = Bao(e + t2) ? (1736) 





Fig. 11.—An Archimedean spiral 
Fic. 12.--A special case (t) = —2/2; db: = 2; 52 = 0) of the general family of 
32). 


om 


spirals (1 


same meaning as hitherto. Thus, when q, = 0, the 6-locus is a 
straight line. 

Substituting for 6, @ and 6./¢ according to (1736) in equations 
(1713) and (1714) and carrying out the necessary integrations, we 


find 
O16 O20 Ox 0; 


gte)s m= a—aetau)- (1737) 


Str 
! 
+ 


Hence, the (&, 7.) locus is a straight line which is at right angles to 
the 6 straight line. 
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Case (iv): The 6-locus a hyperbola.—lf the term gj/¢4 occurs with 
a negative sign in equation (1718), the expressions for 6,/@ and 
6./¢ involve hyperbolic functions; and, according to equation (1719), 
we can write, quite generally, 


6 ‘ 
3 = 6, sinh gu + 6,, cosh gu, 
: , (1738) 
02 . 
— = 6, sinh gu + 62. cosh qu , 
? 
where 6,:,....,6,, are arbitrary constants. By eliminating ¢ be- 


tween the foregoing expressions, it is seen that the 6-locus is a 
hyperbola. Consequently, if by an appropriate rotation about the 
z-axis we arrange that the & and the 7-axes are along the principal 
axes of the 6-hyperbola, the equations (1738) will take the simpler 
forms 


Oy 6, : 
— = §,, cosh (q,yt + tw) ; = 6, sinh (qu +). (1739) 
o 7 ob dil 73 


Using these expressions for 6, ¢ and 6,/¢ in equations (1713) and 
(1714), we find that 


B10 + 68 ° 
i =- a 92 sinh (git + wo) , 
(1740) 
$2091 — S108 


i ge OO eee). 


Thus, the (&, 7.) locus is a hyperbola the axis of which coincides 
with the conjugate axis of the 6-hyperbola. 

We may notice that we could have derived the foregoing expres- 
sions for & and 7m directly from (1727) according to the following 
scheme of transformations: 


qi ae 1g: > O10 = O10 Oxo eS 16.» ’ 


cos (git + tw) — cosh (qi + to) ; (1741) 
sin (git + t&) — 7 sinh (qu + w) . | 
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II. The solution for ¢).—We have to distinguish between the fol- 
lowing three cases: 

(i) If g3/@* occurs with a positive sign in equation (1718), the 
solution for 6,/@ involves the circular functions, and, according to 
(1719), we have 


~ 


3 = 6; sin (gu + ;). (1742) 


as 


I'rom equation (1715) it now follows that 


D530 
eel as (qu + 4). (1743) 
(ii) If g, = 0, the solution for 6, according to equation (1719) 
is no longer valid. Instead, we have (cf. Eq. [1736]) 
6; — 
4 = Slt + 4;). (1744) 


Accordingly, we now have 
fo = byo( Fe? + et) « (1745) 
(iii) If g3/ @* occurs with a negative sign in equation (1718), the 
corresponding solution for 6;/¢ involves hyperbolic functions; and, 


according to (1719), we can write quite generally that 


6 ; j - ° 
" = 03, cosh Jat 032 sinh Git , (1740) 
00) 


where 6,, and 6,, are arbitrary constants. The corresponding solu- 
tion for ¢, is readily seen to be 


oa . . | 
Go = (6;, sinh g.t + 43, cosh gut) . (1747) 
q. 


III. The solution for the density function o.— According to the gen- 
eral relations derived in § 70, the solution for the density function 
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is directly expressible in terms of the solution of the nonhomogeneous 
differential equation for B. Thus (cf. Eq. [1609]), 


bo = $B + dodr? — — |r XB +5)? 
- (1748 
d/8 749) 
+ 65(2) - r+ constant | 


or, substituting for B our present solution (Eqs. [1711], [1718], and 


[1721]), 


0 = +392(2? +n’) + 2G38 
+ Bl (E 


, > (1749) 


(5) -p + constant , | 


ara me) — ¢— ¢} 
x 
ey) 





where we have used p to denote the vector (&, 7, ¢). Remembering 
that, in the co-ordinate system used, B = (0, 0, 8), it is seen that 
equation (1749) can be expressed as 

o = 24* + o, + o, + constant , (1750) 


where 


201 = a(tqi — B)(E + 7’) + ~~ 
| _d (ib : 
+05 (G)+ Je 
. a d 6, =. 6,\ eee 
202 > 2 $9307 Lf a, = (2) ; (*:) : (1752) 


In considering the explicit expressions for ¢, and o,, we should dis- 


and 


tinguish between the various cases treated separately in the sub- 
sections I and II above. 

(A) Solutions for o,. mip consider the case Raper the 6-locus 
is an ellipse and (q,, 7 . We then have (ef. Eq. [1719]) 


oS 


; 6, : 
= 6, sin (gue + t:) 3 - = 6) Sin (que + ¢;) . (3763 
o q ) o ] 753) 
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Substituting the foregoing expressions for 6,/¢ and 6,/¢@ in equation 
(1751), we find, after some lengthy reductions involving the use of 
the solutions for & and , appropriate to this case (Eq. [1724]), that 


o, = (g3 — BYE — &)? + (n — m)?I 


- - 7 [Gi (bio + 8%) + 26.8048 sin (42 — 4] 


| > (1754) 





If the € and the 7 axes are arranged to lie along the principal axes of 
the 6-ellipse, the expression for ¢, becomes (see Eq. [1726]) 


n= (gi — BE)? + Cn = a) ) 
U 
4 7 3 (ai (Gio + Bio) — 26.558] «| 


(1755) 





Second, consider the case when the 6-locus is an ellipse and |q;| = 
'8|. Using equations (1731) for the 6’s, we find that 


og; = —2B(b0 — 5.) [E sin (Be + tw) + cos (Bt + w)] —" 
' ; 175 
— 82, cos? (Bt + &) — 6% sin? (Bi +u).f° “” 
Using the solutions for & and 7 appropriate to this case (Eq. 
[1732]), the foregoing expression for ¢, can be reduced to 
2 — San . ) 
>. = -— i sin (Bi + 3 + w) 
V(— — &)? + (n — me)? r (1757) 
— 5 (52, + 630) :) 


Third, consider the case when the 6-locus is a straight line. Using 
equations (1736) and (1737), we find that 


a, = ~PiE—- EY + ee — whl + 
a (67, -+- 55 + 2 Bb 06.20 (t> = tr) . | (1758) 


Fourth, we have finally to consider the case when the 6-locus is 
a hyperbola. The appropriate solution for o, can be readily ob- 
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tained from equation (1755) by transforming it according to the 
scheme (1741). We find that 


ao, = —(qi + B*)[(E — &)? + (n — mm)? 
4 


I iis ' (1759) 
; . [97 (53. = &.) sa 2610520918] | 
ctr 

(B) Solutions for o,..-We have to distinguish now between the 
three cases considered in section II above. For these three cases 
we respectively find that 


~ 


30 ’ 


gk — $0)? — 


02 => 263(€ — Ca) oe Pauhs , (1760) 


—Qi(F — So)? — O31 + 45, . 


We notice at once a remarkable fact about our solutions for o, 
and o,, namely, that they are expressible as functions of the same first- 
integrals of which B* is a function. Consequently, in equation (1750) 
we can absorb o, and a, in B* and write quite generally that 


o = o{(§ — &)? + (9 — w)?; 8+ h;$—so}. (1761) 


Thus, ¢ is a function only of the arguments specitied. 

Finally, if we specialize our general spherical distribution of 
residual velocities to a Maxwellian distribution, then the number of 
stars per unit volume, 9%, is related to o by (Eq. [1644]) 


sy} — > Le J >) 
w= oo. (1762) 


Hence, according to (1761), we can write 


I ; 
y= re MWLE—&)? + (yn — mw)? s A+ Bs F—G}, (1763) 


where 9, is a function only of the arguments specified. 
75. An interpretation of the spiral structure in nebulae. Before we 
proceed to consider applications of the solutions obtained in $§ 73 
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and 74 to an interpretation of the spiral structure in nebulae, we 
shall briefly restate the assumptions that have been made. 

Our fundamental assumption has, of course, been the restriction 
to a spherical distribution of the residual velocities: 


y= Wla}(U = U.)? + (V ae Vo)? + i ~ W.)?} 7 o| ’ (1764) 


where a, U,, Vo, Wo, and @ are all functions of x, y, 2, and ¢, arbitrary 
in the first instance. Further, V is itself an arbitrary function of the 
argument specified. This assumption concerning VW has been made 
primarily with a view to discovering the most general types of poten- 
tial and density distributions that are consistent with our fundamen- 
tal kinematical postulates. But this restriction to a spherical distri- 
bution of residual velocities may appear serious, as it ignores the 
phenomenon of star-streaming. However, according to the principle 
of superposition of stellar systems considered in Part XIV, it is 
formally a simple matter to include star-streaming in the sense of 
Kapteyn.*? 

The assumption of a spherical distribution of velocities (1764), 
together with the equation of continuity, allows us to conclude 
that (1) 


a = ¢’, (1765) 


(U., Ve, We) = + (rx B+), (1766) 


where B is a constant vector and 6 a function of time, and (iii) B 
satisfies a single nonhomogeneous linear partial differential equation 
(eq. [1597]). The homogeneous equation associated with (1597) has 
been solved for its most general solution and a particular integral 
has been found which has the same form as that which is known to 
give the most general particular integral for the case 6 = 0. The 
restriction to this special form of the particular integral has one 
advantage, namely, that 6 is now no longer an arbitrary function but 


For further details on how this can be done see § 81. 
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is related to @ according to certain transcendental relations. We 
shall see later (§ 76) that, if § remains arbitrary, then none of the 
features to be discussed are lost—indeed, they are further general- 
ized. 

Thus, the characteristics of stellar systems we are now going to 
discuss arise from only ‘wo assumptions: the physical assumption of 
a spherical distribution of the residual velocities and the mathe- 
matical restriction to a particular integral of a nonhomogeneous 
equation of a certain form.** 

Under the circumstances described, the potential B is given by*’ 
w= t(48 — sa)e +r) + 


q2 oo 
So 2 
= (+% wi) 


+3, BE — &) + (nw) 9+ BS EH 


NO le 


(1767) 


where 


dt 
x = §; v= no ; z= $o; =f Z. (1768) 
Sty O 


Further, in equation (1767) g, and qg, are two arbitrary real numbers; 


be po 
Sj — 


£., Mo, and ¢, are certain functions of 1, J = tan" (y — 7), (€ — &,), 
and %* is an arbitrary function of the arguments specified. The ex- 
plicit expressions for &, ., and ¢ are given in § 74. As we have 
shown in § 74, & and » define a locus in the (é, 7) plane which 
can be an ellipse, an Archimedean spiral (or a generalization of it 
according to Eq. [1732]), a straight line, or a hyperbola. Finally, for 
the density function o we have (cf. Eqs. [1750]-[1752], [1755], and 
[1757]-[1760]) 


o = 2¥*+06,+0:, (1769) 


‘8 It should perhaps be emphasized that the physical assumption can be generalized 
to include star-streaming in the sense of Kapteyn. Also, the restriction to a certain 
special form of the particular integral has been made primarily with a view to making 
the discussion more concrete and specific. As we shall see in § 76, the consideration of 
the most general particular integral of the equation (1597) serves only to generalize still 
further the scheme developed in this section. 

89 From now on it is assumed that the co-ordinate system is so chosen that the 


z-axis is along the vector B. 
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where o, and g, are certain expressions which are functions of the 
same first-integrals which B* involves. Consequently, we can write 


o = of{(& — &)? + (9 — mo)? 3; F+ BL; $— Fo} (1770) 


(A) The simple theory.—We shall begin our discussion of the den- 
sity function o by considering the simplest case, namely, when the 
system is characterized by no translational motions (i.e., 6 = 0). 
Then, according to equations (1713) and (1714), 


£ = mm = fo =0 (1771) 
and 
z tdt 2 
cao(S,o+8f 5,2). (1772) 


I:quation (1770) enables us to describe the trajectories of points of 
constant o. These trajectories are, in fact, defined parametrically 


by the relations 
@=06; 0@=4—-—P; 2= 69, (1773) 


where ¢,, ¢., and ¢c; are constants. As we have already seen in § 72, 
the trajectories (1773) are spirals described outward in the direction 
of rotation if @ is positive and described inward (also in the direc- 
tion of rotation) if @ is negative (see Figs. ga and gb). Further, the 
motions of density points along these trajectories are governed di- 
rectly by the motions of the local centroids; i.e., if da, d#, and dz 
are the increments in @, 6, and s due to an increment di in é, then 
(cf. Eqs. [1653] and [1662]) 


da = Ide ; wd = Oodt ; dz = Z.dt. (1774) 


Accordingly, the angle a which a spiral orbit makes with the trans- 


verse direction is given by 


a = tan”! 5 : (1775) 
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if this angle is a constant, the orbit reduces to a logarithmic spiral. 
Also, for the case under consideration (cf. Eq. [1637]) 


. P 3 : mt 
MH, = 2a; @ = ——a; a: ee (1776) 


Hence, the rotational velocity increases linearly with the distance 
from the axis of rotation. Further, 


Z 
40 


Il, 


(1777) 


Ei] 


Consequently, if the stellar system is a very flat one, the motion in 
the s-direction is only a small fraction of the motion in the radial 
direction except in the neighborhood of the center. Since the radial 
motions are themselves only small fractions of the rotational veloc- 
ities, it is clear that the motions perpendicular to the galactic plane 
are quite negligible. Finally, we may notice that if we have an initial 
distribution of matter along a spiral orbit, then it remains along 
this orbit. Thus, the spiral structure has a certain degree of perma- 
nence. 

The foregoing description of the essential features of the stellar 
system we are considering in its simplest form (namely, when 
6 = o) strongly suggests the possibility of using this theory as a 
basis for interpreting the spiral structure in nebulae. In suggesting 
this, we are guided by the following circumstances: 

The occurrence of spiral orbits for points of constant relative 
density ;’" (ii) the degree of permanence which is attributed to the 
. structure; and (iii) the linearity of O, with distance which is 

1 approximate agreement with the general “velocity-curve” de 
aie by Babcock for the Andromeda nebula. Apart from these con- 
siderations, the strongest support for the suggestion comes, however, 
from the close similarity between the characteristics we have de- 
rived on the basis of our theory and the general features that are 
present in Lindblad’s theory of spiral structure. In Lindblad’s the- 


9% For the case W(Q+¢) =e-Q--e the density of stars Yt is given by 


r3/2e — o/@3(t). Consequently, for this important case, the dependence of ® on the 
spatial co-ordinates is governed by o. We shall therefore refer to e — 7 as the relative 


density. 
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ory the emphasis is on the orbits described by individual stars; in- 
stead, we consider the orbits of constant relative density; in both 
cases spiral orbits are derived. Again, there is agreement between 
Lindblad’s theory and the present one in that in both the linearity 
of the rotational velocity with distance is found. Finally, if ¢ is 
positive, there is also agreement between the two theories in the pre- 
diction concerning the direction of rotation relative to the winding 
of the spiral: the motion is outward along the spiral in the direction 
of rotation. Formally, in our theory we can get the contrary sense 
between the direction of rotation and the winding of the spiral if ¢ 
is negative; but the assumption ¢ < o would imply (i) a contraction 
and (ii) an increase in the dispersion of the residual velocities with 
time and both these consequences of ¢ < o appear to be unlikely. 

It is now seen that the whole group of problems connected with 
the tilt of the Andromeda nebula relative to the line of sight is again 
brought to the center of attention. The final settlement of this ques- 
tion is clearly a matter of the utmost importance. While there is 
considerable divergence of views on this matter, we shall accept 
Lindblad’s verdict that the tilt is such as to make the prediction 
based on his theory to be in agreement with the measured radial 
velocities. In our case this assumption would imply that ¢ is posi- 
tive. 

In spite of this general agreement between Lindblad’s theory and 
our own, the fundamental differences in the two approaches should 
not be overlooked. In Lindblad’s work the attention is always fo- 
cused on the instability of the circular orbits which arises whenever 
there is a sufficiently steep density gradient.°' The consequences of 
this instability are then further discussed, but largely in a qualita- 
tive manner. While recognizing the importance of such considera- 
tions, the vagueness and the lack of clarity which results are, in the 
writer’s view, due essentially to the circumstances of having to de- 
scribe nonsteady-state phenomena without having an adequate the- 
ory in terms of which to interpret such phenomena. It is therefore 
satisfactory that in our theory the center of attention is brought pre- 
cisely to this intimate connection between the spiral phenomenon, 

% Lindblad’s criterion for the instability of the circular orbits is Bp — po > w2/2arG 
(see Stockholms observatoriums annaler, 12, No. 4, p. 23). 
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on the one hand, and the fundamentally nonsteady character of the 
systems involved, on the other. Further, in contrast to Lindblad’s 
theory the assumptions that have been made are few and well de- 
fined. But it is perhaps a disadvantage of the present treatment of 
spiral phenomenon that a clear separation had to be made between 
the methods for dealing with ellipsoidal systems and those for deal- 
ing with spiral systems. Indeed, at the present stage of development 
of the theory the two methods appear to be mutually exclusive. But 
we may hope that this gap will eventually be bridged. 

There is one further point in the simple theory we have described 
which requires some further consideration and that is the degree of 
openness of the spiral predicted. According to equation (1775), the 
angle which the spiral orbit makes with the transverse direction is 
given by tan II,/0,. This angle can be estimated as follows: The 
existence of a II, of the form (1776) implies a A-term proportional 
to distance. The probable value of such a A-term is not likely to 
exceed 7.5 km/sec/ 1000 parsecs. At a distance of 8000 parsecs from 
the center this requires a value of II, = 60 km/sec. Also, at a dis- 
tance of 8000 parsecs from the center we may expect a rotational 
velocity of about 250 km/sec. Hence, 


~ “ oa ~— ° mm Q 
a tan™’ 0.24 4 (1775) 


However, for most well-resolved open spirals the value of a appears 
to be considerably in excess of the amount (1778), being more nearly 
45°. On the other hand, for ‘‘compact”’ spirals such as NGC 7217, 
the angle a is seen to be about 10°. Thus, it appears that the special 
case of the general theory we have outlined above is probably ap- 
plicable only to compact spirals like NGC 7217 and that well-re- 
solved open spirals like M tor are beyond the range of this simple 
theory.” Consequently, an interpretation of these objects, as well 
as of the barred and other spirals, is to be sought in the characteris- 
tics of the general solution (1770) for the density function o. 

9 It would appear that an interpretation of really open spirals like M tor or NGC 
6946 is also beyond the range of Lindblad’s theory, for these objects are so far removed 
from elliptical systems that considerations essentially connected with the instability of 
circular orbits in flattened spheroidal systems are no longer of any particular guidance. 
But, as we shall see presently (see par. [C] in this section), an interpretation of open 


spirals appears to be entirely within the scope of our theory. 
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(B) The general characteristics of the density function, 6 —Accord- 
ing to the general solution (1770), the trajectory of a point of con- 
stant o in the (&, , ¢) space is described parametrically by the rela- 


tions 
(& — &)? + (n — mo)? = c?,) 
= (1779) 
ee No “a { 
tan7? —— =c,-— Bp, 
é sa & ) 
and 
oS — f= é&, (1780) 


where ¢,, ¢2, and c,; are constants. In the foregoing equations, &,, 
mo, and ¢, are themselves functions of ct. From equations (1779) and 
(1780) it appears that the motions perpendicular to, and respectively 
parallel to, the ¢ direction can be considered separately. 

Now, in the (&, 9) plane, & and 7, will define a locus which, de- 
pending upon circumstances, will be either an ellipse, an Archime- 
dean spiral (or a generalization of it, according to Eq. [1732]), a 
straight line, or a hyperbola. From the (&, 7) locus the trajectory 
(1779) can be readily derived according to the method outlined in 
$73 (pp. 595-596). To be more specific, consider the case when the 
(£., mo) locus is an ellipse and-|g,| # |8|. If the € and the 7 axes are 
so chosen that they are along the principal axes of the (&, 7.) ellipse, 
then (cf. Eq. [1727]) 


Sus a Dao . 
oe = = fae sin (git + to) , 

P : (1781) 
N = + -— “ COS (Git + to) . 


We can regard the ellipse (1781) as being described by a moving 
representative point P, such that equal eccentric angles are described 
in equal intervals of c, the period of one complete revolution being 
27,/q;.23 If we now attach to P, an “arm” P,P of length c, and allow 
it to rotate about P, at a constant rate — 6, then the locus described 
by P, is the required trajectory. If 6,5 = 6.0, the (&, mo) locus be- 
comes a circle, and the trajectory (1779) reduces to an epicyelic, 


%3 This, in a measure of ‘‘time”’ according to t. 
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since it is now derived as the result of the superposition of two circu- 
lar motions. Hence, the trajectories described according to equa- 
tions (1779) and (1781) are generalizations of the epicyclics of an- 
cient Ptolemaic astronomy. 

When the basal curve is not an ellipse but one of the other possible 
curves, the trajectory (1779) can be derived by methods similar to 
the one described above. Examples of loci described by such meth- 
ods are illustrated in Figures 13-17. Once the trajectory in the (&, 7) 
plane has been obtained, that in the (x, y) plane is readily derived 
according to the transformation formulae (1768). 

The characterization of the motion in the ¢ direction is simple. 
In the (&, n, ¢) space the point always remains at a constant distance 
from ¢,, where ¢, depends on ¢ according to the relations derived in 
S 74. 

Let us now consider in somewhat greater detail an important fea- 
ture of the orbits described by points of constant ¢ in the variables 
En, ¢, and. In terms of these variables the orbits can be uniquely 
specified according to equations (1779) and (1780). As we have seen 
in § 73, the motion in the (£, 7) plane involves two periods: the pe- 
riod 27/8, with which the orbit is described relative to its varying 
instantaneous center, and the period associated with the description 
of the 6-locus (see pp. 601-602). This later period can be real or 
imaginary according as the 6-locus is an ellipse or a hyperbola. It 
now appears that the case when the 6-locus is an ellipse is probably 
more significant physically than when it is a hyperbola. This can 
be seen as follows: 

It will be recalled that the 6-locus arises from the elimination of 
@ between the relations (cf. Eqs. [1700 





and [1701]) 


0; 6, qi @ 


: > ; (1782) 
0; 0> Q* (69) 


From the foregoing equations it follows that (Eqs. [1707] and [1708]) 


- sin 
= 6, ( sinh } (qu + «:) (1783) 
cosh 
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and 


5. sin 
— = 6,.; sinh } (qu + 22) , (1784) 
? cosh | 


where the circular or the hyperbolic functions should be used ac- 
cording as the term gi/¢* occurs with the positive or the negative 
sign in (1782). Now, if @ were a constant, equations (1782) are pre- 
cisely the equations for elliptic (or hyperbolic) motion, and in this 
case physical considerations would allow us to reject the solutions 
involving the hyperbolic functions. However, we cannot ignore the 
solutions involving the hyperbolic functions quite as simply when @ 
is not a constant. For, it is very well possible that 


psec ai ee ‘dt : 
limit « = limit - (1785) 
t—> a t—> wo Jt, QoQ 


exists. Indeed, physical considerations would rather suggest the con- 
vergence of the integral on the right-hand side of equation (1785); 
for, if the system is one in expansion, ¢ increases with time, and for 
the convergence of the integral we need only require that ¢ increase 
more rapidly than ¥ ‘tast— ©, On the other hand, since the hyper- 
bolic functions increase very rapidly with increasing values of the 
argument, it is clear that, when the 6-locus is a hyperbola, the condi- 
tions are not favorable for a stable stellar system. Thus, the case 
when the 6-locus is an ellipse is, from considerations of stability, 
more important than when the 6-locus is a hyperbola. 

It is clear that remarks similar to the foregoing apply equally to 
the choice of the solution for 6, involving the circular function in 
preference to the solutions involving the hyperbolic functions. 

Having thus shown that the physically more significant solutions 
for the 6’s are those which involve the circular functions, we see 
that stellar systems of the kind we are considering are characterized 
by three real periods: the periods 27/8, 27/9,, and 27/q., associ- 
ated, respectively, with the rotation —S@, ¢’, the description of the 
6-cllipse, and the motions in the ¢-direction. Here, again, the case 
when the two periods 27/8 and 27, q, are equal or nearly equal is 
probably more important than the other cases. As we shall sce 
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presently, the case when these two periods are equal leads to a 
fairly straightforward interpretation of the well-resolved open spirals, 
while the case when the two periods are nearly equal allows the pos- 
sibility of interpreting barred spirals. Finally, the more peculiar spi- 
rals appear to be explicable on the basis of the more general cases 
when the two periods 27/8 and 27/g, are widely different. 

(C) An interpretation of open well-resolved spirals.—As we have 
already indicated, the case of greatest interest arises when the two 
periods associated with the motions in & and 7 are equal, i.e., when 
qi, = |B). The (&,, 4.) locus appropriate for this case has been ob- 
tained in $ 74 and belongs to a general family of spirals. This locus 
defined by equations (1732) reduces to an Archimedean spiral when 
the 6-locus is a circle and is further described in the same sense as 
the rotation — Bw, ¢?. We shall consider this case first. 


According to equations (1734), we have 
£ = drt COS (Be + to) ; No = —6rot Sin (Be +4). (1786) 
From the foregoing equations we readily obtain 


Vi+n2=60; tan?” = -—(@+.4). (1787) 


So 


Str 


On the other hand, if @ denotes the azimuthal angle in the (£, 7) 
plane, 


& = VE2+ n2 cos 6; nm = VE+ 72 sin O. (1788) 
Combining equations (1787) and (1788), we find 
Be = —(0+ ww), 


(1789) 
(0 + to). 


le” 


Remembering that 6 is negative for a positive sense of rotation, we 
see that equations (1789) define an Archimedean spiral described in 
the same sense as the direction of 0,. 

Considering next the trajectory described by a point of constant 
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relative density o, it is seen that the angle PP,O which the radius 
vector (£, ») makes with the vector (&, 7.) is given by (see Fig. 13) 


a a 
PP.OQ = tan q ™ — 6, (1790) 
= - 





or, according to equations (1779) and (1789), 


Pg 
PP.Q = c. + t = constant ; (1791) 


in other words, the “‘arm’’ P,P describing the trajectory is inclined 
at a constant angle with the radius vector (&, 7) describing the 





Fic. 13.—Trajectories of points of constant o in the (é, 7) plane derived from an 


Archimedean spiral. 
basal Archimedean spiral. Consequently, the equation of the 
trajectory can be written explicitly as 

2+ y= B+ nt ci + 2c, VEZ+ nicos (c: +t), (1792) 
or, using equations (1789), 


6 


2+7= es (@ -- «)? — 2¢, B (0 + w) cos (¢. + w&) +2. (1793) 
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The foregoing equation, together with the relation 
dé+.= —f., (1794) 


defines the trajectory of a point of constant o in the (£, 7) plane. 
Ixamples of such trajectories are shown in Figure 13. 

To obtain the trajectory in the variables x, y, and ¢ corresponding 
to that defined by the equations (1793) and (1794), we should 
transform according to the formulae 


Ea ‘ “t dt | , 
x = dp ; y= 70; (= —, 1795) 
t, QD 


If ¢ increases with time, the effect of the foregoing transformation 
will be to ‘‘extend”’ the spiral trajectory in the variables € and 7 into 
a more open spiral orbit in the variables x and y. Remembering that 
(1795) transforms the circle, & + ? = cj, which occurs in the simple 
theory (see [A] above) into something like a logarithmic spiral, it is 
clear that the effect of (1795) on a curve which is already a spiral 
will be to transform it into a very much more open spiral in the 
variables x and y. Thus, consider the effect of the transformation 
(1795) on the basal Archimedean spiral (1789). If, as an illustrative 
example, we consider the case when @? increases linearly with the 
time (cf. Eq. [1656]), we readily find that the Archimedean spiral 
(1789) in the variables € and 7 is transformed into the spiral (cf. 
Iq. | 1658] ) 

@ = Wo(O + w)e~(4/28)9 , (1790) 


Consequently, we can interpret, on our present basis, well-resolved 
open spirals like M rot. 

The motions perpendicular to the galactic plane do not require 
any special comments except to note that the trajectories of points 
of constant ¢o in the z-direction are given by relations of the form 


c= o(c,+ cos (qu +4) >, (1797) 
q: 


where, according to our remarks in (B), we have chosen the solution 
for ¢, which involves the circular functions. For flat systems the 
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magnitudes of the motions perpendicular to the galactic plane are 
quite negligible; but it is of some interest to note that the motions 
have an oscillatory character. 

There is one further point to which we shall draw attention here. 
In our present interpretation there is no particular reason why we 
should expect just two spiral arms. Indeed, on the contrary, we 
should expect several spiral orbits described independently by 
different groups of stars. An examination of the photographs of the 
nebulae M ro1, NGC 6946 and 2853, and IC 342 shows definite evi- 
dence for four or more spiral arms and even indicates the presence of 
several remote independent spiral orbits. 

Finally, when we consider the general (&, 9.) locus as given by 
equations (1732), the main features are found to be essentially the 
same as when the (&, »)) locus is an Archimedean spiral. However, 
the more general spirals (1732) provide just the necessary freedom 
to account for the divergence (within limits) of forms one en- 
counters among the spiral nebulae. 

(1)) An interpretation of barred and other peculiar spirals-—We 
have seen how the case |g, = (6) allows an interpretation of well- 
resolved open spirals. We shall now consider the general case when 
the two periods associated with the motions in the (£, 7) plane are 


not equal. The (&, 7) locus is then an ellipse; and in considering 
this ellipse according to equation (1727), we can, without loss of 
generality, choose the arbitrary phase «, appropriately. Let us sup- 
pose that u = — 7 2. The parametric representation of the (&, 


ur ellipse becomes 


6; qi — 6. B 
oo = , 2 COS Gil , 
3 aes qi : 
(17938) 
6209: — S08 . 
No = SIN git. 
p Gy 


Ixamples of trajectories of points of constant o in the (&, 7) plane 
based on the ellipse (1798) are illustrated in Figure 14. When 6,. = 
6., the (&, ) locus is a circle, and the trajectories of points of con- 
stant o in the (&, ) plane reduce to the classical epicyclics (Fig. 15). 
A characteristic of all these trajectories is that they tend to become 
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circles when the distances from the center are large, compared with 
the linear dimensions of the basal ellipse. However, in the neigh- 
borhood of the ellipse they have a variety of different forms and, 
depending on circumstances, intersect and interpenetrate them- 





Fic. 14.--Examples of trajectories in the (£, 7) plane described by points of con 


stant o derived from an ellipse 


selves. In the (x, y) plane the trajectories therefore tend to become 
simple spirals of the “elementary” theory (Eqs. [1773]) at large dis- 
tances and have a wide variety of forms at smaller distances. It thus 
appears that we may use these different possible forms of the 
trajectorics as a basis for interpreting peculiar nebulae. For ex 
ample, the trajectories derived from the loci shown in Figure 14 


are seen to have a certain resemblance to the shapes of the pecul 
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iar nebulae NGC 1559 and 4038 and 4039.’ Similarly, the trajec- 
tories derived from the loci shown in Figures 15 and 16 may be used 


to interpret other types of peculiar nebulae. 








SOE ee 
| a * () \ 
(Y “A 
1O S \ 
+) tis j 
—~ f \ 
CK OY \ 
asad a 
Fic. 15.--Epicyclical orbits 


Special interest seems to be attached to cases when the two 
periods associated with the motions in the (£, 7) plane are nearly 


4 Photographs of these nebulae have been published by H. Shapley and J. S. 


Paraskevopoulos, Proc. Nat. Acad. Sci., 26, 31, 1940 (see esp. Figs. 12 and 20). 
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equal. Under these circumstances the linear dimensions of the basal 
ellipse (1798) become very large. Further, the trajectories described 
with a small ‘tarm”’ c, (cf. Eq. [1779]) will all be near enough to the 
basal ellipse to give the impression of elliptical orbits. The actual 
orbits in the (x, y) plane will also be approximately elliptical, 
particularly if the expansion associated with ¢@ @ is very small, 
compared with the rotational velocities. It is possible that it is 
these elliptical orbits which give the appearance of a “lens” in the 





iG. 16.— Examples of trajectories in the (£, 7) plane described by points of con 


stant o derived from a straight line. 


early stages of a barred spiral. It is further possible that the ‘tbar™ 
itself may correspond to regions of relatively high density of traje« 
tories inside the basal ellipse. The forms of the nebulae NGC 1300, 
1530, 3351, and 5921 are suggestive in this connection.’ 

So far, we have restricted ourselves to only those cases where the 
solutions for &, »., and ¢, involve the circular functions. In (B) we 
indicated some general reasons why these cases are likely to be more 
important than the others. However, since the integral defining 
can (and probably does) converge as ¢ tends to Infinity, we can 
still expect rare examples of stellar systems which correspond, for 
instance, to solutions for &, m, and ¢, involving the hyperbolic 
functions. Thus, the peculiar V-shaped nebula NGC 4781°° suggests 
by its appearance that we probably have here an example of a system 


% For photographs of these nebulae see andb. d. Ap., 5, No. 1, p. 843, 1033 


” For a photograph of this nebula see Helwan Observatory Bull. No. 22, Pl. \ 


Cs ee 
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derived on the basis of a (&, >) locus which is a hyperbola (see Fig. 
17). Similarly, it is possible that NGC 4656-4657°7 is derived from a 
basal curve which is a straight line described uniformly with respect 
to c (cf. Eqs. [1737] and [1745]); in this case the trajectories are cy- 
cloids and the corresponding trochoidal curves. 





Fic. 17.Examples of trajectories in the (£, 7) plane described by points of con- 


stant o derived from a hyperbola. 


While the foregoing remarks concerning the peculiar and the 
barred spirals are to be regarded as largely tentative, they serve to 
show the wide variety of forms which is possible on the basis of the 
present theory. It has been generally thought that the widely 
divergent forms which the spiral nebulae show indicates that no 
simple theory can account for all of them. But it now appears that 


% For a photograph of this nebula see 19. J., 51, 276, 1920 (Pl. XVI). 
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this very divergence of forms receives an adequate and straight- 
forward explanation on the basis of our theory, and this is perhaps 
its most satisfactory feature. 

Finally, it may be remarked that the forms of the trajectories of 
points of constant o will be further generalized if the basic 6-loci 
are more general curves than ellipses, straight lines, or hyperbolae; 
it will be recalled that we were led to these special curves for the 
6-loci as the result of our restriction to a special form for the par- 
ticular integral of the nonhomogeneous partial differential equation 
for B. A more general particular integral than the one we have 
chosen will serve only to generalize still further our present theory 
(see N 70). 

76. The most general solution of equation (1665) and the general 
theory of spiral structure. -So far we have restricted ourselves to 
the consideration of a certain particular integral of the fundamental 
differential equation (1665). We shall now obtain the most general 
solution of this equation and discuss some of its consequences. 

Equation (1665) can be re-written as 


‘t dk \ oF (: dk _\ OF 
a + pe - - + Spx + 2 ; 
(> dt ilk By a ) Ox 2 dl , ; : ) ) 


1 dk or OF , ik (1799) 
z 5. + - (x? + y? + 37)k ‘ 
i (: dt a i) as |” a =a ; dts 


+ (xd, + yd. + 26;)kK = 0, 


where we have used F to denote «¥. Instead of seeking a solution 
of the foregoing equation directly, we shall try to define it by means 


of an equation not solved for F: 


O(F, x, y, 2,4) =o, (1800) 


where the function Q of the five variables F, x, y, , and / is now the 
unknown function. From the relation (1800) we derive 
dQ , dQ OF a2 , AQ OF 


eo G2 oreo ; ee te a Os (1801) 
Ox OF Ox Ol OF at 


THE DYNAMICS OF STELLAR SYSTEMS 629 


and replacing 0F'/dx,...., OF dt by the values from the preceding 
relations, equation (1799) becomes 





I dk . \ a2 1 dk dQ 
(; a i) jz (; a al 5.) ay | 
tc... a, © few oe eee | 
+ (; dt ~ T i) Oz i ot | a ila dts f (rBea) 
ras : — | 
oe (x6, a yo, a 26;)K =O. 
} ok ) 


The new equation (1802) is seen to be a homogeneous linear partial 
differential equation for Q in the five variables F, x, y, 2, and ¢. 

To solve equation (1802), we first write down the appropriate 
subsidiary equations, which are 


\ 


dx : a dy a dz = dl 

1 dk tes eae a on’ 
sae eee Caen Be a 
1503 
7 dF oe 

7 Pe Cae. 

t(ax? + y? + 3?) 7 + (x61 + yd. + 26;)K | 

al? ) 


These equations can be expressed alternatively as 


dx I dk - 
Aa og mh 
dy 1 dk 
(= - »— Bx ean? 8 
dt 2 dl , Per 6: (1804) 
dz I dk = 
: dt s 4 dl = O3) 
and 
dk 13x = - 2 
a 4+ F(x? + yw? + 2?) a he. (ely abe gio zo;) =o. (1805) 
dl : dts 


The equations (1804) are identical with the system (1668), which we 
have already encountered in § 73 while solving for the complemen- 
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tary function of equation (1665). As in § 73 we shall introduce the 
variables £, , ¢, and c defined by the relations 


tdt 
‘os 2 : = —. (180¢ 
kK=¢ l f $3 )) 


x = fo; y= no; z=. (1807) 


and 


In terms of these variables the equations (1804) reduce to (ef. Eqs. 
[1673] and [1674]) 


6, dn 6» de 4, 
— — = —f§+—; -==—, (1808) 


ds 
‘ dt v4) dt @p 


oats 


6. 


Further, equation (1805) is readily seen to be equivalent to 


dF 
dt 





+ Hf + 9? + $7)¢ _ od? + o(£6, + nd. + €6;) = 0. (1800) 


Since 


ge =f (ee , 14d ee (18 
? dts ~ dt , ae? 2 a? aa Po) 1610) 


we can re-write equation (180g) in the form 


1F 1 - - . 4 
Gt BE + +S) F (bb) + O85. + 05. + £5,) = 0. (1811) 


We have already solved the equations (1808) in § 73 and found 
that the solutions of these equations can be expressed in the form of 


three first-integrals: 


(€ — &)? + (n — m)? = constant, | 
tan” a me + B. = constant , (1812) 
Ss” So 


= constant , 


tA. 
‘ 

ae 
Ly 
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where &, 4, and ¢, are certain functions of « determined in terms of 
the 6’s by means of the relations (1713)- (1715). 
To solve equation (1811), we proceed as follows: We first notice 
that 
d 1 d- ad? I d? +, de 
“= = $- 81 
dt @ du’ de dide 3 9 7 (1813) 


On the other hand, since we can write 
s d? 6:\ a he . & hb; Or 
ae”. (o a ~ op 4 ilies” (3) i I i 


we have (according to Eqs. [1813]) 


3 t a fé; 6; 
"oa (*) ies i 


We have similar relations for 6, and 6;. Introducing these expres- 
sions for 6,, 6, and 6, into equation (1811), we have 


fy ( ae ae ) 
— +3 abi rican za ae 
; > (1816) 
. @ (6, P 
ar (3) + and ye (fg) =e 
Irom the equations (1808) we readily find that 
6, > ay. Seo F 
etptyt+psa-lH (pt yt). (1817) 
79) 2d 
Combining equations (1816) and (1817), we have 
iF d* (5, d (6: 
Tle +o + 16%) + £ +(*) +02 (3 | 
i? 2 dt Q, de C70) 
} (1818) 
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Again, using equations (1808), we find 


f# d* Jé, 
Sie (+) r1 dv? (=) 
_ ot dE a? dn 
= 2 oe (F bn) + "de (3 + 66) 


= gH din = (« d’n ag 
ion * + dis ° de? du 

d @eE 1 (dé d’y =O _dn dé 
= , ae aa ol 

dt dv? 2 = + dv 2 \dt ) Bs de a de 


Similarly we find that 


J @* (* — ae i d mY 3 (< a 
eos et eee oe 


(1320) 


Combining equations (1818), (1819), and (1820), we finally have 


dF ad, 
dt > ae 


d|\j.d (S d (6, _ @€ f4, 1 / 0; ee 
ae dt = ils dt i) v $ dt (**) 2 (8 T zy nen? 


Sb ab OR) 


Equation (1821) can be integrated as it stands, and we have 
: eo i fa d (6,. _d [6 
FH! + P+ Mod + & eee its (°') 
de (79) dt QD dt Q 
0 


= 1 (ay + - zy — (—<8 so _ a : (3)- constant . 


(1822) 


al 


(1819) 








)) 
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I;quation (1822) can be expressed more conveniently in terms of the 
vectors 

p= (§, 7,6) ; 6 = (6, 6, 63) 5 B = (0, 0, B) . (1823)* 
We readily verify that equation (1822) is equivalent to 


2 


8) 8 
F+ 1oh|p|?+ p- ‘ (3) = : [ x B+ ;| = constant. (1824) 


I;quations (1812) and (1824) represent the general solution of the 
subsidiary equations (1803) and define the necessary first-integrals. 
Consequently, the general solution of the partial differential equa- 
tion (1802) can be written as 





x 1 (8 I § | 2 

O(F ¢ ‘a = © P <b. Beha 2 sae acne hes : 
OCF, &, n, £, ¢) Q;F +3 d¢3pip\? +p hh iG) |px e+e : 
(& — &)? + (9 — no)”; tan oe Bes = —fe?), 


where the quantity on the right-hand side stands for any arbitrary 
function of the arguments specified. It is now clear that we can 
express the solution (1825) alternatively in the form 





<2 , : d r) I ) 
F + 266 pi? +p: de (;) 3 ° ai ? 


—&)? + (9 — m)?; 8+ Bes € — Sof , 


- (1826) 
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se 


- * | 
) | 
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where B* denotes an arbitrary function of the arguments specified.”” 





Hence, 
a a i at 
W(E, nC, te) = — FE, n, ¢, &) 
0) 
1 p d iy I 6 . 
290 t x 1827 
hop |p oo wre P+. (1827) 
— oe : ; 2 
{ W*I(E £)? + (n — no)?3 3B + Bes & — Fo} , 
@ 


It will be recalled that, according to the choice of the orientation of our system of 
axis of rotation detined by the vector B is along the z-direction (cf. 


( ordinates, th 
Pp. 550). 
”» Asin § 73, we have used , to denote the angle tan-'! (» no) /(€ — &) in equation 


(1826). 


(1825) 
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or, somewhat differently as (cf. Eqs. [1806] and [1807]) 


a EE (2) -r+ + |rx B+ 8] 
29 $ dt \@ 294 (1828)! 
+3 Sie — f° + mt ee 


In the foregoing equation the term in B* represents the complemen- 
tary function of equation (1665). Thus the most general particular 
integral of this equation is given by 


" 5 
9, (general) = — —* - +s (>) r+ = IrX B+ 6/7. (1829) 


The general solution for the density function o is now readily ob- 
tained. According to equation (1609), we have 


= 7 d (6 I 
bo = B+ Ibdr + oF (5) Ro aor ae ea ae 


Using the solution (1828) for 8, we have 
Bo = B*(E — &)? + (mn — m)?3 I+ Bes; FE — Go}. (1831) 
In other words, 
o = oj (— — &)? + (yn —m)?; 8 + Be; £ — So} . (1832) 
too A consequence of this solution for stellar systems in steady states may be noted. 
Under steady-state circumstances 6,, 62, 6;, and @ are constants, and there is clearly 
no loss of generality if we set 6; = 6, = o. (This corresponds to an appropriate choice 


of the or/gin of our system of co-ordinates [see Fig. rin Part IV].) Equation (1828) now 


reduces to 


or, eliminating ¢ between the last two integrals in (i), we have 


We have thus recovered the helical symmetry of & for stellar systems in steady states 
proved in Part IV. 
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The foregoing equation represents the complete generalization of 
our earlier results in § 74 (subsection III, Eq. [1761]). While in 
$ 74 the choice of a particular integral of a certain special form re- 
sulted in the explicit specification of the (&, 7.) locus and ¢, in terms 
of «, these are now expressed in the form of certain indefinite 
integrals involving the functions 6,/¢, 6./¢@, and 6,/¢, which are 
left entirely arbitrary. However, the general characteristics of the 
trajectories described by points of constant relative density o can 
be traced by the methods we have already developed (pp. 596 and 
617 and Fig. 10). 

We thus see that the general method of interpreting the forms of 
extragalactic objects outlined in § 75 can be still further generalized. 
While some of the more detailed identifications suggested in § 75 are 
largely tentative, it appears that our expectation that the solution 
to the problem spiral structure in nebulae is not beyond the range 


of our fundamental kinematical postulates is amply justified. 


XIV. THE PRINCIPLE OF SUPERPOSITION OF 
STELLAR SYSTEMS 
77. Lhe statement of the problem. In current formulations of the 
problems of stellar dynamics the emphasis has always been on find- 
ing solutions of the equation of continuity regarded as a partial 
differential equation for the distribution function V(x, y, 3, U, V, 
I, ¢). Now, the equation of continuity 


rt) a v OW _ OV Ow ABW av ABSoav AS ow 


+ + — 


at ON dy dz Ox OU dy OV dz OW | 
is linear in WV; and consequently, if VW, and W, are two distinct solu- 
tions of equation (1833), then VW, + W, is also a solution. To be more 


Specilic, let 
Wi = ¥i(Qi + ai) (c= 1,....,0@), (1834) 
be # distinct solutions of the equation of continuity. In equation 


(1834) the Q,’s are general quadratic forms in the variables U — U; 
V — Vi, and W — W,; further, the coefficients of the various quad- 


o (1833) 
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ratic forms, the motions (U;, V;, W;), and the o;’s are all functions 


of x, vy, s, and ¢. Then 


v= Ny, (1835) 


is also a solution of the equation of continuity, provided certain 
conditions of consistency are satistied. The reason for the existence 
of such conditions is easily understood: According to equation 
(1835), the stellar system can be regarded as consisting of  sub- 
systems, described, respectively, by W,, V.,...., and W,. Since, 
however, the motions in each of the subsystems are governed by 
the same gravitational potential U(x, y, s, ¢), it is clear that there 
should be certain restrictions in order that there be no inconsistency 
resulting from the superposition of the different subsystems. The 
problem which thus presents itself can be formulated as follows: 

What are the circumstances under which we can regard a Stellar 
system as consisting of two or more independent subsystems each of 
which satisfies our fundamental kinematical postulates? 

In $$ 78 and 79 certain special examples of stellar systems formed 
by superposition are considered, and the precise forms which the 
conditions of consistency take for these cases are obtained. In $$ 80 
and 81 the problem of superposition is considered from a more gen- 
eral point of view. 

78. Superposition of two-dimensional stellar systems in steady 
states. In Part Il we have shown that, for two-dimensional stellar 
systems under steady-state conditions, 8 must necessarily be char 
acterized by circular symmetry.'" Also, if the compatibility condi- 
tions are to restrict 8 no further, then the solution 


I =W(Q tog), (1830) 
takes the form (cf. Eqs. [g4] and [108]) 


O+¢=alU — U,)? + 2h(U — U.)(V — V,) 


a ; (1827) 
L d(I Je ee a 


tot |.e., apart from the physically unimportant cascs 6 = o and 8 = 6; = 6, 


(cf. the theorem stated at the end of § 8). 
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where 


a= + ky ; b= x, + x,% ; h = —x,.xy 


By ; ei oe Bx } (1838) 
Kr + K2(x? + y?) ? i. Kr + K2(x? + y’)’ | 








U, = 


where «;, x., and 8 are constants. The compatibility conditions (76) 
and (77) now reduce to 


Nt ) 
(ax + hy) qdBy_t Ox 
¢ dr 2 Ox | : 
\ had 
hi he alee ae 
1X dV ea — : ay 


where 7 has the same meaning as in Part II (Eq. [80]). Using equa- 
tion (107), the foregoing equations become 


d¥ I Ox dB I Ox (1840) 
KX =—--s 5) KY EH 1840 
dr 2 Ox ‘* ae 2 OY 4 


Hence, x is also circularly symmetrical, and equations (1840) are 
equivalent to 
dBi dx 


K = ; 1841 
" dr 2dr (1841) 
or, after integration, 
—3y = «,B + constant. (1842) 
Since (cf. Eqs. [54] and [55]) 
—x = aU2+ 2hU.V.+ bVit+e, (1843) 
we have, according to equation (1838), 
2G)? 
—-x= a — + o-+ constant. (1844) 
Kr Th K200 
Combining equations (1842) and (1844), we have 
5 2G) o 
24% = a... +— + constant. (1845) 
Ki(Ki + K2W) Ky 
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Let us now consider a stellar system formed by the superposition 
of two stellar systems each of which is similar to one we have just 
considered. We accordingly assume that 

Vv = W.(Q;, + 01) + V.(Q; + a2), (1846) 
where (cf. Eqs. [1837] and [1838]) 
O: + Oo; = biti + Kv )(U a OY —s 2x.xV(U a U,)( V sae V,) 
+ (Ki + K12X7) ( V- V,)? + 01, 


QO. + 62 = (ka + kny*)(U — U2)? — 2xnaxy(U — U.)(V — V2) 
+ (ko + k»x?)(V — V.)? +42, 


(1847) 


, Biv : Bix 
U, = ——— ; i, = -— — , 
Kir th K1200" Kir th Kr120" 
(1848) 
U _ BV - V so Box 
: Kar + K220)" , . Koy 4. Keats i 


where ki;, Kroes Kor, Koo, By, and 8, are all constants. Detined in this 
manner, WV, and Y, are both solutions of the two-dimensional equa- 
tion of continuity (for a steady state) provided (cf. Eq. [1845]) 


2~ 2 og 
28 = — . —— +—+ 46, (1849) 
Kit(Ky1  Ky20") Kit 
and 
: B20)? O> ; 
avy = - —- = _ + - Cass (I1S50) 
Ko1(K21 TT K22W°) K>1 
where c, and c, are constants. Hence, 
G B20? Bow? 
a+ F4+— ao + 4 er, Wee) 
Kir Ky(Kry > K12°) Koy K21\K21 7 K220°) 


which is essentially a relation between the density distributions in 
the two subsystems. Equation (1851) is therefore the condition 
which should be satisfied in order that the motions in the two sub- 
systems may be governed by the same gravitational potential &. 

The physical meaning of the relation (1851) becomes somewhat 
clearer if we consider the special case 


W, = e~(Qrta) ; W, = e\Qzte) , (1852) 
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Under these circumstances 


1 T 
N, = a Te e-, (1853) 


, / 


Vkiu(Kir + K12@*) \ Kar(Kar + K 220°) 





where Yt, and 9, are the number of stars per unit area in the two 
subsystems. Eliminating o, and o, between the relations (1851) 
and (1853), we readily obtain 


[Q, \ (Kr + K;,W") e (Bia) (xu anad?) ]#/1 


| 
- . -2)]t/nax ( (1854) 
= constant [Nv (k2 + K 2202") e— (83a?) Kor +x 220%) ] a f - 


So far we have considered the result of the superposition of only 
two subsystems. The extension to more than two systems is, of 
course, immediate. It is further clear that for a stellar system 
formed by the superposition of » distinct subsystems there will be 
(v7 — 1) consistency relations of the form (1851). 

We should finally remark that equation (1845) is equivalent to a 
relation which Oort has used on several occasions in the past." It 
would consequently be of interest to consider applications of rela- 
tions of the form (1851) or (1854). 

79. Superposition of axially symmetrical stellar systems in steady 
states. We have enumerated in $ 59 the two special cases of axially 
symmetrical stellar systems for which the appropriate integrability 
conditions are ‘trivially’ satisfied. We shall now consider the 
problem of superposition for these two cases. 

Case (i). For this case it is readily found that (cf. Eq. [1312]) 


B?a.’ 
—— + constant , (1855 
Ky + Kw? 


’ 
2,B=oaot+ 


which is seen to be formally identical with equation (1845). Conse- 

quently, for the superposition of two such stellar systems the condi- 

tion of consistency takes the same form as equation (1851). Equa- 

tion (1854) is also valid as it stands if we now interpret 2, and N, 

as the number of stars per unit volume in the two subsystems. 
Case (77). -For this case we have (cf. Eq. [1329]) 


2q)? ; _ ae 
ee: — + 2«,¥,(@) + 2«,B.(s) + constant. (1856) 
K, + K20" 


102 Fg. see Ap. J., 91, 273, 1940. 
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We can therefore write 


o = o,(w) + @,(3), (1857) 
where 
>1.=-- <i -+ 2x, 8,(0) + ,, 
Kit Ke (1858) 
0, = 2x,95,(s) +- ( 


where c, and c, are constants. For the superposition of two such 


systems the necessary conditions are (in an obvious notation) 


On , Bio? so Ox | Bsa ; 
— = 7’ €y3 = T = ce ae 
Kir Kry( Kr, TT Ky2@°) Ko Ko( Kor “TP K220°) 
(1859) 
0; oO ; 
Cy a ae 
Ky K 


The foregoing conditions have been obtained for the superposition 
of two systems. But the conditions are readily extended for the 
superposition of more than two systems. 

80. The principle of superposition for stellar systems in steady 
states.-We consider a stellar system formed by the superposition 
of several subsystems each of which is in a steady state. It is clear 
that the differential equations for the coefficients of the velocity 
ellipsoid and for the A’s for the different subsystems are the same. 
Hence, the solutions for these quantities for the different subsystems 
have similar forms but are expressed in terms of different sets of 
constants of integration. 

The conditions on the solutions for A are readily found. Accord- 
ing to the fundamental theorem of stellar dynamics proved in 
Part IV, 8 has a helical symmetry about an axis parallel to the B 
direction and passing through the point (6 & B), B)? (see Fig.1 
Further, the constant of the helical symmetry is(B - 6), | B)?. Since 
the same gravitational potential B governs the motions in all the sub 
systems, it follows that the quantities (B x 6)/ B ? and (B- 5) B 
should be the same for all the different subsystems. These condi 
tions are readily seen to imply that (i) the vector B defines a unique 
direction and is the same for all the subsystems; (ii) the plane 
detined by vectors B and 8 is an invariable plane of the system and is 
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therefore the same for the subsystems; (iii) the angle between the 
vectors B and 6 and the ratios 6 / |B) are the same for all the sub- 
systems. 

The conditions on the coefficients of the velocity ellipsoid and ¢ 
cannot be stated so explicitly. Each subsystem provides a matrix 
equation of the form 


A grad BW = —3 grad yx, (1860) 
where A is the matrix associated with the fundamental quadratic 
form (see Eq. [g55]). Equation (1860) requires, of course, that 

curl (A grad ¥) = o. (1861) 


Let us suppose that the integrability conditions (1861) are satisfied. 
Now, according to (1860), 

grad B = —43A™ grad x, (1862) 
where A‘ is the reciprocal matrix of A. Each subsystem provides 
an equation for 8 of the form (1862). Consequently, 


A grad x (1863) 


for the different subsystems should be the same. This is the principle 


of superposition for stellar systems in steady states. 

81. Superposition of stellar systems in nonsteady states. For 
stellar systems in nonsteady states the principle of superposition can 
be stated even less explicitly than for the case of steady states 
($80). We have first to suppose that the integrability conditions 
955) and (g6o) are satistied for cach of the subsystems. We should 
then arrange that the properties implied for B according to the solu- 
tions for A and A for the different subsystems are identical. Further, 


according to equation (g50), we should also arrange that 


(1504) 


A Be + 5 grad x 


for the different subsystems are all the same. 
In any special case the conditions stated in the preceding para- 
graph can easily be fulfilled. Thus, as an illustrative example let us 
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consider the superposition of spiral systems of the kind considered 
in Part XIII. 

Let us first consider the case 6 = o ($$ 71 and 72) and restrict 
ourselves further to the superposition of only two such systems. 
From equation (1631) it now follows that the @¢’s for the two sub- 
systems are proportional to each other: 


$ 
re = 7 = constant. (1865) 
Further, we should also have 
2 = es = y’ = constant . (1866) 
B; ?> 


Finally, the relations between the o’s for the two subsystems can be 
readily written down by eliminating B between the two relations 
of the form (1634). We find 

O; 0, 


- = oF =, (1867) 
d; $3 


at 
where c, and c, are constants. It may be noted that spiral systems 
superposed in this manner are all characterized by the same angle a 
(cf. Eqs. [1655] and [1866]). 

For the general case considered in $$ 73 and 74 we have similar 
results. Again, considering the superposition of two such systems, 
it is seen that the ratios of the corresponding g’s for the two sub- 
systems are also in the ratio (1865); further, the basic 6- and the 
(£, nm) loci are the same for the two subsystems.’ It is thus seen 
that in the theory of spiral systems considered in Part XIII we can 
incorporate the phenomenon .of star-streaming in the sense of 
Kapteyn, since the distribution function is now expressed as the sum 
of two spherical distributions with respect to local standards, which 
are different for the two systems. 

YERKES OBSERVATORY 
May 1940 


103 These results can, of course, be extended quite readily for the superposition of 


more than two systems. 
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